Chapter 4

A robust adaptive numerical method

for singularly perturbed delay parabolic

problems with Robin boundary con-
ditions

In this chapter, we consider a singularly perturbed parabolic reaction-diffusion equa-

tion with time delay. We define the model problem as follows

Ly = % + Loy = f(x,t) = bz, t)y(x, t — 1), (x,t) € (0,1) x (0,7T], (4.1)

with the initial condition in time
y(z,t) = ¢y(x,1), (x,t) €[0,1] x [-7,0], (4.2)
and the Robin boundary conditions in space

Doy(0,t) = y(0,t) — VEZL(0,t) = ¢o(t), t € (0,7,

Diy(L,t) = y(1,) + vE5L(1,t) = ¢n(t), t € (0,71,

(4.3)

where L.y = —5 Y+ a(z,t)y, and 0 < ¢ < 1 and 7 > 0 define the singular
perturbation parameter and the constant delay in the solution input, respectively.
In addition, we consider 0 < o < a(z,t) and 0 < 8 < b(z,t) in [0,1] x [0,7] for

some constants « and 3, which ensures the maximum principle for the operator L.
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The existence and uniqueness of the solution can be confirmed from [98, Theorem

4] under sufficient smoothness of the input functions.

Some examples of singularly perturbed delay differential equations are found in pop-
ulation dynamics [126], variational problems in control theory [127], study of bistable
devices [128], explanation of human pupil-light reflex [129], tumor growth and neu-
ral networks [130]. In these models, the time delay factor includes some previous
behavior which helps to model the phenomena more practically. For example, in
population ecology the hatching period or gestation period is represented by the
delay term, in control systems the delay term appears because of the finite speed
of the controller and some other important examples of delay differential singular

perturbation problems can be found in [91].

The presence of the delay term in the differential equation and the Robin boundary
conditions indeed make the theoretical part little complicated, due to which problem
(4.1)-(4.3) is less studied in the literature. In the present chapter, our main motive is
to construct a high order parameter-robust numerical method for the time-delayed
reaction-diffusion problems with Robin boundary conditions using layer-adaptive
equidistribution meshes. Since, meshes are moving at every time step, we have to
use a modified version of Euler scheme in time. The moving mesh algorithm requires
discretization of the problem and the discretization of a suitable error monitor func-
tion. Here, we consider a special discretization for Robin boundary conditions which
will make the convergence, quadratic in space. To simplify the convergence analysis,
we assume 7' is divisible by 7. Next, we provide the convergence analysis and prove
that the present approach is first order accurate in time and second order accurate
in space. The validity and effectiveness of the present method is also shown through

some numerical experiments.



Chapter 4. A robust adaptive numerical method for singularly perturbed delay
parabolic problems with Robin boundary conditions 69

This chapter is structured as follows: In Section 4.1, we provide some properties of
the solution of problem (4.1)-(4.3). A finite difference discretization of the problem
and the formation of adaptive mesh is given in Section 4.2. Section 4.3 is completely
devoted to the error analysis for the proposed method. In Section 4.4, the numerical
results for two test examples are given and discussed. Then, the chapter concludes

with Section 4.5.

4.1 Properties of the continuous problem

The continuous problem (4.1) satisfies the following maximum principle which is

useful for obtaining the uniform stability of the continuous solution.

Theorem 4.1.1. [98](Continuous maximum principle) Assume that the function z
satisfies Lz > 0, for (x,t) € (0,1] x (0,7, Dyz(0,t) > 0 for t € (0,77, Dyz(1,t) >0
for t € (0,7] and z(z,0) > 0 for z € [0,1]. Then z(x,t) > 0 for (z,t) € [0,1] x [0, T.

The following uniform stability estimate holds for the continuous problem (4.1).

Corollary 4.1.1. [98] The solution y of (4.1) satisfies the following bound

1
||y||[0,1]><[0,T] < max {aﬂﬁyllmxmw ||Doy||{o}x[o,Tp ||D1y||{1}><[O,T]7 ||y||[0,1]><[—7'70}} :

We now describe a suitable solution decomposition which will help us to prove the
convergence analysis of our proposed method. Based on the method of steps, we
partition the time interval [0, 7] by using delay term 7, such as [0, 7], [, 27] and so
on, so that we can decompose the convergence analysis on each partition separately.

Note that in [0, 7], the right hand side, f — b¢y(x,t — 7) is independent of . Hence,
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for t € [0, 7], (4.1)-(4.3) can be written as

Ly=f—bpp(x,t—7), (x,t)€(0,1)x(0,7], (4.4)

DOy(07t> = ¢O(t)7 le (OvT]a

Dly(l,t> = ¢1(t), t - (0,7’].

with  y(x,0) = ¢p(x,0), z €[0,1], and

Now, we decompose the solution y into smooth and singular components s and w,
resp., so that ¥y = s+ w and smooth component’s derivatives are uniformly bounded
upto certain order. To derive this, the smooth component is further decomposed as

s = Sg + €51, so that sy and s; satisfy the following problems

%(x,t) +aso(z,t) = f —boy(x,t —7), (x,t) € (0,1) x (0,7], (4.5)

with  so(z,0) = ¢p(z,0), = € [0, 1],

and
8230

/;81 = 61}2

(x,t), (z,t)€(0,1)x (0,7], (4.6)

D081<O,t> = 0, t e (O,T],
with  s1(z,0) =0, z € [0,1], and
D181<1,t) = O, t e (O,T],

respectively. Thus, the smooth component s satisfies

Ls= f(x,t) —bpp(x,t —7), (x,t) € (0,1) x (0,7], (4.7)

D()S(O, t) == D(]So(O?t), t e (O,T],
with  s(z,0) = ¢p(2,0), 2 € [0,1], and
D18<1,t) = Dlso(l,t), t e (O,T],

and the singular component w is determined by the following problem

Lw=0, (x,t)e(0,1)x(0,7], (4.8)
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D()w(()a t) = ¢0(t) - DOSO(()?t): te (07 T]v
with w(z,0) =0, z €[0,1], and
Dlw(l,t) = gbl(t) - DlSo(l,t), t e (O,T].

