Chapter 5

Strongly convergent Algorithms to
Solve Monotone Inclusion

Problems

In previous chapters of the thesis, we have proposed iterative methods which are
guaranteed to show weak convergence behavior under mild assumptions. Researchers
assume strong conditions like strong convexity or strong monotonicity on the oper-
ators to prove strong convergence of the algorithms. This chapter is dedicated to
propose and study strongly convergent algorithms to solve monotone inclusion prob-
lem without assuming strong convexity or strong monotonicity. Section 5.2 recalls
some important results in nonlinear analysis. In Section 5.3, we propose a generalized

Mann and normal-S iteration and study its convergence behavior. In Section 5.4,

This chapter is based on our submitted research work ”Dixit, A., Sahu, D. R., Gautam,
P., and Som, T. (2021) Strongly convergent Algorithms to Solve Monotone Inclusion Problems.
Optimization.”
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we propose a new forward-backward algorithm and a forward-backward type primal-
dual algorithm to solve the inclusion problem and complexly structured monotone
inclusion problem, respectively. In Section 5.5, we propose Douglas-Rachford type
algorithms to solve monotone inclusion problems and complexly structured mono-
tone inclusion problems of set-valued operators. In the last, we performed a numer-
ical experiment to show the importance of proposed algorithms to solve the image

deblurring problem.

5.1 Introduction

In Chapter 1, we have discussed the proximal point algorithm. Rockafellar [80] mod-
ified the proximal point agorithm and proposed an inexact proximal point algorithm
as follows:

Tpi1 = Je,7(Tn +v,), Yn €N, (5.1)

where v, is the error term in ‘H. The sequence {x,} also converges weakly to the so-
lution set of inclusion problem provided Y7 | v, < 0o and sequence {v, } is bounded
away from zero. Guler [44] showed by an example that sequence generated by proxi-
mal point algorithm (1.7) converges weakly, but not strongly, in general. It becomes
a matter of interest for the research community to modify the proximal point algo-
rithm to obtain strong convergence. In such consequences, Tikhonov method was

proposed which generates as follows,

Tpnt+1 = Jch(Jf), (52)

where x € H and ¢, > 0 such that ¢, — oo. Detailed study of Tikhonov regu-

larization method can be found in [26, 93, 92, 91, 96]. Lehdili and Moudafi [55]
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combined the idea of proximal algorithm and Tikhonov regularization to find an
algorithm converges strongly to the solution of inclusion problem 1.0.1. They solve
the inclusion problem 1.0.1 by solving the inclusion problem of fixed approximation

of T', which is T,, =T + p,lId, i.e.,
find z € H such that 0 € T,,(z),

where i, is a regularization parameter. The proximal-Tikhonov algorithm is given
by

Tpt1 = J/\T: ().

The Tikhonov regularization term puxld impelled the strong convergence to the al-
gorithm. In the absence of Tikhonov regularization term, proximal-Tikhonov algo-
rithm becomes the proximal algorithm which shows only weak convergence in most
of the cases. Strong convergence of the algorithm can be obtained by using some

other techniques also, some of them can be found in [8, 46].

The weak convergence of the algorithms reduces its applicability in infinite dimen-
sional spaces. To achieve the strong convergence of algorithms one assumes stronger
assumptions like strong monotonicity and strong convexity, which is difficult to
achieve in many applications. This situation lefts a question to the research commu-
nity: can we find the strongly convergent algorithms without assuming these strong
assumptions? The answer to this question is replied positively by Bot et al. in [17].

They modified the Mann algorithm as follows:
Tpt1 = €pXy + 0,(S(enzy) — enty), (5.3)

where e,,, 0, are positive real numbers. The strong convergence of algorithm (5.3)
for nonexpansive operator, S is studied in Bot et al. in [17] when set of fixed points
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of S is nonempty and parameters 6,, and e,, satisfy the following:

i) 0<e, <lforallneN, lime,=1,> "7 (l1—e,) =occand D~ |e,—e 1| <

n—o0

(ii)) 0< 6, <lforallneN,0<liminf, o bp, > oo, |0n — bp1] < 0.

We consider the more general problem which is as follows:

Problem 5.1.1. Consider T,S : H — 2™ are monotone operators. Find a point

x € H such that 0 € Tx N Sx.

Remark 5.1. The algorithm (5.3) proposed by Bot et al. [17] can not apply to solve

inclusion problem 1.0.1.

In this paper, we introduce the normal-S iteration method based fixed point algo-
rithm to find common fixed point of nonexpansive operators T,S : H — H, which
converges strongly to minimal norm solutions of common fixed point problem of op-
erators S and T. Based on the proposed fixed point algorithm, we develop a forward-
backward algorithm and a Doughlas-Rachford algorithm containing Tikhonov regu-
larization term to solve the monotone inclusion problems. In many cases, monotone
inclusion problems are very complex, they contain mixtures of composite and paral-
lel sum monotone operators. Recently, many researchers have proposed primal-dual
algorithms to precisely solve the considered complex monotone inclusion system
[19, 18, 35, 21, 95]. We propose a forward-backward type primal-dual algorithm and
a Doughlas-Rachford type primal-dual algorithm having Tikhonov regularization
term to find the common solution of the complexly structured monotone inclusion
problems. The proposed algorithms have a special property that all the operators

are evaluated separately.
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5.2 Preliminary Results

This section devotes to some important results from nonlinear analysis and operator
theory. Let (Xi,d;) and (X2, ds) be metric spaces, let T : X; — X, and C be a

subset of X;. Then T is Lipschitz continuous with constant 5 € (0, 00) if
(Ve € X1)(Vy € Xy) do(Tz, Ty) < Bdy(z,y).

Definition 5.2.1. Let D be a nonempty subset of a Hilbert space H and letT : D —

‘H be a mapping. Then
(a) T is said to be nonexpansive if

[Tz =Tyl < |lz =yl forall z,y €D,

(b) firmly nonexpansive if

(Vo € D)(Vy € D) ||Tz — Ty||* + |(Id — T)z — (Id = T)y|I* < ||z — y|*,

(¢) quasinonexpansive if

(Vo € D)(Vy € Fix(T)) [Tz —yl| < [l —y].

