CERTIFICATE

It is certified that the work contained in this thesis titled “Robust Adaptive Nu-
merical Methods for Singularly Perturbed Integro and Partial Differen-
tial Equations” by Sumit has been carried out under my supervision and that

this work has not been submitted elsewhere for a degree.

It is further certified that the student has fulfilled all the requirements of Com-

prehensive Examination, Candidacy and SOTA for the award of Ph.D. degree.

{
"f\f/\
Dr. 1};{:1 Kumar
Supervisor
Assistant Professor
Department of Mathematical Sciences
Indian Institute of Technology

(Banaras Hindu University)
Varanasi-221005






DECLARATION BY THE CANDIDATE

I, Sumsat, certify that the work embodied in this thesis is my own bona fide work
and carried out by me under the supervision of Dr. Sunil Kumar from July
2016 to April 2021 at the Department of Mathematical Sciences, Indian
Institute of Technology (Banaras Hindu University), Varanasi. The
matter embodied in this thesis has not been submitted for the award of any other
degree/diploma. I declare that I have faithfully acknowledged and given credits to
the research workers wherever their works have been cited in my work in this thesis.
I further declare that I have not willfully copied any other’s work, paragraphs, text,
data, results, etc., reported in journals, books, magazines, reports dissertations,
theses, etc., or available at websites and have not included them in this thesis and

have not cited as my own work.

Date: 23/04/2021 Sumit

Place: Varanasi (Roll No. 16121012)

CERTIFICATE BY THE SUPERVISOR

It is certified that the above statement made by the student is correct to the best of

my /our knowledge.
/ /o n
Dr. Sunil Kumar
Supervisor
Assistant Professor
Department of Mathematical Sciences
Indian Institute of Technology
(Banaras Hindu University)
Varanasi-221005

sSem

Signature of Head of Department






COPYRIGHT TRANSFER CERTIFICATE

Title of the Thesis: Robust Adaptive Numerical Methods for Singu-
larly Perturbed Integro and Partial Differential Equations.
Name of the Student: Sumit

Copyright Transfer

The undersigned hereby assigns to the Indian Institute of Technology
(Banaras Hindu University), Varanasi all rights under copyright that may

exist in and for the above thesis submitted for the award of the Ph.D.

degree.

Date: 23/04/2021 ﬁ X Lin
/‘V\‘//;

Place: Varanasi Sumit

Note: However, the author may reproduce or authorize others to re-
produce material extracted verbatim from the thesis or derivative of the
thesis for author’s personal use provided that the source and the Institute

copyright notice are indicated.






ACKNOWLEDGEMENTS

My Ph.D. journey was full of many unforgettable ups and downs accompanied with
hardship, encouragement, and trust. There are so many people who helped me a
lot along this way. It is not possible to say thanks in few words. Still I would like
to take this opportunity to express my deepest gratitude for their support, love and

affection.

I owe a great debt of thanks to my supervisor Dr. Sunil Kumar, Assistant Pro-
fessor, Department of Mathematical Sciences, IIT(BHU), Varanasi. It
has been a great pleasure to work under his mentorship. He listened my queries
with utmost patience and curiosity, and then offered his perceptive that gave a new
direction to my research. I am very grateful to him for introducing me a fascinating
branch of mathematics. I owe the completion of this thesis to his great wisdom,
careful guidance, continuous encouragement, and unending patience over the past

few years.

Besides my supervisor, I would like to express my deep sense of gratitude to the rest
of my RPEC (Research Progress Evaluation Committee) members Dr. Vishal
Mzishra and Dr. Vineet Kumar Singh, for their precious time, valuable sug-
gestions, and encouragement. [ owe my special thanks to Prof. T. Som, Head of
Department, Prof. L.P. Singh, former Head of Department, and Prof.
S. Das, Convener, DPGC of Department for their support throughout my
research work. Special thanks to Dr. Rajesh Kumar Pandey for his kind help
and valueable suggestions. I also express my deep sense of gratitude to all faculty
members of the department for their assistance and support. I express my thanks
to all non teaching staff members of the department for their cooperation and help

throughout my research tenure.