Now we break the singular component into left and right layer parts so that w =

wy + w,., where the left component wy is computed by

Ew” = 0, (l‘,t) < (0, 1) X (0,7’], (49)

) Dow”(O,t) = ¢0(t) — DQSO(O,t), t e (0, T],
with wy(x,0) =0, x € [0,1], and
Dlw”(l,t) = 0, t € (0,7],

and the right component w,.,. is computed by

Ewrr = 07 (iL‘,t) S <O7 1) X (O’T]’

Dow,-(0,t) =0, t € (0, 7],
with w,,.(z,0) =0, x € [0,1] and
Dlwrr(Lt) = ¢1(t) - DISO(Lt)’ te (O’T]'

Now, for ¢ € [1,27], we write (4.1)-(4.3) as

Ly=f—bylx,t —7), (x,t) € (0,1)x (7,27], (4.10)

Doy(ovt) = (bO(t)v te (T7 27—]7

Diy(1,t) = ¢1(t), t € (1,27].

with y(x,t) = y(x,t), (x,t) € [0,1]x[0,7], and

Again we decompose the solution y into smooth and singular components as y =
s 4+ w. The smooth component s is further decomposed as s = sy + £s1, where sq

and s; respectively, satisfy the following problems

%(m,t) +aso(z,t) = f —bso(x,t —7), (z,t) € (0,1) x (7,27], (4.11)
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with  so(z,t) = y(z,t), (x,t) €[0,1] x [0, 7],

and
8250

Lsy = —bsy(x,t —7)+ 97

(x,t), (z,t)€(0,1) x (7,27,

D081(07 t) = 07 te (7-7 27—]7
with  si(z,t) =0, (x,t) € [0,1] x [0,7], and
Disi1(1,t) =0, t € (7,27].

Thus, the smooth component s satisfies

Ls= f(x,t) —bs(z,t —7), (x,t) € (0,1) x (7,27], (4.12)

with  s(z,t) = y(x,t), (z,t) € [0,1] x [0, 7],

Dys(0,t) = Dyso(0,1), t € (T,27],
and

D18(17t) = DISO(Lt)u le (7—7 2T]a

and the singular component w is determined by

Lw=—bw(x,t —71), (x,t)€(0,1)x (7,27], (4.13)

with  w(x,t) =0, (z,t) € [0,1] x [0, 7],

Dow(0,t) = ¢o(t) — Doso(0,t), t € (7,27],
and

Dﬂl)(l,t) = ¢1(t) — DlSo(l,t), t e (7', 27’]

Similar to the interval [0, 7], we break the singular component in left and right parts

as w = wy + w,,., where the left part wy is obtained by

Lwy = —bw”(x,t— 7'), (ZE,t) € (O, 1) X (7’, 27‘], (4.14)

with  wy(x,t) =0, (z,t) € [0,1] x [0, 7],
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Dow”(o, t) = gbo(t) — DQSO(O, t), t e (T, 27’],
and
Dywy(1,t) =0, t € (1,27],

and the right part w,, is obtained by

Lw,, = —bw,.(x,t —71), (x,t) € (0,1) x (,27], (4.15)

with  w,..(z,t) =0, (x,t) € [0,1] x [0, 7],

Dow,r(0,t) =0, t € (1,27,
and

Dlww(l,t) = Cbl(t) — DlSo(l,t), te (7', 2’7’]
In an analogous way, we extend the decomposition approaches at each partitions to

get the decomposition on [0,7]. Now, we can use the arguments given in [98], to

obtain the following result.

Theorem 4.1.2. The decomposition y = s + wy + w,, of (4.1)-(4.3) satisfies the

following bounds

' ot < O(1 4772 (4.16)
dap ot 01]x[0,7] 7 '
oy p =
DB < Ce 2e Ve, (4.17)

4
ap q Wy

O0xPOte

p _(1-=)
<Ce2¢e Vo, 1<p+2¢<4, pqeNy(z,t)e€l0,1] x[0,T]. (4.18)

4.2 Discretization and mesh generation

4.2.1 The discrete problem

From Theorem 4.1.2, it can be observed that the boundary layer is not varying with

respect to time. Hence, we take a uniform mesh with total number of mesh points
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M for partitioning the time interval [0,7]. In addition, we divide this domain in
m sub-intervals of equal length 7 so that M = mM,. Hence, each of these sub-
intervals is now divided in M, equal mesh-elements with time step-size At = 7/M,.

We also divide [—7, 0] into M, equal mesh-elements. On each time ¢;, a non-uniform

mesh {27}~ is considered in the spatial direction with step size h! =

J J
i i1

¢t =1,...,N. Thus, the discretization of the domain is the tensor product of these
two 1D space-time meshes. On this discrete domain, (4.1) is discretized as follows
LNMYT = 5ry? 4 LNMYT — 7 _plyI ™M =1 N =1, j=1,..,M, (4.19)

with the discretized initial and boundary conditions

Y;‘j = (¢b)g> 1= 07 "'7N7 ] = _Mﬂ'a "'707 (420)

( .
. . . K . . . .
DyMY] = Y] — VEDIYY + 5 (aYd + 67Y])

= (00 + 2k (F—0Y), =10,

and A ; (4.21)
DYMYY = Vi + VED; Vi, + 32 (ay Y, + 1Y)
S , oM '
\ = (o + 2 (A -0T), G=1 M,
where

; ‘ o o yd _yitt

LYMY) = <Y talY], BY) =
At

pryi o Y =¥ oy Y oYE oy (Do D;)Yf’
hi iy h] (hi + hiyy)/2

Here, ?ij ~! and ?ij M represent the linear interpolants of Y7~! and Y/ M re-
spectively, at the spatial mesh points xf The discretization satisfies the following
discrete maximum principle which can be obtained by following the arguments, given

in [98].
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Lemma 4.2.1. Consider a mesh function U such that LNMU7 >0, fori =1,..., N —
1, j=1,..M, DYMUi >0, DYMU}, > 0for j = 1,...,M and U/ > 0, i =

1,..,N, j=0. Then U/ >0, fori=0,...N, j=0,..., M.