Definition 5.2.2. Let D be a nonempty subset of H, let T : D — H and let
p € (0,00). Then T is -cocoercive (or B-inverse strongly monotone) if BT is firmly

NONETPansive, i.e.
(Vz € D)(Vy € D)B||Tx — Ty|]* < (x —y,Tx — Ty).
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Definition 5.2.3. Let D be a nonempty subset of H, let'T' : D — H be nonexpansive
and let a € (0,1). Then T is averaged with constant « or a-averaged, if there exists

a nonexpansive operator R : D — H such that T = (1 — a)Id + aR.

Let X be a real vector space. Let C be a subset of X. C' is a cone if
C =Ry, C,

where R, = {\ € R|]A > 0}.

Definition 5.2.4. The intersection of all the linear subspaces of X containing C,
1.e., the smallest linear subspace of X containing C' is denoted by span C, its closure
15 the smallest closed linear subspace of X containing C' and it is denoted by span C'.

Let C be a nonempty subset of H. Then

interior of C 1is

intC={xeC:(3p>0)B(0;p) CC—x}
strong relative interior of C is

sri C = {x € C: cone(C — z) = span(C — z)}

strong quasi-relative interior of C is

sqriC ={z €C: U p(C — x)is a closed linear subspace of space H}.
p>0

Lemma 5.2.1. [9, Proposition 25.1(ii)] If T} and Ty are monotone operators then

the set of zeros of their sum zer(Th +1s) = Jyn, (Fix(Ryn, Ryp,)) Yy > 0.
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Proposition 5.2.1. [9] Consider T1,T5 : H — H be oy, as—averaged operators,

a1toas—2a1 a9

respectively. Then the averaged operator Ty o Ty is o = [

-avereaged.

Lemma 5.2.2. [9] Let T : H — H be a nonexpansive mapping. Let {u,} be a
sequence i H and v € ‘H such that v, — u and u, — Tu, — 0 as n — oco. Then

u € Fix(T).

Lemma 5.2.3. [96] Let {a,} be a sequence of nonnegative real numbers satisfying
the inequality

a1 < (1 =6,)an, + 0,0, + €, Yn>0,

where

(i) 0<0, <1 foralln>0and ), 0, = o0;
(i) limsup,,_, . b, <0;

(11i) €, > 0 for alln > 0 and ano €, < 00. Then the sequence {a,} converges to

0.

5.3 Strongly convergent common fixed point al-

gorithm
This section devotes to investigate a computational theory for finding common fixed
points of nonexpansive operators. We introduce a common fixed point algorithm

such that sequence generated by the algorithm strongly converges to the set of

common fixed points of mappings.
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Algorithm 5.3.1. Let S,T : H — H be nonexpansive mappings. Select {e,},

{0,} € (0,1) and compute the (n + 1) iteration as follows:

Yn+1 = S[(l - Qn)enyn + ‘gnT(enyn)] fOT’ alln € N. (54)

We now study the convergence behavior of Algorithm 5.3.1 for finding the common

fixed point of S and T

Theorem 5.3.1. Let S,T : H — H be nonexpansive mappings such that ) =
Fix(T)NFix(S) # 0. Let {y,} be a sequence in H defined by Algorithm 5.5.1, where

{6,,} and {e,} are real sequences satisfy the following conditions:

(i) 0 <e, <1 forallneN, lime, =1, > 7 (1—e,) =00 and >~ |e, —
n—oo

n=1

€n,1‘ < 090

(i) 0<0<0,<0<1 forallnecN, and Yo 0 — 01| < 0.
Then the sequence {y,} converges strongly to proja(0).

Proof. In order to prove the convergence of the sequence {y, }, we follow the following

steps:
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Step 1. Sequence {y,} is bounded.

Let y € Q2. Since S and T" are nonexpansive, we have following

[Ynt1 —yll = [IS[(1 = bn)enyn + 0, T (enyn)] — vl
< (1 = 6n)enyn + 0T (€nyn) —
< (T =0)llenyn — yll + 0ullT(enyn) — yll
< lleayn =yl (5.5)
= llea(yn —y) — (1 —en)yll
< enllyn — I+ (1 —en)llyll
< max{lyo — yll, Iyl }-

Thus, {y,} is bounded.
Step 2. [|Ynt1 — Ynll = 0 as n — oo.

Using nonexpensitivity of S and T', we have

||yn+1 - ynH - ||S[(1 - en)enyn + enT(enyn)] - S[(l - en—l)en—lyn—l + en—lT(en—lyn—l)] ||

IN

||(1 - 9n>enyn + HnT(enyn) - (1 - gn—l)en—lyn—l - en—lT(en—lyn—l)”

- ||(1 - en)enyn - (1 - gn—l)en—lyn—l + enT(enyn) - gn—lT(en—lyn—l)”

IN

||(1 - en)(enyn - en—lyn—l) + (en—l - QN)en—lyn—l)H

+ N0 (T (enyn) — T(€n—1Yn-1)) + (On — Opn—1)T(en—1yn—1)||

S ||€nyn - en—lyn—ln + |9n - 9n—1|cl
= Jlen(¥n = Yn—-1) + (en — €n—1)Yn—-1|| + |0n — On—1|C
S enHyn - yn—l” + |€n - en—1|CQ + |9n - Qn_1|C1,
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for some Cy, Cy > 0. By applying Lemma 5.2.3 with a, = ||y — Yn-1],bn =0,
€n = len — en_1|Ca + 10, — 0,,_1|C1 and 0, = 1 — e,,Vn € N, we obtain that

HynJrl - ynH — 0.