1X



I gratefully acknowledge University Grants Commission, India for providing
the fellowship in form of Junior Research Fellowship and Senior Research fellowship.
I am also grateful to my Institute, IIT(BHU), for providing necessary resources

throughout my Ph.D. program.

Mr. Om Namha Shivay also deserves a special thanks for his little and big
helps in my research codings. I am very thankful to the holy city of Banaras for
giving me a selfless friend Rahul Kr Maurya who helped me in every situation
during my stay at the campus and even after. I hold dear those badminton games
that I won with my doubles partner Pankaj Gautam. I have very special thanks
to my friends Avinash, Rakesh, Anil, Anup, Abhishek, Vinita, Manushi,
Anuvedita, Swati, and all the research scholars of the department for their moral
support. Further, I would like to extend my thanks to my senior Dr. Joginder
Singh and lovely juniors Kuldeep, Aakansha, Shashikant, Anshima and

Kumaz for always being there with me like a family.

I express my cordial gratitude to my mama Shri Pramod Kumar, Shri Pradeep
Kumar and mausi Pink: who always stood by my decisions and provided all
kinds of supports, moral as well as financial. Their love, care, and patience always

encouraged me to succeed.

This acknowledgement would be incomplete if the name of great visionary Pt.
Madan Mohan Malaviya is not mentioned, who made this divine centre of

knowledge. I express my deepest regards to him.

Above all, praises and thanks to the God, the Almigty, for his showers of blessings

throughout my research work, who has made everything possible.

Varanasi-221005 Sumit



Dedicated

to

My Parents

X1






Contents

List of Figures xvii
List of Tables xix
Symbols xxi
Preface xxiii
1 Introduction 1
1.1 Singularly perturbed problems . . . . . . . ... ... L. 1
1.2 Numerical solutions of singularly perturbed differential equations. . . 3
1.3 Mesh equidistribution . . . . . . . ... oo 6
1.4 Literature review . . . . . . . . . ... 8
1.4.1  Singularly perturbed degenerated convection-diffusion problems 9
1.4.2  Singularly perturbed parabolic reaction-diffusion problems . . 9

1.4.3  Singularly perturbed time delayed parabolic reaction-diffusion
problems . . . ... 11

1.4.4 Nonlinear singularly perturbed Volterra integro-

differential equation . . . . . . . . .. ... ... 12
1.5 Outline of the thesis . . . . . . .. .. ... ... ... . ....... 13

2 A robust adaptive numerical method for singularly perturbed de-
generate parabolic convection-diffusion

problems 17
2.1 The time semidiscretization . . . . . . . . ... ... ... ... ... 19
2.2 Spatial mesh generation and discretization . . . . . . ... ... ... 21
2.2.1 Layer-adaptive equidistribution mesh . . . . . . . .. ... .. 21
2.2.2  The fully discrete scheme . . . . . . . . ... ... ... ... 24
2.3 FError analysis . . . . . .. ... 26
2.3.1 Error analysis of the regular component . . . . . . ... ... 29
2.3.2  Error analysis of the singular component . . . . . . .. .. .. 30
2.4 Numerical experiments . . . . . . . .. ... L. 36



Contents xiv

2.5 Conclusions . . . . . . . 43

3 A robust adaptive numerical method for singularly perturbed parabolic
reaction-diffusion problems with

Robin boundary conditions 45
3.1 Discretization and adaptive mesh generation . . . . . . ... ... .. 47

3.1.1 The discretization strategy . . . . . . . ... ... L. 47

3.1.2 Layer-adaptive equidistribution mesh . . . . . . . .. ... .. 48
3.2 A stationary problem . . . . .. ... 51
3.3 Error analysis . . . . . . ... 54
3.4 Numerical experiments . . . . . . . . ... ... ... ... 58
3.5 Conclusions . . . . .. ... 66

4 A robust adaptive numerical method for singularly perturbed delay

parabolic problems with Robin boundary conditions 67
4.1 Properties of the continuous problem . . . . . . ... ... ... ... 69
4.2 Discretization and mesh generation . . . . . ... ... ... ... 73