From the above lemma, we also get the stability of the discrete solution.

4.2.2 Mesh equidistribution

We construct the adaptive mesh in the spatial direction based on the equidistribution
principle [47, 65, 131]. At any time level ¢, the equidistributed mesh {z¥} is obtained

by the following equidistribution principle

k

x; 1 1 .
[ Mot =+ [ Mutd, il d22)
7y 0

where M(y(xz,ty),x) > 0 is called the monitor function. This principle can also be

formulated as follows:

zk(€) 1
My, 1))y = € / M(y(y: 1), 7)d. (4.23)

0

where (4.22) is formulated as an invertible mapping from the computational uniform

coordinates € € [0,1] to the physical non-uniform coordinates z* € [0, 1].

In the literature, several type of monitor functions are available, based on the prob-
lem being considered and the discretization being used. In the present research,
we consider a monitor function constituting the second derivative of the singular
component of the solution and a positive constant X*, independent of N, (motivated
from [56]). The choice of singular component will make our analysis simpler. In
practice, this component can be replaced by the solution, itself. The positive con-

stant N* is chosen to prevent mesh starvation in the regular part of the solution and
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to improve the robustness of the adaptive mesh. Here, we consider the following

monitor function
1/2

2
0w , (4.24)

Miyte.t).0) =2+ | T o)

where ¥ can be chosen according to Lemma 4.2.2 given later.

Now we check the mesh structure generated by the equidistribution of the monitor

function (4.24). Let us use the approximation

1/2

_ (1—x)

T (mtr)| A ]V ReTEE 4 |2 e e | e [0,1], (4.25)

0w
0x?

where 17 and v, are the constants independent of € and x. Thus,

/

Using the approximation (4.25) in the monitor function (4.24), the equidistribution

1/2

0? _ 1
S (st ds = 2(m] 2+ ] ) (1 - ) = K.
S

principle (4.23) leads to the following mapping

NF NF _ak@ _a-ake) N
¢ (E n 1) 7 (O + X (1 P ve ) T (e 2 e 255> . (4.26)

where

1/2 o
Al = 1] : and Ny = IVT\Q _
(V2 + |va]/2) (1 — ¢ 2vF) (2 V)1 — )

Note that 0 < Ay, Ay < 1+0(e~/V#). Hence, the uniform mesh {& = i/N}Y ; on the

k

computational domain is mapped to a non-uniform equidistributed mesh {x7};*, on

the physical domain by the following way

i [Nk NF _af _a-=<h 1
() =g (e ) e (e
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Lemma 4.2.2. Assuming R* = K, the equidistributed mesh obtained from (4.27)

satisfies

ok <2yeln(N) <2k, and 2, <1-2yeln(N) <2t

p—1 0

where

S = B <2¢EN1n(N> AN = 1)+ NN - 1)6235)]’

1 1
and [-] is the integer part of the value. Moreover, the mesh spacing for i = 1,...,8
and for i = p + 1,..., N satisfies h¥ < C/e with

By — WM < OO, i = 1,2,..,8 — 1,

and |k, — R < C(RE,)?, i=p+1,.,N—1
Further, we have

af (-

_

e e <CN 'fori>S—1, and e e SCN_lforigp—i—l.

Proof. 1t can be easily observed that there must exist two positive integers & and
@ such that 2§ < 2y/eIn(N) < z%,, and 2} | <1 —2y/In(N) < 2} respectively,
since, 0 < 24/eIn(N) < 1 and also 0 < 1 — 2/eIn(N) < 1, are true, for sufficiently

small €.

By substituting 2% = 24/zIn(N) in (4.27) and considering ®* = K, the value of S

follows by solving for i. The procedure for obtaining g is analogous.

To prove the bound on mesh spacing for ¢ = 1,...,.§ — 1, we find upper and

lower bounds of the position of mesh points z¥. Taking N* = K and noting that

3



Chapter 4. A robust adaptive numerical method for singularly perturbed delay
parabolic problems with Robin boundary conditions 78

(=)
(e_ e 6_2\1/5) — C’)(e*l/ﬁ), from (4.27) we get xf < 7%, where
2i . -~
— — e € .
M N

¥ =—2y/eln <1 oA ) : (4.28)

Hence

M N

Now using this upper bound in (4.27) we have z¥ > 2%, where

¥ = —2/cln (1 — Ail <% +2v/eln <1 — Ai\f)» . (4.29)

Thus, from equations (4.28) and (4.29), we have

hE <z -k = 2\/Eln(1+ NN =2

< Chy/e.

2+ 2ENIn (M N/ (AN — 2(i — 1))))

Similarly we can prove the result fori: =p+1,..., N — 1.

a-zf)

Now taking X* = K and noting that (e e — 621¢E> = O(e”V/V?), from (4.27),

we have
a5 1 208 -1
e Ve = N <A1+IE$—1 —%)
1 1
1
+ A N(N — 1)e 7 — 2D
< CN L.

wgfl
Thus, for ¢ > S — 1, we obtain e 2v2 < CN~!. A similar proof can be done for

i<+l
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]

Lemma 4.2.3. For : =1, ..., N, the mesh spacing satisfies
hF < CN'

Proof. The proof is a direct consequence of the equidistribution principle (4.22) and

the choice N* = K, cf. Lemma 3.16. O

4.3 Error analysis

In this section, we discuss the convergence analysis of the proposed method on

equidistributed meshes. The main result is proved in the following theorem.