Step 3. ||yn — Tyn|| and ||y, — Syn|| — 0 as n — oco.
Let y € ©2 Note

[Yns1 —yll* = [IS[(1 = bn)enyn + 0T (enya)] — yl*
< (1= On)enyn + 0.1 (enyn) — yl?
= (L=0u)llenyn = ylI* + 0ullT (enyn) — yllI* = 0u(1 = ) lentn — T(enyn) ||
< (1= 0n)llenyn — ylI” + Onllentn — ylI* = 0u(1 = 00)llentn — Tenyn) |

||6nyn - y”2 - en(l - en)Henyn - T(enyn)HQ’ (56)

which implies that

On(1 = ) |lenyn — T(enyn>|‘2 < |lenyn — ?/H2 — Yt — yHQ'

N

< (lenyn =yl + lynser — i) llenyn — Ynaa l

IN

(”enyn - yH + Hyn+1 - yH)Henyn — €nlYn+1 T CnlYnt1 — yn+1H

< (llenyn = yll + 1yns1 =yl (nllyn = Ynall + (en — Dllynsall)-

Since lim e, = 1, by the condition (i), 0 < § < 6, < < 1 for all n € N by the

n—oo

condition (ii) and ||y,+1 — y|| — 0 by Step 2, we have ||e,y, — T'(e yn)|| — 0
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as n — 0o. Now,

“yn - Tyn” = Hyn —epYn t EnYn — T(enyn) + T(enyn> - Tyn“

IN

1Y — entnll + lentn — T(enyn) || + |7 (entin) — Tynl|

IN

2(1 - en)Hyn” + ”enyn - T(enyn)H — 0asn — oo,

and

1Yn = Synll < W0 — Ynsa | + [[¥ns1 — Syl

= “yn - yn+1|| + HS[(l - en)enyn + enT(enyn)] - SynH

< Ny = Yol + 12 = On)enyn + 02T (enyn) — yull

< Nyn = Ynsall + (L= O)[lentn — ynll + Onl|T(enyn) — ynll

< yn = Ynall + (1= 0,) (1 — en)|ynll + 0l T (enyn) — Tyn + Ty — yall
< Ny = Yol + (1= 0,)(1 =€) [ynll + Onll€nyn — ynll + 0nl Tyn — ynl

9 = Yns1ll + (1 = e)l[ynll + 0ul| Tyn — ynll — 0 as n — oo.

Step 4. {y,} converges strongly to § = projq(0).

From (5.5), we set

[y —9l* < llenyn — 4l?
< len(yn —9) — (1 — &)yl
< erllyn — GlI* + 260 (1 = en) (=7, yn — §) + (1 — en)?[|7]°
< enllyn — l? +2e(1 — en) (=7, yn — 4) + (1 — )2 [|7]|°.

(5.7)
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Next we show that

lim sup(—g, yn — 9) < 0. (5.8)

n—oo

Contrarily assume a real number [ and a subsequence {y,,} of {y,} satisfying
(=0 yn; —4) 2 1>0Vj €N (5.9)

Since {y, } is bounded, there exists a subsequence {y,, } which converges weakly
to an element y € H. Lemma 5.2.2 alongwith Step 4 implies that y € ). By

using variational characterization of projection, we can easily derive

Jj—00

which is a contradiction. Thus, (5.8) holds and

lim sup (2ea(~7. 3 — 7) + (1 - e,)|Igll?) < 0. (5.11)

n—oo

Consider a, = ||[yn — ¥ll,bn = 2e(=F, 90 — 7)) + (1 — €,)||7]|*, €» = 0 and

0, =1—e, in (5.7) and apply Lemma 5.2.3, we get the desired conclusion.

]

Corollary 5.3.1. Let Ry, Ry : H — H be ay,as-averaged operators respectively,
such that Fix (Ry) N Fix(Rs) # 0. Fory, € H, let {yn} be sequence in H defined by

Yn+1 = R2{enyn + en(Rl(enyn) - enyn>} Vn €N, (5'12)
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where {0} and {e,} are real sequences satisfy the condition (i) given in Theorem

5.5.1 and the condition:

0<Q§a1€n§@<lforalln€ NandZ|0n—9n_1|<oo.

n=1

Then the sequence {y,} converges strongly to projrix(r,)nFix(rs)(0)-

5.4 Forward-Backward type Algorithms

In this section, we propose a forward-backward algorithm based on Algorithm 5.3.1
to simultaneously solve the monotone inclusion problems of the sum of two maxi-
mally monotone operators in which one is single-valued. Further, we also propose
an Algorithm 5.3.1 based forward-backward-type primal-dual algorithm to solve a
complexly structured monotone inclusion problem containing composition with lin-

ear operators and parallel-sum operators.

5.4.1 Forward-Backward Algorithm

Let A, Ay : H — 2™ be maximally monotone operators and By, By : H — H be

a1, ap-cocoerceive operators. We consider the monotone inclusion problem
Find x € H such that 0 € (A; + By)xz N (As + By)z. (5.13)

We propose a forward-backward algorithm to solve the monotone inclusion problem
(5.13) such that generated sequence converges strongly to the solution set of the

problem (5.13).
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Theorem 5.4.1. Suppose zer( A+ By)Nzer(As+Bs) # 0 and v, € (0,2a4) and v, €

(0,20). For y, € H, consider the forward-backward algorithm defined as follows:

Ynt1 = Jypa, (Id — 72B2) {(1 = 0p)enyn + OnJyya, (€nyn — V1 Bi(€nyn))} Vn € N.
(5.14)
where {0,,} and {e,} are real sequences satisfy the condition (i) given in Theorem

5.3.1 and the condition: 0 < © < 403%718” <O <1 foralnéeN and Yo 10n —

0,—1] < 00. Then {y,} converges strongly to Projer(a,+B,)rzer(As+Bs)(0)-

Proof. Set T1 = Jy,4,(Id —v1By) and Ty = Jy,4,(Id — 72 By), then algorithm (5.14)

can be rewritten as:

Ynr1 = To{(1 — 0n)enyn + @10, (T1(enyn) — €nyn) }vn € N. (5.15)
Since J,, 4, is %—cocoerceive and Id — v By is %—averaged, Ty is 4a21“_171—averaged.
Therefore, Theorem 5.4.1 follows from Corollary 5.3.1. m

Further, we consider the following minimization problem and propose a new proximal-

point algorithm based on Algorithm (5.14) to solve it.