4.2.1 The discrete problem . . . . . .. ..o 73

4.2.2  Mesh equidistribution . . . ... ..o 75
4.3 Error analysis . . . . . . ..o Lo 79
4.4 Numerical experiments . . . . . . . . .. ... L. 89
4.5 Conclusions . . . . . . . .. 98

5 A high order robust adaptive numerical method for singularly per-

turbed parabolic reaction-diffusion problems 101
5.1 The time semidiscretization . . . . . . . . ... ... L. 103
5.2 Mesh equidistribution . . . . . ... ... Lo 106
5.3 The spatial discretization and error analysis . . . . . . .. .. .. .. 109
5.3.1  The discretization strategy . . . . . . . . .. .. ... 109
5.3.2  Stability of scheme (5.19) . . . . ... ... L 110
5.3.3 FError analysis . . . . . . ... o 112
5.4 The total discretization scheme . . . . . . . . . ... ... ... ... 118
5.5 Numerical results . . . . . . . .. ... 120
5.5.1 Numerical experiments . . . . . . . ... ... ... 122
5.6 Conclusions . . . . . . . . . ... 134

6 A robust adaptive numerical method for nonlinear singularly per-

turbed Volterra integro-differential equations 135
6.1 Stability of the continuous problem . . . . . .. ... ... ... ... 136
6.2 The discretization and its stability . . . .. .. ... ... ... 137
6.3 Error analysis . . . . . . .. .. o 141
6.4 Numerical experiments . . . . . . . . .. ... 0L 145

6.5 Conclusions . . . . . . . . 152



Contents XV
Bibliography 153
List of Publications 173






List of Figures

2.1

2.2

2.3

24

3.1

3.2

3.3

3.4

3.5

4.1

4.2

4.3

4.4
4.5

0.1

5.2

Surface plots of the numerical solution of Example 2.4.1 with N =

64, p=2,e=10% ande=10"8. . . ... .. ... ... .. ... . 38
Mesh trajectory and position of space mesh points taking e = 1078, N =

64, and p=2at t =1 for Example 2.4.1. . . . . . . .. ... .. ... 40
Surface plots of the numerical solution of Example 2.4.2 with N =

64, p=2,e=102ande=10". . . . . . . ... ... ... ... 41
Log-log plots of the maximum pointwise errors at time ¢ = 1 for
Examples 2.4.1 and 2.4.2. . . . . . . ... .. ... ... ..., 43
Surface plot of the numerical solution of Example 3.4.1 with N =

128, M =32,ande=10"% . . . . ... ... ... ... ... .... 60
Surface plot of the numerical solution of Example 3.4.2 with N =

128, M =32, ande=10"% . . . .. . ... .. ... ... ..., 63
Mesh trajectory and position of space mesh points taking N = 128, M =

32, and e = 107° for Example 3.4.1. . . . . . . . ... ... ... ... 65
Mesh trajectory and position of space mesh points taking N = 128, M =

32, and € = 107° for Example 3.4.2. . . . . . . ... ... ... .... 65
Log-log plots of the maximum pointwise error for Examples 3.4.1 (left)

and 3.4.2 (right). . . . . ... 66

Boundary layer-adapted numerical soluton of Example 4.4.1 with N =
64, M =32ande=107% . . . ... ... ... ... ... .. ... . 92
[teration-wise moving mesh trajectory and mesh density in space at
final time resp., for N = 64, M = 32 and € = 107% of Example 4.4.1. 93
Boundary layer-adapted numerical solution of Example 4.4.2 with
N=64, M=32ande=10"% . .. ... .. ... ... ....... 95
Log-log plots for order of convergence of error vs N. . . . . . . . . .. 97

[teration-wise moving mesh trajectory and mesh density in space at
final time, resp., for N = 64, M = 32 and € = 1076 of Example 4.4.2. 98

Surface plot of numerical solution of Example 5.5.1 for e = 107°, N =

Sl12and M =16. . . . . . . . . .. 122
Mesh trajectory and final position of space mesh points with e = 1077
and N = 256 for Example 5.5.1. . . . . . .. ... ... ... ... 123