Theorem 4.3.1. Let y(x,t;) and Y/ be the solutions of (4.1)-(4.3) and (4.19)-(4.21),

respectively. If for some 0 < p < 1, N7 < C'At, then we have the following estimate
ly(xl,t;) —Y!| < C(At+N"2") foralli=0,...,N, j=0,..., M.
Proof. For t; € [0, 7], we have
LNMYT — 1 ()M =1, ,N—1, j=1,..,M,, (4.30)

with Y% = (¢)?, i=0,..,N,

DY = anlty) + gz (f — W@k ™ ). 5= 1M,

<fN — b () MT), j=1,.., M.

and

slz“ %I

DYMYE = i(t)) +
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Analogous to the decomposition of y of (4.4), we consider the decomposition of

discrete solution Y as Y = S + W, where S satisfies the following discrete problem
LNMST — 1 ()™ i=1,.,N—1, j=1,..,M,, (4.31)

with  S? = (¢3)?, i=0,...,N,

DY S = Dos(0,45) + 5 (f§ = bh(on)h ™), G =1, M,

. J ; ; - .
DIMSY = Dus(Lty) + 55 (F = Wloh ™) o =1 M,

and
and W is the solution of the following discrete problem
LNMWI =0, i=1,.,N—1, j=1,.., M, (4.32)
with WP =0, i=0,..,N,

DMWY = ¢o(t;) — Dos(0,t), j=1,..., M,
and

Di\[’MW]{[ = le(tj) — DlS(l,tj)7 j = 1, ...,MT.

Then the error can be decomposed as
ly—=Y| <|s—= S|+ |w—W]|. (4.33)

Hence, we can estimate the errors in smooth and singular components separately.
First, to estimate the truncation error for the smooth component, using the contin-

uous problem (4.7) and the discrete problem (4.31), we have

. 92 , 9 .
L9 = ) = e (2= 5 ) stabot + (8 - 7))
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Now we use Taylor expansion with standard interpolation error estimate, and the

condition N=7 < C'At for some 0 < p < 1 and obtain

; s elh] + ki,
INM (¢ gy < N b 51
(=SS max, |55t
9%s At
i )| — N2 (4.34
—l—uer[ga:ft] a752(9(:,#)‘ 5 +C (4.34)

By using the derivative bounds of s from Theorem 4.1.2 with h” + hZ 1 <CN'and

VE <K N7 we get
[LVM(s — 9)))| < CN2 + CAt + CN72H° < C(At + N727), (4.35)
Now, for the left side boundary, we have

Dy (s =) = (D8] - [Dos<o,tj>+2h—jg(fg—bé<¢b>éMf)]

- (1’0, ) \/—D+ (Iov ) aé (x(]? )+6* (x07 ))

hi
Ve
_[S(xg,tj)_ﬁg%g,t) hf(f (;(cb)é‘Mf)]
- VE| 5 - s
+2h—jg[—fé+bé(¢)é‘%+a% (ehsty) + 07 sl 1)
s Wi 9% ; M (e, 0s], .,
] ﬁ[%‘(msﬁ@ﬂ(%’ o [5 a] (7%, 15)
%s (Ve 0% 5 hAt
s (1) — b g 2

for some 1 € (), ]), and p € (t;_1,t;). Here, interpolation error in the discretiza-
tion of time derivative is excluded because the interpolation does not make any

difference at the boundary points. Using the derivative bounds of s and results in
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Lemmas 4.2.2 and 4.2.3, we obtain

: d%s ARG s, . |hIAt
DYM(s — )| < —(n,t;)|— — (] 1
(Do (s =Sl < maxc, |5250n )| =g + dnax |7 (@0 0|3 72
< C(At+N7?). (4.36)
Similarly, for the right side boundary, we can obtain
DM (s — S| < C(At+ N72). (4.37)

Now, we consider the mesh function
(UF)] = C(AL+ N7249) £ (s(a], ;) — 7).

From (4.35), we have LNM () > (. Further, (4.36) and (4.37) give DM (%)) >
0 and DM (W*)4 > 0, respectively. Thus, using the discrete maximum principle

(Lemma 4.2.1) we get
|s(z,t;) — S| < C(At+ N72*), fori=0,...N, j=0,..M,. (4.38)

Next, to estimate the truncation error for the singular component, we use (4.8) and

(4.32) to get
I[LYM(w — W) = —¢ (62— —82 w(z! ) + | 6 — 9 w(z! t)
i T 85[‘2 IERY] t at 1973/

We estimate the error in the singular component according to the location of the
mesh points. For outside the layer regions, that is, for i = S, ..., p, Taylor expansion

with standard interpolation error estimate and the condition N7 < C'At for some
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0<p<1,lead to

0? 0*w

. ; At
LM —-W))| < Ce ma —(n,t)|+ max |—==(al, u)|— +CN >,
(=W < Ce | max, |Zm(nty)|+ anax | (el 5
Now, using the derivative bounds of w, we have
xg—1 .
' e v +CAt+CN~2r, x] < 3,
(LM (w - W)} < C ;
(17932. ) .
eV +OAt+ CN=*v, x> 1.

When S < and o} < 3,

2J

2
LYY (w — W] < € <f> L CALL N,

Now, from the mesh structure of the equidistributed mesh (Lemma 4.2.2), we have

e 2V < ON~!. Therefore, for S < i and xf < %, we obtain
LN M (w = W))I| < CN72 4+ CAt + CN~2P < C(At + N727),

Again, the same bound can be obtained by using the similar arguments for ¢ < p

and z) >

N

Next, to estimate the truncation error fori =1,....§—1landi=p+1,.... N—1, we
provide the details of the left side boundary layer region as it will be analogous for the

right side boundary layer region. Using Taylor expansions, standard interpolation



Chapter 4. A robust adaptive numerical method for singularly perturbed delay
parabolic problems with Robin boundary conditions 84

error estimate and the condition N77 < C'At for some 0 < p < 1, we get

3

LM w - W] < —[ max (20,45 ||(h,) = ()

hy +hz+1 ez, 7,+1]

o*w

a1 1)

+ max
ne[ac?_l,a:g_H]

(])*(h] + hm)]

0w (], )
ot?

af + CON—*.