Problem 5.4.1. Consider strictly positive real numbers 31, Bo. Let fi, fo : H —
R U {00} be proper convex lower semicontinuous functions and gi,gs : H — R be
convex and Frechet-differentiable functions with é, %—Lz’pschitz continuous gradient,

respectively. The problem is to find a point y € H such that
y € argmin(fi + g1) Nargmin(fa + go2). (5.16)

Corollary 5.4.1. Consider the functions f1, fo, 91 and go are as in Problem 5.4.1.
Let argmin(fi + g1) N argmin(fy + g2) # 0. For v € (0,26,] and 72 € (0,28,],
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consider an algorithm with tnitial point y, € H,

Ynt1 = proxwzfzo([d_VQVQZ){<1_0n>enyn+9npr0x'y1f1(enyn_’)/lvg(enyn))} Vn e N,
(5.17)

where 0, € (0,1] and e, € (0,4%17_1“) are real sequences satisfy the condition ()

given in Theorem 5.3.1 and the condition:

0<O< 25

——9,<06 <1, 0, —0, 1] < oo
T 4B M ;’ !

Then {y,} converges weakly to optimization problem (5.16).

Proof. Consider Ay = 0f1,As = 0fy, By = Vg¢1,B1 = Vgo. Since zer(df; +
V) = argmin(f; + g;), i = 1,2. Note Vgi, Vg are [, Ba-cocoerceive, respec-
tively. Thus, by Theorem 5.4.1, {y,} converges strongly to a point in argmin(f; +

g1) Nargmin(fa + ga). O

5.4.2 Forward-backward type Primal-Dual algorithm with

Tikhonov regularization terms

Problem 5.4.2. Let m be a positive integer. Suppose )y, ..., are real Hilbert

spaces. Consider the following operators

(a) A, B:H — 2" are maximally monotone operators,

(b) C,D :H — H are uy, ps-cocoerceive operators, respectively,

123



(c) P,Qi,R;,S; : Q; — 2% are mazimally monotone operators such that Q;,S;

are v;, 0;-cocoerceive, respectively, 1 =1,...,m,

(d) nonzero continuous linear operators L; : H — Q;,i =1,...,m.

The primal inclusion problem is to find y € H satisfying

0e€ Ay + >0, Ly (ROQ:)(Liy) + Cy
and

0 By + 31, Li(ROS)(Liy) + Dy
together with dual inclusion problem

[ - S0, Lin e Ay +Cy
v; € (PROQ;)(Lix)

find vy € (4, ..., 0, € £, such that and (5.18)
-y L*; € By+ Dy

| v € (ROS)(Liy)

i=1,2...m.

A point (y,01,...,0,) € H X 4 X -+ X {2, be a primal-dual solution of Problem

5.4.2 if it satisfies the following:

(

=" L € Ag + C,
— Y%, Livi € By + Dy,
v; € (POQ:)(L:iy),
| i € (R:0S:)(Liy)
124
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i=1,2,...,m.

Theorem 5.4.2. Consider the operators as in Problem 5./.2. Assume

0 € ran (A—i— ZLZ‘ o (POQ;) o L; + C) ﬂmn <B + ZL;k o (R;0S;) o L;

i=1 =1

Let 1,04,...,0, >0 such that

mein{ﬁb 52} 2 17

where p = min{1, L ... -} (1— \/TZ?;JZ-HLZ-]P), B1 = min{p, v, ...

and By = min{ps, 01, ..., 0, }. Consider the algorithm with intial point (y1, vy 1,
H X (21 X -+ X 2, and defined by

m).

(5.20)

7Vm}

-"7Um,1) €

Algorithm 5.4.1: To optimize the complexly structured Problem 5.4.2

Input:

1. initial points (y1,v11,. .., Um1) € H X 21 X -+ X {2,

2. Real numbers 7,0, > 0, i = 1,2, ...,m be such that 7y ", oy]| L;|]* < 4.

3. O € (0,54 e, € (0,1) -

For k=1,...,n;
Pn = JraA [enyn -7 (en Z;il Livin + C(enyn))]
T'n = €Enln + en(pn - enyn)

Fori=1,....m;
Qi,n = Jo'iPi_l [envi,n + Uz(Lz(Qpn - enyn) - Qi_l(envi,n))]

Uin = EpUin + Qn(Qi,n - 6nvi,n)
Ynir = Jep [rn — 7 (3211 Litin + D(un))]

Ui,n—i—l == Joinl [uim + gi(Li(2yn+1 - Tn) - Sz_l(uun))}
OUtPUt: (yn+17 Cl,n+17 cee 7Cm,n+1>

125



where, sequences {0,} and {e,} are real sequences satisfy the condition (i) given in

Theorem 5.3.1 and the condition:

0<O< 261p

= §,<06<1, 0, —0,_1] < o0
T App -1 Z' !

Then there exists (Y, U1, . .., Up) € HXE21 X+ X2, such that sequence {(Yn, Vin, - -, Vmn)}

converges strongly to (g,v1, . ..,0y) and satisfies the Problem 5.4.2.

Proof. Consider the real Hilbert space I = H x {21 x - - - x §2,, endowed with innner

product
((x,ug, o um), (Y, 01,0 e = (2,9 + Z(uz,vz)gz
i=1
and corresponding norm
(@, uny e um)llic = 4| l2]13, + Z luill%,,  Y(x,un, .. um), (Y01, o) € K.

Further we consider following operators on real Hilbert space K

1. ¢1: K — 28, defined by (z,uy,...,up) — (Az, Py luy, ..., Prtuy,),
2. ¢y : K — 28 defined by (x,uy,. .., un) — (Bx, R up, ..., R u,,),
3. £: K = K, defined by (x,u1,...,um) = Qi Liug, — Ly, ..., —Lyx),

4. Yy : K — K, defined by (z,uq, ..., uy,) — (C’x, Q uy, ..., Q;nlum) ,

ot

Wy K — K, defined by (z,uq,. .., uy) — (Dm,Sl_lul, . .,S;llum) :
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These operators are maximally monotone as A, B, P;, R;,Q;,S;, 1 = 1,2,...,m are
maximally monotone and ¢ is skew-symmetric, i.e., £ = ;. Now, define the contin-

uous linear operator V : I — K by,

m
T Uy U
*
(T, upy .o Uy) = ——E Liuy,— — Lyz,...,— — Lz |,
T 4 o Om

1

which is selfadjoint and p-strongly positive, i.e., (x, Vx)x > p|/x||z Vx € K. There-
fore inverse of operator V exists and satisfy |V < /l)'