Xvil



List of Figures xviii

5.3
5.4

6.1

6.2

6.3

Log-log plot for maximum error vs N for Example 5.5.1. . . . . . .. 132
Surface plot of numerical solution of Example 5.5.2 for e = 107°, N =
512, and M =16. . . . . . . . . . e 133
Comparison of the exact and numerical solutions obtained using pro-
posed method with N =64. . . . . ... ... .. ... .. ...... 148
Log-log plots of maximum pointwise errors vs N for ¢ = 1072 and
e=107° . . 151

Mesh trajectory and final position mesh points for N = 64 and ¢ = 210,151



List of Tables

2.1

2.2

2.3

3.1
3.2
3.3

4.1

4.2

4.3

4.4

4.5

5.1

5.2

Es’N’M EN’M

Maximum pointwise errors , parameter-robust errors , rates of

convergence F&N:M and parameter-robust convergence FNM using scheme

(2.14) for Example 2.4.1 withp=2. . . . . . . ... ... ... ... .. 39

EeN.M EN.M

Maximum pointwise errors , parameter-robust errors , rates of

convergence F&N:"M and parameter-robust convergence FV-™ using scheme
(2.14) for Example 242 withp=1. . . . . . . . . ... ... ... ... 42

EE,N,M

Maximum pointwise errors , rates of convergence F&N'M ~and the

maximum number of iterations (over all time levels) K using different

values of p for Example 2.4.1 withp=2ande=10"". . ... ... ... 43
Errors and convergence rates for Example 3.4.1. . . . . . . .. ... ... 61
Errors and convergence rates for Example 3.4.1. . . . . . . . .. ... .. 62
Errors and convergence rates for Example 3.4.2. . . . . . ... ... L. 64

e,N,M N,M
E77 E7

Maximum pointwise errors , parameter-robust errors , rates of

convergence F&N:M and parameter-robust convergence rates F¥'M using

scheme (4.19) for Example 4.4.1. . . . . . . . ... oL 94

EN’M

Comparison of parameter-robust errors and corresponding conver-

gence rates FV'™ obtained on Shishkin and equidistribution meshes using
scheme (4.19) for Example 4.4.1. . . . . . . .. ..o 94
Maximum pointwise errors E5N'"M  parameter-robust errors ENM | rates of
convergence F&N:M and parameter-robust convergence rates FVM using
scheme (4.19) for Example 4.4.2. . . . . . . .. ..o 96
Maximum pointwise errors E5N"M  parameter-robust errors ENM | rates of
convergence F&NM and parameter-robust convergence rates FVM using
scheme (4.19) for Example 4.4.2. . . . . . . .. ..o 97
Comparison of parameter-robust errors EV*™ and corresponding conver-
gence rates FV:™ obtained on Shishkin and equidistribution meshes using

scheme (4.19) for Example 4.4.2. . . . . . . .. ... oL 98

N,M  ,N,M N,M  N,M

Errors and rates of convergence using scheme
(5.31) without Richardson extrapolation for Example 5.5.1. . . . . . . .. 124
Errors E5V-M - ENM and rates of convergence F&V-M - FN.M yiging scheme
(5.31) with Richardson extrapolation for Example 5.5.1. . . . . . . . . .. 125

XIX



List of Tables XX

5.3

5.4

)

2.6

2.7

2.8

6.1

6.2
6.3

6.4

6.5

Errors E&N-M - :N:M and rates of convergence ﬁ57N’M, FN-M using scheme
(5.31) with Richardson extrapolation for Example 5.5.1. . . . . . . . . .. 126

EE,N,M E’N’M Fs,N,M FN’M
)

Errors , and rates of convergence , using

scheme (5.31) without Richardson extrapolation for Example 5.5.2. . . . . 127
Errors E&NM - B:N:M and rates of convergence F=NM - FN:M ysing scheme
(5.31) with Richardson extrapolation for Example 5.5.2. . . . . . . . . .. 128
Errors E&VM - ENM and rates of convergence ﬁavN’M, FNM using scheme
(5.31) with Richardson extrapolation for Example 5.5.2. . . . . . . . . .. 129
Errors E&NM - B:N:M and rates of convergence F=NM - FN:M ysing scheme
(5.31) without Richardson extrapolation for Example 5.5.3. . . . . . . .. 130
Errors ESNM - NM and rates of convergence F&NM - PNM ysing scheme
(5.31) with Richardson extrapolation for Example 5.5.3. . . . . . . . . .. 131