4+ max 5

/’Le[tjfhtj]

Using the derivative bounds of w and Lemmas 4.2.2 and 4.2.3, we get
[LYM(w — W) < Ce™'(hd)?e™ V5 + CAL+ ON 72,

Now we can use the equidistribution principle to bound the first term of the left

hand side, as follows

j 2
Ce(h])? % < Ce! </ ¢ d§>
i ) 2
< Cce! (x/E/ M(y(v)ﬁ)cw) < CK’N™.

Thus, we have

(LYY (w = W < C(AL+ N72F). (4.39)
For the left side boundary, the truncation error is given by

3

3w 0*w
53 —— (0:t5)

WAt
8tg(fau) !

(h1)*Ve
+ max .
44/

1Dy (w = W)lj| < max
6 MG G— 1t

776[3:0 :1:1
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Hence, using derivative bounds of w, Lemma 4.2.2 and the equidistribution principle,

we get

DY M(w— Wi < Ce'(h])2e Ve 4+ CAL
51331 . 2
Cel(/‘ eZ\/?dfy) + CAt

J
0

IA

J
0

CK2 N2+ CAt

arjl 2
Ce‘l(\/g | M(y(%tj),v)dv) + CAt

IN

IN

C(At+ N72). (4.40)
Similarly for the right side boundary we can obtain
DY (w — W)y < C(At+ N72). (4.41)
Now, we consider the mesh function
(@) = C(At + N72%°) & (w(al, t;) — W7).

79 i

From (4.39), we have LM (®+)7 > 0. Further, (4.40) and (4.41) give D" (@)} > 0
and D{V’M(q)i)g\, > 0, respectively. Thus, using discrete maximum principle in

Lemma 4.2.1, we get

lw(zl, t;) —W/| < C(At+ N~2*7) fori=0,..,N, j=0,.., M,. (4.42)

Hence, combining the error bounds of the smooth and singular components from

(4.38) and (4.42), for t; € [0, 7], we get

ly(xl,t;) =Y/ < C(At+ N~2*), i=0,..,N. (4.43)
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Now, to prove the convergence result for ¢; € [1,27], we consider the discretization

of the continuous problem (4.10) as follows
LNMyd — (7 _plyd M N =1, j=M,.+1,...,2M,, (4.44)

with Y/ =Y/, i=0,.,N, j=1,.., M,

DéV7MYE)j = (¢o)(t;) + i (fé - bj?j_MT) , J=M+1,..2M,
and

DIMYY, = (6)(t) + 9% (R —AVET™) =My +1,.,2M,
Again, we consider the decomposition of discrete solution Y as Y = S + W, where

S is the solution of the following discrete problem
LNMGI — 7 _pigi=Me = N —1, j=M,+1,...,2M,, (4.45)

with S/ =Y/, i=0,.,N, j=1,..M,
D(])VVMS(J] :DOS(Ovt )+ <f(J)_b6§(J)_MT> ) j:MT+17-“72M7'7

and ‘
DYMSY = Dys(1,t;) + o

S|z* 3|3“

(A -WSEY), =M1, 2

and W satisfies
LNMWI = Wi ™M =1, N—1, j=M,+1,...2M,, (4.46)
with W/ =0, i=0,...,N, j=1,..M,,

Dy"™MWE = ¢o(t;) — Dos(0,t;) + 5
and A
DYMW = ¢1(t;) — Dis(Lty) + o

Thus, the error can be decomposed as

ly—=Y|=|s— S|+ |w—W]. (4.47)
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For the smooth component s, we have

(LY (s = S = =0 (sl tyar) = §T7)
O? . 0 )
—e (2 ) sl + (5 - 57 ) stelot

The first term can be bounded using (4.38) and standard interpolation error bounds.
The other terms can be bounded by using the previous arguments as in (4.35)). Thus,

we obtain

[LNM (s — )| < C(At + CN7P), (4.48)

At the boundaries, we again use the previous arguments to get
[Dg (s = S)§l < C(At+ N7?) (4.49)

and

DM (s — )]y < C(At+ N72), t; € (1,27]. (4.50)

Now, considering (UF)] = C(At-+N=247)+(s(x), t;)—S7), (4.48) gives LVM (U*)! >
0, and (4.49), (4.50) give D" (¥*)] > 0 and DM (W+), > 0, respectively. Thus,

using discrete maximum principle (Lemma 4.2.1), we get

s(zit;) — S| < C(At+ N~2*7), fori=0,..,N, j=M,,..2M,. 4.51
J 7
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Next, to estimate the truncation error for the singular component, we have from

(4.13) and (4.46),

5w = Wl = =] (wll,ty-ar) = )
2 . ,
(- ) weay+ (0 - ) il

The first term can be bounded using standard interpolation error bounds and (4.42).

Using arguments similar for ¢; € [0, 7], we get the following estimate for ¢; € (7, 27] :
[[LYM(W —w)ll| < C(At+ N72H7). (4.52)
Again for the boundaries, we use previous arguments to get
(D" (w = W] < C(At+ N77) (4.53)

and

DY (w — W)y < C(At + N729) t; € (1,27]. (4.54)

Now, considering ()] = C(At+N—20)=(w(w], ) W), (152) gives LYV (@%)] >
0, and (4.53), (4.54) give DJ"M(®*)) > 0 and DN (®*)}, > 0, respectively. Now,

using discrete maximum principle (Lemma 4.2.1), we get

\w(ws,t;) — W < C(At+ N7*°) fori=0,..,N, j = M,,...2M,.  (4.55)
Therefore, combining the error bounds in (4.51) and (4.55), we get

ly(xs,t;) — Y| < C(At+ N"24P) fori=0,...N, j=M,,...2M,.  (4.56)

Hence, the result follows by using mathematical induction. O]
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Remark 4.3.1. We want to note that the assumption N7 < C'At, for some 0 < p <
1, in the above theorem, does not have any influence in the convergence behavior of

the numerical solution, which can be seen in the next section.