Using the definition of resolvent operator, the Algorithm 5.4.1 can be rewritten as

(

€n (7-—1;5” - 221 Livin) — T '+ 2211 L;iGin — Cenr,) € Apn + 27;1 Ligin

Tn = €%y + gn(pn - enIn)

en(ai_lvi,n - szn) - Ui_1Qi,n + szn - Qi_l(envi,n) S ]Di_l(Qi,n) - szn (5 21)

Uin = EpUin + en(%,n - envi,n)
—1 m * —1 m * m *
T = Dty Litliy — T i1 + D000 Livin — D(2n) € Brpn + 300 Livip
Fori=1,2...,m

-1 -1 -1 -1
0y Uiy — Liry — 0 Tng1 + Livipg1 — S, Vip € By Vg1 — LiTpia.

Now, consider the sequences X, =(Zp, Vi, - - -, Umn )y Wn=(Un, Ut py - - ., U ) a0d y,, =
(P, @1y - - - Gmn) VR € N. By taking into account the sequences {x,}.{y,} and

{u,} and operator V, Algorithm 5.4.1 can be rewritten as

enV(%Xn) — V(y,) — Y1(enxn) € (é1 +E)(¥,)

u, = e, X, + 6n<yn - 6nxn) (522)

Vu,-Vx, — o, € (¢2 + &)Xpi1.
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On further analysing Algorithm 5.4.1, we get

Yn = JAl(ean - Bl(enxn))
u, = e, X, + 0,(y, — enXn) (5.23)

Xn+1 = JA2 (un - B2un>7

where A} = Vg + &), By = V', Ay = V(¢ + &) and By = V ey,
Now, we define the real Hilbert space Kv = H X {21 X -+ x §2,, endowed with
inner product (X,y)x, = (X, Vy)xc and corresponding norm is given by, [|x||x, =

1/ <X7 VX>;C Vx,y € Kv.

In view of real Hilbert space Ky and Algorithm 5.4.1, we observe the following:

1. A; and B; are maximally monotone on Ky as ¢; + £ and ); are maximally

monotone on K, for i = 1, 2.
2. B; are f;p-cocoerceive on Ky as 1; are (;-cocoerceive in K, for ¢ = 1, 2.

3. zer(A;+Bj)=zer(V ' (¢;+E+1;))=zer(¢;+E+1;), i = 1,2 and from condition
(5.20), we can easily obtain that zer(A;+Bj)Nzer(As+By) # (. Assume that
A; = A, and B; = B;, i = 1,2 thus A;,B;, ¢ = 1,2 and sequences {6, }, {e,}
satisfy the assumptions in Theorem 5.4.1. Thus, according to Theorem 5.4.1,
{x,} converges strongly to (¥n, V1, ..., Um) € Projer(A,+B1)rzer(As+B2)(0, ..., 0)
in the space Ky as n — oo. Thus, we obtain the conclusion as (g, 01, ..., 0y) €

zer(¢y + & 4 11) Nzer(gy + € + 1y, will also satisfy primal-dual problem 5.4.2.

Next, we define a complexly structured convex optimization problem and their
Fenchel duals. Further, we propose an algorithm to solve the considered prob-

lem and study the convergence property of the algorithm to find simultaneously the
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common solutions of optimiztion problems and common solutions of their Fenchel

duals. The considered problem is as follows:

Problem 5.4.3. Let fi, fo € I'(H) and hy, he be convez differentiable function with
pyt, pyt- Lipschitz continuous gradient, for some pi, po > 0. Let £2; be real Hilbert
spaces and g;,l;, s;,t; € T'((2;) such that l;,t; are v;, 6;(> 0)-strongly convez, respec-
tively, and L; : H — §2; be non-zero linear continuous operator Vi = 1,2,...,m,

where m > 0 1s an integer. The opmization problem under consideration is

inf {fl(x) + Z(Qimli)@ﬂ) + hl(fc)} ﬂ inf {fz( ) + Z(Simti)(Lﬁ) + h2(~’17)}
. . (5.24)
with its Fenchel-dual problem

sup { (f1Oh)( ZL*Uz Z g9; (i) + 17 (UZ))}

v, €82i€],..., i—1

N sup { (f20h3)( ZL*U, —

v;€02i€],...,

Ms

(sf(vi) + t;"(vz))} ) (5.25)

=1

In following corollary, we propose an algorithm and study its convergence behavior.

The point of convergence will be the solution of Problem 5.4.3.

Corollary 5.4.2. Assume in Problem 5.4.3

0 € ran <8f1 —i—ZLf o (0g;001;) o L; + Vhy ) ﬂmn <8f2 —i—ZL* (0s;00t;) o L; —|—th> )
i=1
(5.26)

Consider T >0, 0;, >0 1=1,2,...,m such that

mein{ﬁb ﬁ2} 2 17
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where p = min{r 0, ", ... (1—\/7' ool Lil|? ) =min{uq, V1, ..., Un}
and B = min{ s, 01, . .., 0y }. Consider the iterative scheme with intial point (x1,v11,...,Um1) €

H X 21 X -+ x 2, and defined by

P = prox.p, [entn — T (en Do) Livi, + Vhi(enz,))]

Tn = enTyn + 0n(pn — €nxy)

Fori=1,2,....m

Qin = ProTg,g: [envin + 0i(Li(2py, — enzy) — VIf(enx,))] (5.27)
Uin = €Ty + On(Gin — €nTn)

Tp+1 = Proxry, [Tn - T (221 Liuipn + Vhy (un))]

Vin+1 = proxal [uz n + Uz(Li(an-l-l - Tn) — Vt;k (uz,n))]

where sequences {0,} and {e,} are real sequences satisfy the condition (i) given in

Theorem 5.3.1 and the condition:

0<O< 51p9@<1 Zw On—1| < o0.

