Chapter 4

Convergence Analysis of Two-Step
Inertial Douglas-Rachford

Algorithm and Application

The last two chapters of the thesis are focused to develop the methods to solve
the monotone inclusion problem of the sum of two monotone operators in which
one operator is necessarily single-valued. In this chapter, we are dedicated to solve
the inclusion problem for the sum of two set-valued monotone operators. We pro-
pose the normal S-iteration based inertial Douglas-Rachford splitting algorithm and
study its convergence behavior in Section 4.3. In Section 4.4, we propose an inertial
primal-dual algorithm based on Algorithm 4.3.1 to solve monotone inclusion prob-
lems involving composition and parallel-sum operators. In Section 4.5, we discuss

the applicability of the proposed inertial primal-dual algorithm to solve the convex

This chapter is based on our published research work “Dixit, A., Sahu, D. R., Gautam, P.,
and Som, T. (2021). Convergence analysis of two-step inertial Douglas-Rachford algorithm and
application. Journal of Applied Mathematics and Computing, 1-25.”
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optimization problem. We also apply the proposed inertial primal-dual algorithm

to solve the generalized Heron problem.

4.1 Introduction

As explained in the first chapter, the Douglas-Rachford algorithm was introduced

by Lions and Mercier [60] which is given as below:
1
Tpt1 = §(Id + Rao Rp)ry, (4.1)

where A and B are set-valued maximal monotone operators. In [16], Bot et al.
proposed an inertial Douglas-Rachford algorithm, which contains the inertial term

Tp + 0p(x, — x,_1) as follows:

Yn = J)\B[xn + 9n<xn - xnfl)L
Zn = J)\A[Qyn —Tn — en(xn - xn—l)]a (42)

Tp4+1 = Tn + ‘gn(xn - xn—l) + /6n<zn - yn) n Z 17

where A, B : H — 2™ are maximal monotone operators and sequences {6, },{3.}
satisfy some suitable assumptions. Inspired by the Douglas-Rachford algorithm
(4.2) and normal S-iteration method (1.21), we propose a new Douglas-Rachford
algorithm to solve the monotone inclusion problem (1.8) and study its convergence
behavior. Further, we consider the highly structured monotone inclusion problems
containing composition with linear operators and parallel sum operators. Since the
resolvent of composition and resolvent of parallel sum operators is generally not
present in closed form, the classical Douglas-Rachford algorithm is unable to solve

such types of problems. In order to solve the problems, we propose an inertial
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primal-dual algorithm based on the proposed Algorithm 4.3.1. Further, we have
study the convergence behavior of the proposed primal-dual algorithm and we apply
the proposed primal-dual algorithm to solve a highly structured convex optimization
problem. At the end, we conduct a numerical experiment to show the performance of

the proposed algorithm and compare the algorithm with already known algorithms.

4.2 Preliminary Results

In this section, we present some basic results and definitions related to the study

made in this chapter.

Let A : H — 2™ be an operator. Domain of A is dom (A) = {x € H : Ax # 0}.
Range of A is denoted by ran (A) = U,ey Az. A is said to be uniformly monotone
with modulus wy: [0, 00) — [0, 00|, where w, is increasing, vanishes only at 0, and
satisfies

<I -y u-— U) > wA(Hl‘ - y”)v V(x,u), (yvv) € GrA.

The resolvent of A is defined by J4 = (Id + A)~*. The reflected resolvent of A is
Rsy = 2J4 — Id. Consider f : H — [—00,00]. The conjugate of f is defined by
f*:H — [—o0, 0] as

w s sup ((z,u) — f(z)), Yu € H.

TeEH

If f e '(H), then 0f is maximally monotone and resolvent of df is proxy.
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Let C be a nonempty subset of . The indicator function i¢c : H — [—o0,00] is

defined by

‘ 0, ifxeC,
ic(x) =
oo, otherwise.

The projection of a point x € H on C is denoted and defined by
Po(xz) ={u e C:ueargmin.cllz — 2| }.

If C is convex, then the normal cone to C at x is defined by

{lueH:(y—z,u) <0, VyeC}, if reC
Ne(z) =
0, otherwise.

Definition 4.2.1. [9] Consider the operators Ty, Ty : H — 2%. The parallel sum of
Ty and Ty is denoted by T\OTy : H — 2™ and is defined by TyOT, = (T7 + Ty )7L

Lemma 4.2.1. /9, Proposition 25.1(ii)] If T1, Ty : H — 2% are monotone operators,
then zer(T) + Ty) = Jon, (Fix(Rar, © Ryr,)), YA > 0.