4.4 Numerical experiments

Now, we provide strong numerical evidences in favor of our theoretical findings.
We use the following moving mesh algorithm to construct the equidistributed mesh
and the boundary layer-adaptive solution on this mesh. This algorithm is originally
proposed by de Boor [47] and has been also used by several researchers, for example
[58, 61, 62, 71, 115]. The convergence analysis of de Boor algorithm is discussed in
[116]. In practice, we can write the discrete version of the equidistribution problem

as

N
1
hEME = v S OREME i=1,..,N, (4.57)
=1

where M¥ is the discrete approximation of M (x¥ t;). However, for the numerical
experiments, we need to reformulate (4.57) into the following weakened form of the

equidistribution principle
0 N
kA gk kagk 5
hi M; < N ;1 hiM?, i=1,.., N. (4.58)

Here, o > 1 is a user chosen constant. If we choose ¢ near to 1, the obtained
solution will be more accurate and correspondingly, the number of iteration will
become larger. In our numerical experiments, we have taken o = 1.1. Note that, the
second order derivative of regular component of the solution is uniformly bounded
from (4.16). Hence, it will be appropriate to use Y in place of the layer component

W in (4.24) (see also [124]).
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Algorithm 3: Algorithm for the adaptive mesh and adaptive solution
Input: N, MeN, 0<e<1landp>1.
Output: Adaptive mesh {2¥} and adaptive solution Y;™ at each time level t,,.

1. Take uniform mesh in each sub-interval [0, 7], [7,27],--- , [(m — 1)7,T] (of the
time domain) containing exactly M, mesh partitions at every subinterval.

Initialize (iteration r = 1) the spatial mesh {xf’(r)} as the uniform mesh at
time level ¢, = t;. Now we show the procedure for obtaining solution at [0, 7].

2. Solve the discrete problem (4.19) for Y™ on {z®} using linear

interpolants of Y;*"! and Y~ on the mesh {xf’(r)}. Here the delayed
solution will be used.

3. Find the discrete monitor function, defined by

Mf,(r) _ Nk,(r) + |5§Y;€,(T)|1/2’ for i = 1, s N —1

Y

where R¥() is defined by

N-1 k.(r)1/2 2v/k,(7) (172

SEYRO2 4 |2y RO/

Nk,(r) _ hk:(T) 62Yk:(7") 1/2 2 hkv(r) | i1 71
1 ’ x*1 ’ — [ 2

+ IRy
k,(r) k,(r)
4. Set H?(r) = hf‘”(%) fori=1,...,N, take M'S’(T) = ./\/llf’(r) and
MED = MET). Then, define AP") byAP® =37 B fori=1,.., N
and A" =0,

5. Stopping criterion: Define o™ by o") = ﬁ max Hf’(r). Go to Step 7,
N (2

=1,...,

if o) < o, else continue with Step 6.

k. (r)
6. Define Qf’(r) = z'AIJVV for : =0, ..., N. New mesh {xf’(rﬂ)} is generated by
evaluating the interpolation of the points (Af’(r), xf’(r)) at Qf’(r). Set

r =1+ 1 and return to Step 2.

7. Take {21} = {xf’(r)} as the final layer-adaptive mesh at t = ¢;; and
v = Y;k’(r) as the required adaptive solution at this time.

8. Go to Step 2 with £ = k + 1, to find the numerical solution at next time level
with {z¥} as the initial iteration for time level ;1. Repeat the process, till
we reach the endpoint ¢ = 7 of the first time subinterval [0, 7].

9. Now use the same procedure to find the adaptive solution at every time
subinterval [7,27],--- ,[(m — 1)7,T] till the final time is reached, by
repeating the procedures from Step 2 (say with the time ¢ = 7 for the time
subinterval [r,27]), and r = 1.
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Numerical Examples

FExample 4.4.1. Let us consider the following time delayed Robin type boundary

value problem:

oy 0%y I
E _5@—'— (1+ZE6 )y_ f(l',t) —y(l’,t— ]-)a (J},t) € (Oa]-) X (072])

with  y(z,t) = ¢p(z, 1), (x,t) €[0,1] x [-1,0],

Dﬁy(o’t) = ¢O(t)7 le (07 2]7

Dly(l,t) = ¢1(t>, t - (0,2],

and

where the functions f(x,t), ¢o(t), ¢1(t) and ¢p(z,t) are chosen to satisfy the exact

solution
efx/\/g _I_ 67(1755)/\/g

y(x,t) = t( =Y — COS2(7TJJ)>.

Figure 4.1 displays the solution plot of Example 4.4.1 for ¢ = 107% with N = 64
and M = 32. The presence of boundary layers at x = 0 and x = 1, can be clearly
confirmed from this figure. In addition, Figure 4.2 shows that the initial uniform
mesh points have moved to the boundary layer regions based on the above iterative
moving mesh algorithm, and the equidistributed mesh is also dense to the boundary
regions for Example 4.4.1. Now, we calculate the maximum pointwise errors and
rates of convergence for different values of € and discretization parameters M and
N by using the following formulas

BN~ max VA~ y(ab a0, PO = log, (L
ik Y\ i)l 82 \ Feanam |-
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FIGURE 4.1: Boundary layer-adapted numerical soluton of Example 4.4.1 with
N =64, M =32 and ¢ = 1076,
The parameter-robust errors and the corresponding rates of convergence are calcu-
lated by

EN’M
N,M __ e,N,M N,M __
E —maaxE , F = log, (EQN’2M>,

respectively.

Table 4.1 represents the parameter-robust convergence for Example 4.4.1. The over-
all second order accuracy in space and time, is due to the fact that the present
problem is space dominated for the input data given in Table 4.1. The expected
rate of accuracy for a general problem, which matches with theoretical findings, will

be clear from Example 4.4.2.