Errors F¥ and FV, and convergence rates oY and ¢" using the proposed
method. . . . . . . e 149
Errors IV and FV, and convergence rates oY and ¢’V using Shishkin mesh. 149
Errors FEN and FV, and convergence rates gév and oV using Bakhvalov

Parameter-uniform errors FV and parameter-uniform convergence rates
o using scheme (6.9) on various meshes. . . . . . . . ... .. .. ... 150
Maximum errors FgN , convergence rates Qév , and the number of iterations
k taking e = 27! and using different values of Cy in the algorithm. . . . . 150



Gi.j
lglle

gl g.ne

set of real numbers

set of natural numbers
NuU {0}

perturbation parameter
discretization parameters
Landau symbol
differential operators
difference operators
given problem domain
discrete problem domain
open interval (0, 1)
closed interval [0, 1]
discrete spatial domain
9(@i, ;)

max z,t
Jnax [g(w,t)]

ot
o \g(z4, )]

C generic positive constant, independent of €, N, and M

xx1






PREFACE

This thesis is concerned with the construction and analysis of robust adaptive nu-
merical methods for singularly perturbed problems in integro and partial differen-
tial equations. The main feature of these problems is that their solutions possess
boundary layers, due to which classical numerical methods on uniform meshes fail
to provide good numerical numerical approximations to the solutions of these prob-
lems. So, special techniques are required to resolve the boundary layers and obtain
numerical approximation that converges to the exact solution independent of the

perturbation parameter.

Firstly, a class of singularly perturbed degenerate parabolic convection-diffusion
problems is considered on a rectangular domain. The finite difference discretiza-
tion consists of an upwind finite difference scheme on a layer-adaptive non-uniform
mesh in the spatial direction and an implicit Euler scheme on a uniform mesh in
the time direction. The adaptive mesh in spatial direction is generated via equidis-
tribution of a suitably chosen monitor function. The error analysis is performed for
the proposed method using truncation error and barrier function approach and the

method is proved to be robust convergent of first order in both time and space.

Next, a robust convergent adaptive numerical method is developed for solving a class
of singularly perturbed parabolic reaction-diffusion problems with Robin boundary
conditions. The discretization consists of a modified Euler scheme in time, a cen-
tral difference scheme in space, and a special finite difference scheme for the Robin
boundary conditions. The adaptive mesh in spatial direction is generated via equidis-
tribution of a suitably chosen monitor function. We discuss error analysis and prove
that the method is robust convergent of order two in space and order one in time.

Then, this adaptive numerical method is extended for a singularly perturbed time

xx1ii



delayed parabolic reaction-diffusion problem with Robin boundary conditions. The
method is proved to be robust convergent of order two in space and order one in

time.

Thereafter, a high order numerical method is constructed for a class of singularly
perturbed time dependent reaction-diffusion boundary value problem on a layer-
adaptive equidistribution mesh. The numerical scheme comprises of the implicit
Euler scheme to discretize in time and a high order non-monotone finite difference
scheme to discretize in space. The analysis of the method is done in two steps,
splitting the contribution to the error from the time and space discretizations. It
is shown that the method is robust convergent having order one in time and order
four in space. Further, we use the Richardson extrapolation technique to improve

the order of convergence from one to two in time.

At the end, a class of nonlinear singularly perturbed Volterra integro-differential
equation is considered. The problem is discretized by an implicit finite difference
scheme on arbitrary non-uniform meshes. The scheme comprises of an implicit
difference operator for the derivative term and an appropriate quadrature rule for
the integral term. The numerical scheme is proved to be uniformly stable on an
arbitrary non-uniform mesh. We derive a posteriori error estimate for the scheme

that holds true uniformly in the small perturbation parameter.

Extensive numerical experiments are performed to validate the obtained theoretical

error estimates.
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