Lemma 4.2.2. [9, Corollary 2.14] Let zq, z2 € H. Then the following identities hold
for arbitrary a € R:

() ller = z2l* = [l® + [|22]1* — 2(21, 22),

(i) llazi + (1 —a)z|? = allz1)* + (1 — @) || 22]* — a(1 — @) |21 — 2>

Lemma 4.2.3. [37] Let p be positive and a be nonnegative real numbers. Then, for

each z1, z9 € H,

1
l21 £ aze|* > (1 = ap)|al* + ala - ;)HZ2HQ-
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Lemma 4.2.4. [9, Corollary 4.18] Let C be a nonempty closed convex subset of H
and T : C — H be a nonexpansive mapping. Let {z,} be a sequence in C and z € H

be such that z, — z and z, — Tz, — 0 as n — co. Then z € Fix(T).

Lemma 4.2.5. [9, Corollary 25.5] Consider mazimal monotone operators Ty, To: H —
2% Let {(xn,un)} € GrTy, {(yn,vn)} C GrTy be sequences such that z, — x,u, —
Uy Yp — YU — v and u, +v, — 0 and z, —y, — 0asn — oo. Then

r=y € zer(Ty +1v), (x,u) € GrTy and (y,v) € Griy.
Lemma 4.2.6. [5, Lemma 3] Consider sequences {y,},{z,} and {6,} in [0,00)

such that

Yn+1 Syn+0n(yn_yn—1)+zn fOT’ all HEN, Zzn < o0

n=1

and there exists a real number 0 with 0 < 0, < 6 < 1 for all n € N. Then the

following hold:

(1) Zzozl[yn - yn—l]-i— < o0, where [t]-l— = max{t, 0}7
(ii) there exists y* € [0,00) such that y, — y*.

Lemma 4.2.7. [7}] Consider a nonempty subset C of H. Let {¢,} be a sequence in

‘H such that the following two conditions hold:

(i) for all ¢ € C, limy, 00 ||dn — & exists,

(i) every sequential weak cluster point of {¢,} is in C.

Then the sequence {¢,} converges weakly to a point in C.
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4.3 Douglas-Rachford Algorithm

In this section, we propose an inertial Douglas-Rachford algorithm based on the
normal S-iteration method [82] to solve the monotone inclusion problem (1.8) and

study its convergence behavior in the real Hilbert space framework.

In what follows first we introduce the Douglas-Rachford like algorithm:

Algorithm 4.3.1. Suppose that A, B : H — 2% are mazimally monotone operators
with nonempty set zer(A + B). Choose A > 0, initial points xo,x1 € H and param-
eters {0,},{Bn} in [0,1]. Then the (n + 1) term of the algorithm is obtained as

follows:

Yn = J)\B[xn + en(xn - $n71>]7
Zn = J)\A[2yn — Tn — Qn(xn - xn—l)L (4 3)
Up = Ty + 8n<xn - xn—l) + ﬁn(zn - yn>>

Tt = (204 — 1d) (2055 — Id)(u,), Yn € N.

Remark 4.3.1. Set w,, := z, + 0,(x, — x,_1). Using the definition of the reflected

resolvent, Algorithm 4.5.1 can be written as

Tpt1 = (2(])“4 — [d)(ZJAB — Id){wn =+ ﬁn[J)\A(2J)\B — Id)wn — J,\Bwn]}

Id+ R Id+ R
— (Ruuo Rap) {wn s Kg . RAB) o - an} }

2 2
= (R)\AOR)\B) {(1— %)wn—l—%(R)\AOR)\B)wn} . (44)

In view of (4.4) and (1.21), we say Algorithm 4.3.1 is normal S-iteration based
inertial Douglas-Rachford splitting method (InS-DRSM).
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For convergence analysis of Algorithm 4.3.1, we assume that {6,,} and {f,} satisfy

the following conditions:

(A1) {6,} C[0,0] is a nondecreasing sequence, where 0 < 0 < 1,
(A2) B € (0,1),

(A3) the constants (3, 7,0 > 0 satisfy

8
5 = 2000+0)+n) 0<B<p, < 5:9(79(1+9) +05(1 — g) +W)7

—02(1—4/2) "

where v = 1—1—;—2.

The convergence behavior of Algorithm 4.3.1 is summarized in the following theorem:
Theorem 4.3.1. Consider A, B : H — 2™ are mazimally monotone operators such
that zer(A+ B) is non-empty. Let {x,} be an orbit of InS-DRSM (4.3) with param-
eters {0,},{Pn} satisfying assumption (A1)-(A3) with 6, = 0. Then, there exists
x € Fix(Rya o Rzp) such that the following are true:

(a) Japzx € zer(A + B),

(b) > 2ny llon — Zna|[* < oo,

(c) {z,} converges weakly to x,

(d) yn — 2, = 0 € H,

(e) {yn} converges weakly to Jypx,

(f) {zn} converges weakly to Jypz,

(9) If A or B is uniformly monotone, then {y,} and {z,} converge strongly to a
unique point in zer(A + B).
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Proof. (a) Note that the operators A and B are monotone. Using Remark 4.2.1, we
obtain zer(A+ B) = Jyg(Fix(Rxa © Ryp)). Since zer(A + B) is non-empty, it follows

that Fix(Rx4 o Ryp) is non-empty.