Further, we give a comparison of uniform accuracy between the proposed approach
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FIGURE 4.2: Tteration-wise moving mesh trajectory and mesh density in space at
final time resp., for N = 64, M = 32 and ¢ = 106 of Example 4.4.1.
on equidistributed mesh with the approximate solution, obtained on existed Shishkin
mesh in Table 4.2 for Example 4.4.1. The Shishkin mesh is defined using the tran-
sition parameter ¢ = min{1/4,2y/cIn(N)}. It clearly shows that, the numerical
solution obtained on a Shishkin mesh, is lesser accurate compared to the present
approach. This is also expected from our theoretical findings, as the order of accu-
racy of approximate solution on Shishkin mesh is at most O(N~21n*(N)) in space,
for the present scheme. Also, note that the errors at equidistributed mesh is far less

compared to errors on Shishkin mesh irrespective of the perturbation parameters.

Example 4.4.2. Now, let us consider the time delayed parabolic PDE with Robin

type boundary conditions:

oy _682y 1+ 2?2

5 92 5 y =1t — y(x, t —1), (x,t) € (0,1) x (0,2],

with  y(x,t) =0, (x,t) € [0,1] x [-1,0],

DOy(O7t) = _%W_1/2t7/27 te (072]7
and

Dyy(1,t) = —Br= V272 ¢ € (0,2].
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TABLE 4.1: Maximum pointwise errors E5V'M  parameter-robust errors EV-M
rates of convergence F=™:M and parameter-robust convergence rates F'V'M using

scheme (4.19) for Example 4.4.1.

€ N =32 N =64 N =128 N = 256 N =512 N =1024

At=1/8 At=1/16 At=1/32 At=1/64 At=1/128 At=1/256

1071 3.3229e-03  8.5091e-04 2.1776e-04 5.4424e-05 1.3610e-05  3.4041e-06
1.9654 1.9662 2.0004 1.9996 1.9993

1072 5.7689e-03 1.4149¢-03 3.5227e-04 8.7940e-05 2.1981e-05  5.4947e-06
2.0276 2.0059 2.0021 2.0003 2.0001

1072 1.7627e-02  4.5435e-03 1.0607e-03 2.5933e-04  6.4431e-05  1.6081e-05
1.9559 2.0988 2.0322 2.0090 2.0024

107%  3.1762e-02 7.3546e-03 1.7625e-03 4.3722e-04  1.1139e-04  2.7438¢-05
2.1106 2.0610 2.0112 1.9728 2.0213

107°  4.4253e-02  9.3469¢-03 2.2562e-03 5.5237e-04  1.3756e-04  3.4357e-05
2.2432 2.0506 2.0302 2.0056 2.0014

1076 5.4466e-02 1.0587e-02 2.4723e-03 6.0734e-04 1.5054e-04  3.7571e-05
2.3631 2.0983 2.0253 2.0123 2.0025

1077 6.3989e-02  1.1225¢-02 2.5919e-03 6.3013e-04  1.5585e-04  3.8828e-05
2.5111 2.1147 2.0403 2.0155 2.0050

1078 6.7095e-02 1.2316e-02 2.6467e-03 6.4081e-04 1.5801e-04  3.9357e-05
2.4456 2.2183 2.0462 2.0199 2.0053

ENM - 6.7095e-02  1.2316e-02  2.6467e-03  6.4081e-04 1.5801e-04  3.9357e-05
FNM- 24456 2.2183 2.0462 2.0199 2.0053

TABLE 4.2: Comparison of parameter-robust errors EV™ and correspondin
p p 1Y g

convergence rates

FN’M

obtained on Shishkin and equidistribution meshes using

scheme (4.19) for Example 4.4.1.

N =32 N =64 N =128 N =256 N =512 N =1024

ee& At=1/8 At=1/16 At=1/32 At=1/64 At=1/128 At=1/256

Shishkin mesh [98] 7.0933e-02 2.8034e-02 9.9156e-03 3.2837e-03  1.0439e-03  3.2271e-04
1.3393 1.4994 1.5944 1.6533 1.6938

Equidistribution mesh 6.7095e-02 1.2316e-02 2.6467¢-03 6.4081e-04  1.5801e-04  3.9357e-05
2.4456 2.2183 2.0462 2.0199 2.0053

The exact solution of this example is unknown. Hence, we use a variant of the double
mesh principle [58, 113] to compute the pointwise errors and corresponding rates of
convergence. Based on this principle, the numerical solution on equidistributed mesh

will be compared with the solution, which is obtained on the bisected equidistributed
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FIGURE 4.3: Boundary layer-adapted numerical solution of Example 4.4.2 with
N =64, M =32 and e = 1076,

mesh. The error and rate of convergence formulae based on this technique are

k,2N,2M k,N,M
BN = max [y — R, FE’N’leogQ(

ik

Ea,N,M
EQN,QM) :
€

The uniform errors and corresponding rates of convergence are calculated as before.

As like in Example 4.4.1, one can also observe the boundary layer phenomena for
Example 4.4.2 from Figure 4.3, which is plotted with a very small perturbation
parameter ¢ = 107%. Here, note that the present method with discretized Robin
boundary condition, is first order uniform accurate in space and time from Table

4.3. This is matching with our theoretical findings. This also shows the dominant
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TABLE 4.3: Maximum pointwise errors £V parameter-robust errors ENM,
rates of convergence F=N'"M and parameter-robust convergence rates FV'™ using

scheme (4.19) for Example 4.4.2.

N =32 N =64 N =128 N = 256 N =512 N = 1024

€ At=1/8 At=1/16 At=1/32 At=1/64 At=1/128 At=1/256

1071 6.0082e-02 3.0886e-02 1.5975e-02 8.1454e-03  4.1073e-03  2.0650e-03
0.9600 0.9511 0.9718 0.9878 0.9921

1072 1.2543e-01 6.3953e-02 3.2216e-02 1.6183e-02 8.1117e-03  4.0604e-03
0.9718 0.9892 0.9933 0.9964 0.9984

1072 1.3828e-01 6.9972e-02 3.5175e-02 1.7642e-02  8.8342¢-03  4.4210e-03
0.9827 0.9922 0.9956 0.9978 0.9987

107%  1.4091e-01 7.1091e-02 3.5705e-02 1.7892e-02  8.9564e-03  4.4807e-03
0.9870 0.9936 0.9968 0.9983 0.9992