461p =1
Then, there exists (T, Uy, ..., Um) € HX2 X+ X2, such that sequence (Ty, V1 p, - -\ Vmn)
converges strongly to (T,,v1,...,0m) asn — 0o and (Ty, V1, ..., 0m) satisfies Prob-

lem 5.4.5.

5.5 Douglas-Rachford type Algorithms

In this section, using Algorithm 5.3.1 we propose a new Douglas-Rachford algorithm

to solve monotone inclusion problem of sum of two maximally monotone operators.
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Further, using Algorithm 5.3.1 we propose a Douglas-Rachford type primal-dual al-
gorithm to solve complexly structured monotone inclusion problem containing com-

posite and parallel-sum operators.

5.5.1 Douglas-Rachford Algorithm

Let A, B : H — 2" be maximally monotone operators. In this section, we consider

the following monotone inclusion problem:

Find z € H such that 0 € (A + B)x. (5.28)

We propose a Douglas-Rachford algorithm based on Algorithm 5.3.1 such that the

generated sequence converges strongly to a point in the solution set.

Theorem 5.5.1. Consider x1 € H and v > 0, then algorithm is given by:

r
Yn = J’yB (enxn)

Zn = 7A(2yn - enxn)

neN (5.29)
Up = €3Ty + Qn(zn - yn)

| Tnv1 = (2054 — 1d) (2], — Id)uy.
Let zer(A + B) # (0 and sequences e, € (0,1) and 0, € (0,2] are real sequences
satisfy the condition (i) given in Theorem 5.3.1 and the condition:

0<0<0,<0<2, > |0, — 01| < 0.

n=1

Then the following statements are true:

(a) {zn} converges strongly to T = projrixr, ,r,5(0) asn — oo.
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(b) {y.} and {z,} converges strongly to J,p5(Z) € zer(A+ B) as n — oo.

Proof. Consider the operator ' = R4 0 R,p : H — 2%. From the definition of
reflected resolvent, and definitions of operator T, algorithm (5.29) can be rewritten

as

Oy,
toii = RoaRop{entn + E(RWARWB)(en]:n) — €nTn}

= T{eyx, + %(T(enmn) — eny)} (5.30)

Since resolvent operator is nonexpansive [9], T' is nonexpansive. Suppose z* €
zer(A+ B) and results from [9], we have zer(A+ B) = J,5 Fix(7T'), which collectively
implies that Fix (T") # (). Applying Theorem 5.3.1 with A; = Ay = A, B; = B, = B,
we conclude that {z,} conveges strongly to Z = projeixr)(0) as n — oo.
The continuity of resolvent operator forces the sequence {y,} to converge strongly
to J,5T € zer(A + B). Finally, since z, — y, = %(T(enxn) — epxy), which converges
strongly to 0, concludes (b) of Theorem 5.5.1.

O

Problem 5.5.1. Let f,g : H — RU{oo} be convex proper and lower semicontinuous

functions. Consider the minimization problem

min f(z) + g(z). (5.31)

Using Karush-Kuhn-Tucker condition, (5.31) is equivalent to solve the inclusion

problem

find z € H 0 € df(z) + dg(x). (5.32)
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In order to solve such type of problem, we propose an iterative scheme and study

its convergence behavior which can be summarized in the following corollary.

Corollary 5.5.1. Let f, g be as in Problem 5.5.1 with argmingen{ f(x)+g(x)} # 0

and 0 € sqri(dom f —dom g). Consider the following iterative scheme with x1 € H.:

Yn = proxvg(enmn>
Zp = 2yn — EpTyp

74 ( ) (5.33)
Up = enn + On(2n — Un)

Tpyl = (2p7“ox,yf — Id)(Zpromw — [d)um n €N,

where v > 0 and sequences {0,} C (0,2] and {e,} are real sequences satisfy the

condition (i) given in Theorem 5.5.1 and the condition:
0<0<0,<0<2, > |0, — 01| < 0.

n=1

Then we have the following:

(a) converges strongly to T = projrixry where T = (2proxy — I1d)(2prox., — Id).

(b) {yn} and {z,} converge strongly to prox.,(z) € argmingen{f(x)+ g(x)} as

n — .

Proof. Since argmingen{f(x) + g(z)} # 0 and 0 € sqri(dom f — dom g) ensures
that zer(A+ B) = argmingen{f(z)+g(x)}. The results can be obtained by choosing
A =0f,B = 0g in Theorem 5.5.1. O
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5.5.2 Douglas-Rachford type Primal-Dual algorithm with

Tikhonov regularization terms

In this section, we propose a Douglas-Rachford type primal-dual algorithm to solve
the comple structured monotone inclusion problem having mixture of composite and

parallel-sum operators. We consider the monotone inclusion problem is as follows:

Problem 5.5.2. Let A : H — 2 be a mazimally monotone operator. Consider
for each i = 1,...,m, § is a real Hilbert space, P;, Q; : £2; — 28 are maximally
monotone operators and L; : H — §2; are nonzero linear continuous operator. The

problem is to find x € H satisfying the primal inclusion problem
0€ A7+ L} (ROQ:)(Liz)
i=1
together with dual inclusion problem

— ZZI L;k@Z € Ax
find vy € $21,..., 0y € 0, such that (3z € H) (5.34)

Here, operators P;, Q;,7 = 1,...,m are not cocoerceive, thus to solve the Problem
5.5.2, we have to evaluate the resolvent of each operator, which makes the Douglas-
Rachford algorithm based primal-dual algorithm is more appropriate to solve the

problem.