(b)-(c) Let & € Fix(Rxa o Ryp). Using Algorithm 4.3.1, Lemma 4.2.2, and nonex-

pansitivity of reflected resolvent, we obtain

lzns1r = Z[° = [|Rxao Rapl(1 - %)wn + %RM o Rp(wn)] — 2||”
< (02— 3+ P Bas 0 Ruplan,) — P
1= ), — Rus o Bapwn) P
< w, — 2| — %(1 - %)Hwn — R 0 Ryg(wy)||.

By Lemma 4.2.2, we have

[2n =27 < (14 0u) 20 — 2 = Onllzn1 — Z)* + 00 (1 + 0,) [0 — ||

(1 0 s — Ban o R ()| (4.5

Since u, = (1 — ’%”)wn + %"R,\A o Ryg(w,), we get

4
Jiwn = Ran o Bap(wn)l = 2 lun = wn
4 2
> @“l’n_i_l — Rya 0 Rap(wy)|
4 2
= @“mnﬂ — Wy, + Wy, — Rya 0 Ryp(wy)]]”.
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Taking « =1 and p = % in Lemma 4.2.3, we obtain

4 1
|wy, — Raa o Rap(w,)|* > 72 §Hi€n+1 — wy||* = |lwn, — Raa © Rap(w,)|*},

which implies that

4 2
(1+@)”wn—R,\AORAB(U}n)H2 @Hxnﬂ — wy*.
Since {8,} is bounded below by [, we have
4 2 2 2
(1+E>Hwn_R>\AOR>\B<wn)” 2 EH%H — wy

2

- EH%H — Tp — 9n<xn - xnfl)H?
n

Using Lemma 4.2.3 for « =6, and p = p,, = m, we have
4 9 2(1 = 0,p0,) 5 20, 1 9
(14 gl = Baso Rapw)lf 2 25 oy — 4 S50, = =
2(1 = 0,p,)
= g
20,(1 — 6,p,
_%Hzn - xn—1||2' (4.6)

Thus using (4.6) in (4.5), we obtain

201 =27 < (L4020 — Z° = ullzny = Z[* + 0u(1 + 0,) 20 — 20|

1— 221 -0,p, 0, (1 — 221 —0,p,
| 55)( p)||xn+l_xn||2+ ( 5 )( Pn)
VBn VBnPn

|z _xn—1||2-
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Set ¢, = ||z, — Z||*>. Then, we have

(1 - %)(1 - 8npn)

¢n+1 § (1 + 6n)¢n - 0n¢nfl + 9n<1 + 9n)H$n - 'xn*lHQ - H:En+l - -Tn“2

V6n
On (1 — Bi)(l — Onpn)
+ 2 ||$n_$n—1“27
VBnPn

which can be written as

¢n+1 - (1 + 9n)¢n + 9n¢n71 g _gn“anrl - an2 + ,unHl'n - xn71H2> (47)

L (1-82)(1-0,p0) _ 0 (1—52) (1=0,pn)

where §, = —272—"== and p, = O.(1+6,) + o
Denote ¥, = ||z, —Z||* =0 ||xn—1—Z||*+ttn|| 2 —2n_1]|*. Since {6, } is non-decreasing,

from (4.7), we obtain

¢n+1 - wn = ¢n+1 - (1 + enJrl)(bn + en(bnfl + NnJrl”anrl - anQ - ,U/onn - xnleQ

IA

¢n+1 - (1 + en)(bn + 9n§bn—1 + Mn—i—l”xn—i-l - anZ - ,U/nH'Tn - xn—1H2

S (_gn + Mn+1>||xn+1 - an2 (48)

0 (1= 22) (10,00 .
Note that u, = 0,(1+0,) + 2o > 0, since 6,p, <1 and S, € (0,1).

Again, taking into account the choice of p,,, we have

5 =
PnBn

Note

for all n € N. (4.9)
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Suppose that