107°  1.4139e-01 7.1290e-02 3.5793e-02 1.7934e-02  8.9762e-03  4.4903e-03
0.9879 0.9940 0.9970 0.9985 0.9993

107%  1.4152e-01 7.1340e-02 3.5813e-02 1.7941e-02  8.9790e-03  4.4916e-03
0.9882 0.9942 0.9973 0.9986 0.9993

1077 1.4152e-01 7.1357e-02 3.5817e-02 1.7943e-02 8.9798¢-03  4.4919e-03
0.9879 0.9944 0.9973 0.9986 0.9994

1078 1.4988e-01 7.1365e-02 3.5818e-02 1.7944e-02 8.9798¢-03  4.4919e-03
1.0705 0.9945 0.9972 0.9987 0.9994

ENM - 1.4988¢-01  7.1365e-02  3.5818e-02 1.7944e-02  8.9798e¢-03  4.4919¢-03
FNM 1.0705 0.9945 0.9972 0.9987 0.9994

behavior of the time discretization error over space errors when we compute the

global errors.

To show the global first order accuracy is due to time in Table 4.3, we balance the

contribution of time and space discretizations by making the number of mesh points

double in space and quadruple in time. That is,

FeNM log, (

Ea,N,M
E€,2N,4M

FN,M B 1 EN’M
’ = 1082 E2N4AM |-

Based on this formulae, Table 4.4 shows the second order parameter-robust accuracy.
This means that the rate of space accuracy, is two. This can also be confirmed from
the log-log plots of the maximum pointwise errors in Figure 4.4. In addition, a

comparison of the proposed method on equidistributed meshes with the result on
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FIGURE 4.4: Log-log plots for order of convergence of error vs N.

TABLE 4.4: Maximum pointwise errors ESN'M  parameter-robust errors EV-M
rates of convergence F&NM and parameter-robust convergence rates FNM using
scheme (4.19) for Example 4.4.2.

N=32 N=64 N=128 N =256 N =512 N = 1024
e At=1/8 At=1/32 At=1/128 At=1/512 At=1/2048 At =1/8192
1077 6.0082e-02 1.4588¢-02 3.6751e-03  9.4177¢-04  2.3091e-04  5.7627¢-05

2.0422 1.9889 1.9644 2.0281 2.0025

1072 1.2543e-01  3.2020e-02  8.0533e¢-03  2.0131e-03  5.0410e-04 1.2613e-04
1.9698 1.9913 2.0002 1.9976 1.9988

1073 1.3828e-01 3.5060e-02  8.8002e-03  2.2004e-03  5.4968e-04 1.3744e-04
1.9797 1.9942 1.9997 2.0011 1.9998

107 1.4091e-01 3.5676e-02  8.9445e¢-03  2.2378e-03  5.5923e-04 1.3958e-04
1.9817 1.9959 1.9989 2.0006 2.0023

107°  1.4139e-01 3.5766e-02  8.9699¢-03  2.2438¢-03  5.6076e-04 1.4001e-04
1.9830 1.9954 1.9991 2.0005 2.0019

1076 1.4152e-01 3.5804e-02  8.9743e-03  2.2446e-03  5.6087e-04 1.4005e-04
1.9828 1.9962 1.9994 2.0007 2.0017

1077 1.4152e-01 3.5813e-02 8.9773e-03  2.2967e-03  5.6096e-04 1.4676e-04
1.9825 1.9961 1.9667 2.0336 1.9344

1078 1.4988e-01 3.5801e-02 8.9782e-03  2.2455e-03  5.6084e-04 1.8090e-04
2.0657 1.9955 1.9994 2.0014 1.6324

ENM1.4988e-01  3.5813e-02  8.9782¢-03  2.2967e¢-03  5.6096e-04 1.8090e-04

FNM 2.0653 1.9960 1.9669 2.0336 1.6327

Shishkin mesh is also provided in Table 4.5 which clearly gives the benifit of the

proposed approach.

Further, we can visualize the mesh movement towards the boundary layers, based
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TABLE 4.5: Comparison of parameter-robust errors EV™ and corresponding
convergence rates FN'*M obtained on Shishkin and equidistribution meshes using
scheme (4.19) for Example 4.4.2.

N =32 N =64 N =128 N = 256 N =512 N =1024

eck. At=1/8 At=1/32 At=1/128 At=1/512 At=1/2048 At=1/8192

Shishkin 8.3543¢-01 3.7914e-01 1.4170e-01  4.7917e-02  1.5362e-02  4.7667¢-03
mesh [98] 1.1398 1.4200 1.5642 1.6412 1.6883

Equidistribution  1.4988¢-01  3.5813e-02  8.9782¢-03  2.2967e-03  5.6096e-04  1.8090e-04
mesh 2.0653 1.9960 1.9669 2.0336 1.6327
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FIGURE 4.5: Iteration-wise moving mesh trajectory and mesh density in space at
final time, resp., for N = 64, M = 32 and € = 106 of Example 4.4.2.
on moving mesh algorithm by Figure 4.5. It shows the mesh trajectory at each iter-
ation to generate a layer-adaptive equidistributed mesh. This also pictorially point
out that the classical uniform mesh is not sufficient for any general class of Robin
type time delayed singularly perturbed problems with arbitrary small perturbation

parameters.

4.5 Conclusions

We have proposed a higher order parameter-robust approximation in space for a
class of singularly perturbed time delayed parabolic reaction-diffusion problem with

Robin boundary conditions. This is not obvious with classical upwind schemes (like
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forward-backward discretization at boundary conditions) for problems with Robin
type boundary conditions. It is observed that equidistribution based adaptive mesh
is very effective for this purpose, as it keeps the optimal accuracy in space, in the
interior part of the domain. Theoretical findings of first order uniform accuracy in
time and second order uniform accuracy in space, are strongly confirmed experimen-
tally. The present direction on higher order scheme generations for a general system
of parabolic problems, will be helpful for next generation researchers working on

Robin/mixed type problems.
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