Theorem 5.5.2. In addition to assumption in Problem 5.5.2, we assume that

0 € ran (A + Zm: L o (POQ;) o Lz-) . (5.35)

=1
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Consider the strictly positive integers T,0;,1 = 1, ..., m satisfying

7Y ol Lif|* < 4. (5.36)
=1

Consider the initial point (x1,v11,...,Vm1) € H X 2; X -+ X (2,. The primal- dual

algorithm to solve Problem 5.5.2 is given by
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Algorithm 5.5.1: To optimize the complexly structured monotone inclusion

problem 5.5.2

Input:

1. initial points (x1,v11,...,Vm1) € H X 2 X -+ X 2.
2. Positive real numbers T,0;, 1 = 1,2,...,m be such that 7y ;" o;||L;||* < 4.
3. The sequences e, € (0,1),0, € (0,2]

For k=1,...,n;

. T m *
Pin = ra(enty — 56n Zi:l L; Uim)
Win = 2pl,n — EnTp

Fori=1,....,m;

o
P2in = Joinl (envi,n + ?ZLiwl,n)

gl,n =e,T, + en(zl,n - pl,n)

Fori=1,...,m;

Z2in = JJiQ;l(wz,i,n + G Li(221,0 — win))

£2im = €nVin + On(22in — D2in)

qin = TA(gl,n - %ZZL Lf(gli,n))
Sin = 2q1,n - gl,n

Fori=1,...,m;
o
Q2imn = Jgipi—1(£2,i,n + jLz‘Sl,n)

S2in = 2q2,i,n - fz,i,n
m
lin = S1,n — % Zi:1 L; (SQ,i,n)

Tnt1 = 2tl,n — S1in

Fori=1,....,m;
t2,i,n = JgiQ;1<327i,n + %Li(asnﬂ))

Vain = 2t2in — S2in
OUtpLIt: (€n+l> C17n+17 s 7§m,n+1)
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where sequences {0,} and {e,} are real sequences satisfy the condition (i) given in

Theorem 5.3.1 and the condition:

0<0<0,<0<2, > |0, —b,1| < 0.
n=1

Then there exists an element (T,0y,...,Ty) € H X 21 X -+ X 2, such that following

statements are true:

1. Denote
pr=Jea (T — 5300 Livi)

D2 = J, Pl (Bi + G Li(2p1 — a‘:)) ;i =1,...,m. Then the point (D1, P21, - -, P2m) €

o

H X 21 X -+ X §2, is a primal-dual solution to Problem 5.5.2.

2. (Tn, Viny -y Umn) converges strongly to (T,01,...,0m).

3. (P1msD21my - -3 D2mm) ONd (210, 22105 - - -, Z2,mm) cOnverges strongly to (1, P21, - - -, Pam)-

Proof. Consider the real Hilbert space IC and operators ¢, £ as in the Theorem 5.4.2.

Now define the operator ¢ : L — I, defined by

V(z,ur, . um) = (0,Q7 'u, ..., Qpluy,). We can observe the following

1. operator %5 + 1 and %f + ¢ are maximally monotone as dom & = IC,
2. condition (5.35) implies zer(¢ + & + ) # 0,

3. every point in zer(¢ + £ + 1) will solve Problem 5.5.2.

Define the linear continuous operator W : K — K, defined by

Om

A up 1 Uy 1
W et = [ 2= SN Lru, 2 Sy, L
(x7u17 7um) <7_ 2i:1 Zu“(fl 92 1T, ) 92 mx)

137



which is selfadjoint. Consider

. The operator V is p- strongly positive and satisfies the following inequality
(x, Wx) > ||z]|F Vo €K,
Thus the inverse of W exits and satisfies |[W™!|| < /l). Consider the sequences

T, Ul,n; s 7Um,n)

x, = (
yn = (pl,n7p2,1,n7 L 7p2,m,n)
Z, = (

21, 2’2717 e ZQ7 , )
Vn e N e (5.37)
U, = (ul,na U21,my - 7u2,m,n)
Cp = (Cl,na Co1mye-- 702,m,n)
dn = (dl,na d2,1,n7 s )dQ,m,n)-

Using the definition of operators ¢,&,1 and W, Algorithm 5.5.1 can be written

equivalently as

W(z, —yn) € (3E+ O)n
n — 4n Hn n — Yn
wnen U ot e ) (5.38)
W(u, — ¢,) € (3¢ + ¢)z,
W(2¢, —u, —d,) € (%f + ) (2¢, — uy)

Tn41 = 2dn — Cp,
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which is further equivalent to

p

yn = (Id+ W (3E+ ¢)) " ()

Zn = (Id+ W36+ )7 (2yn — )

vnen ) U= Tt el =) (5.39)
en = (Id+ W36+ ) (un)

dp = (Id+ WA+ 9)) 1 (2¢, — uy)

\ Tnt1 = an — Cp.

Now, consider the real Hilbert space Kw = H x 21 X --- x {2, with inner product

and norm defined as

(X, ¥)ew = (X, Wy) and x|y = (X, WX)x respectively.
Now, define the operators A = W '(3¢ + ¢) and B = W' (1¢ + ¢), which are
maximally monotone on KCw as %f + ¢ and %5 + 1 are maximally monotone on K.

The Algorithm 5.5.1 can be written in the form of Douglas-Rachford algorithm as

Yy, = JB(ean)
Vn e N Zy, = JA(Qyn — enxn) (540)
Xp+1 = (2JA — Id)(QJB — Id)Zn,

which is of the form Algorithm (5.29) for v = 1. From assumption (5.35), we have
zer(A +B) =zer(W ' (M +S+Q)) =zer(M + S + Q).

Applying Theorem 5.5.1, we can find X € Fix(RaRp) such that Jgx € zer(A +
B). O

At the end of this section, we study iterative technique to solve the following convex

optimization problem
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Problem 5.5.3. Let f € I'(H) and m € N. Consider for each i =1,...,m, (2; are

real Hilbert spaces, g;,l; € T'(£2;) and L; : H — §2; are linear continuous operators.

The optimization problem is given by

inf
reH

f(x) + Z(gimli)(Lil‘)] (5.41)

with conjugate-dual problem is given by

=1

L A {—fl* (=2 Liv) = D _{gi(v) + z;m))}, (542

Consider stricly positive integers 7, 05,7 = 1, ..., m and initial point (z1,v11,...,0m1) €

H x £2; x -+ x £2,,. The primal-dual algorithm to solve Problem 5.5.3 is given by
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Algorithm 5.5.2: To optimize the complexly structured monotone inclusion

Problem 5.5.3

Input:

1. initial points (1, v11,...,Um1) € H X £2; X -+ X (2.
2. Positive real numbers 7,04, i = 1,2, ...,m be such that 7> /", o;||L;||* < 4.
3. The sequences {0, },{e,} satisfying the assumptions in Theorem 5.5.2.

For k=1,...,n;

_ T m *
pl,n — profo(enl‘n - 5671 Zi:1 Lz Ui,n)
Win = 2p1,n — EnTp

Fori=1,...,m;

o
DP2ji;n = PrOZg,g* (envi,n + ?Liwl,n)

fl,n = enTy + en(zl,n - pl,n)

Fori:=1,...,m;
o
Zoin = ProZe: (Wain + G Li(221,, — w1 ,))

&2.in = €nVin + Qn(Zz%m — P2.in)
qi,n = PTOTrf,y (51,71 - % Zi:l L: (62,1‘,11))

Sin = 2q1,n - gl,n

Fori=1,...,m;

Qi = PT0To,g: (§2,im + G LiS1,n)

S2.im = QQ2,i,n - fz,i,n
m
lin = S1n — % Z¢:1 L} (32,i,n)

Tpt1 = 2t1,n — S1n

Fori=1,...,m;

tain = ProZe, (S2,im + 5 Li(Tni1))

V2im = 2l2in — S2,im
OUtPUt: (£n+17 Cl,nJrl; cee 7Cm,n+1>

where {60, } and {e,} are real sequences.
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Corollary 5.5.2. In addition to assumptions in Problem 5.5.3, consider

0€ran(0f + Z L} o (0¢;001;) o Ly). (5.43)

i=1

Then, there exists an element (T,01,...,Ty) € H X 2y X -+ X 2, such that sequence

{(&ns Cims - -+ s Gun} generated by Algorithm 5.5.2 satisfy the following:

1. Denote

D1 = prox s (f - 3221 Lf@')

P2,i = ProXy,g: (17,» + G Li(2p; — f)) i =1,...,m. Then the point (p1, P21, - -, D2m) €

H X (4 X - X (2, 1s a primal-dual solution to Problem 5.5.35.

2. (Tn, Viny -y Umn) converges strongly to (T,0y1,...,0m).

3. (PrmsD2amy - sP2mm) ONd (210, 2210y - - - 5 Z2.mm) converges strongly to (p1, pai, . - .

5.6 Numerical Experiment

In this section, we make an experimental setup to solve the wavelet based image de-
blurring problem. In image deblurring, we develop mathematical methods to recover
the original, sharp image from the blurred image. The mathematical formulation of

the blurring process can be written as a linear inverse problem,
find x € R? such that Az =b+w (5.44)

where A € R™*? is blurring operator, b € R™ is blurred image and w is an unknown
noise. A classical approach to solve problem (5.44) is to minimize the least-square

term || Az —b[|?. In the deblurring case, the problem is ill-conditioned as the solution
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has huge norm. To remove the difficulty, the ill-conditioned problem is replaced by
a nearly well-conditioned problem. In the wavelet domain, most images are sparse
in nature, thats why we choose [; regularization. For [; regularization, the image

processing problem becomes

min F(z) = ||Az — b||* + \|z|; (5.45)

zeR?2

where \ is a sparsity controlling parameter and provides a tradeoff between fidelity
to the measurements and noise sensitivity. The [; regularization produces sparse
images having sharp edges since it is less sensitive to outliers. Using subdifferential
characterization of the minimum of a convex function, a point * minimizes F'(x) if
and only if

0 € AT(Ax* —b) + ON|z*|;

Thus we can apply the forward-backward Algorithm (5.14) to solve the deblurring
problem (5.45).

For Numerical experiment purposes, we have chosen images from publically available
domain and assumed reflexive (Neumann) boundary conditions. We blurred the
images using gaussian blur of size 9 x 9 and standard deviation 4. We have compared
the algorithm (5.14) with [17, Algorithm 8]. The operator A = RW, where W is
the three stage Haar wavelet transform and R is the blur operator. The original
and corresponding blurred images were shown in Figure 5.5. The regularization
parameter was chosen to be A = 2 x 107°, and the initial image was the blurred

image. The objective function value is denoted by F(z*) and function value at n*®

1

iteration is denoted by F'(z,). Sequences {\,} and {f3,} are chosen as {1 — =

and {0.9} respectively. The images recovered by the algorithms for 1000 iterations

are shown in figure. The graphical representation of convergence of F(x,) — F(x*)
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F1GURE 5.1: Original. FI1GURE 5.2: Blurred

FIGURE 5.3: Original FIGURE 5.4: Blurred

FI1GURE 5.5: The original and blurred images of Lenna and crowd.

is depicted in Figure 5.8. For deblurring methods, lower the value of F(z,) — F(z*)

higher the quality of recovered images.

It can be observed from Figure 5.8 and 5.13 that the proposed Algorithm (5.14)

outperforms [17, Algorithm §].
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[17, Algorithm 8]
= = +Algorithm (5.14)
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[17, Algorithm 8]
— = Algorithm (5.14)
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FIGURE 5.6: Lenna. FIGURE 5.7: Crowd
FIGURE 5.8: The variation of F(z,) — F'(z*) with respect to number of iteration

for different images.

5.7 Conclusion

In this chapter, we have proposed the normal-S iteration method based fixed point
algorithm to find common fixed point of nonexpansive operators which converges
strongly to minimal norm solutions of common fixed point problem of the considered
operators. Based on the proposed fixed point algorithm, we develop a new forward-
backward algorithm and a Doughlas-Rachford algorithm containing Tikhonov regu-
larization term to solve the monotone inclusion problems. We have also proposed a
forward-backward type primal-dual algorithm and a Doughlas-Rachford type primal-
dual algorithm having Tikhonov regularization term to find the common solution of
the complexly structured monotone inclusion problems containing mixtures of com-
posite and parallel sum monotone operators. In the last, we have conducted a nu-
merical experiment to solve the image deblurring problem using proposed methods.
The numerical experiment shows that the proposed Algorithm (5.14) outperforms

[17, Algorithm 8§].

Kokokokokokook ok ko kok
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FIGURE 5.9: Algorithm (5.14). FIGURE 5.10: [17, Algorithm §]

FIGURE 5.11: Algorithm (5.14). FIGURE 5.12: [17, Algorithm 8].

FI1GURE 5.13: The recovered images using different algorithms for 1000 iterations.
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