— &+ fing1 < —T, VR EN, (4.10)

where 7 > 0 is a real number. Inequality (4.8) along with (4.10) implies that {v,}

is nonincreasing. Since {6,} is bounded above by 6, we get

_9¢n—1 S ¢n - 9¢n—1 S wn S 1/}1-

Thus, we obtain

¢n S qun—l_’_qvbl

< 9(0¢n—2 + 1) + 1

:I

—
<
=

< 0P+ 1 0F < 0"py +

1—6

=
Il
o

From (4.8) and (4.10), we have

TZ |1 — il < Zwk — Yr41
k=1 k=1
= wl - ¢n+1
< Y1+ 0(0"d + 1161@)
— 9n+1 ¢1 ]
¢o + 1=
Since "t — 0 as n — oo, we obtain that
D l#nat — 2l|* < oo (4.11)
n=0
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The proof will be complete if we show that —&, + 1 < —7, Vn € N. For n € N,

we have

1—22)(0,p, — 1
(1= 5) (0 )+(un+1+f)§0

_gn + Hn+1 S —T <

Y

& (1= 5 apn = 1)+ ABulitnir +7) <0
Bn

A _(1 - 7)6pnﬁn + ’75n(,un+1 + 7') <0

(123
2 <
i +Y(ftns1 +7) <0
& (1= 205 s + 76, +58,) <0
Bn
& V(g1 +7)(0n + 0Bn) + 75 <.
By using (4.9), we have
05(1— 5 8,

Vttsr + 7) (00 + 58,) + %5 <~ (9(1 +0) +

which follows from the upper bound on 3, as in assumption (A3). Hence

_gn +,U’n+1 S —T,V n € N.

Applying inequality (4.7), (4.9) and claim (b) to Lemma 4.2.6, we get that

lim,, o ||z, — Z|| exists.

Suppose that the sequence {x,} has a sequential weak cluster point z*€ H. Then

there exists a subsequence {x,, } of {z,} such that z,, — 2* € H.

86



From Algorithm 4.3.1, we have

Hwn _$n+1H

which implies that

< lww = zppa|l + Onllzn — 20|
< lzn = zpga | + 0l zn — 20l
|wy, — Tpst|| = 0 as n — oo. (4.13)

Thus, the sequential weak cluster points of {z,,} and {w,} are the same.

Now,

|Rxa © Rypw, — wy|| < ||Rxa © Rypwn — Tpia|| + ||Tnsr — wy|
= |[Raxa o Rapw, — Rya o Rapun| + [|2n41 — w,|
< lwy = || + | Tng1 — wa|
_ B B
= fwn = (1= ZH)wn — SrRaa 0 Raptwn| + l2nss — wa
2 2
_ b
= ?Hwn—R)\AOR)\Bwn” + ||z — wy|
1
< §Hwn_R/\AOR)\BwnH + "$n+1 _wnH:
thus, we obtain
1
sIExa 0 Bapwn —wnll < flnsn —wal. (4.14)

Using (4.13) and (4.14), we get

Rya 0 Ryxpw,, —w,, — 0 as k— oo. (4.15)

Applying Lemma 4.2.4 for subsequence {z,, }, we conclude that z*€ Fix(Ry10Rxg).
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Since lim,, o ||z, — Z|| exists for each T € Fix(R 4 0 Ryp) and each sequential weak
cluster point of {x,} is in Fix(Rya o R)p), Lemma 4.2.7 implies that there exists

x € Fix(Rya o Ryp) such that {z,,} converges weakly to z.

(d) From Algorithm 4.3.1, we have that z, — vy, = %(RM o Rypw, — w,), for all
n € N. From (4.14), we have that {(Ry4 o Rypw, — w,)} converges strongly to 0 as

n — oo. Thus, the conclusion follows.

(e) Using nonexpansiveness of Jyp, we have

lyn — w1l = |[Japwn — Jxpwi|
< lwp — w]

= |lzn — 21+ Op(xn — 1)

This shows that {y,} is bounded as {z,} is bounded. Set

Gy := 2Yp, — W, — 2, and b, 1= w, — Yy.

Using the definition of resolvent, (2,,,a,) € Gr(AA), (Yn,bn) € Gr(AB) and a,,+b,, =
Yn — Zn- Let y be a sequential weak cluster point of {y,}. Then, there exists a
subsequence {y,, } € {y,} such that y,, — y. From (c) and (d), we have z,, — v,
wn

., — T, an, —y—xand b, — x—yask — 0o. Using Lemma 4.2.5, we conclude

that y € zer(AA + AB) = zer(A+ B), (y,y — x) € Gr(\A) and (y,x —y) € Gr(AB).

Thus, in turn, we have y = J\px.

(f) From (d) and (e), {y,} converges weakly to Jygz and {y, — z,} converges to 0,

thus {z,} converges weakly to Jypz.

(g) Without any loss of generality, we assume that A is uniformly monotone (in case

B is uniformly monotone, the proof follows in a similar pattern). Thus an increasing
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function wy : [0, 00) — [0, 00| exists which vanishes only at 0 and satisfies

Moa(llzn = yll) < (20 —y,an —y + ), Vn €N (4.16)

Using monotonicity of B, we have

0< W=y bn—2+y) =Y~ Y Y — 2 —an—2+Yy), "R EN. (4.17)

Adding (4.16) and (4.17), we have

Awa(lzn = yl) < (2o = Yoy an = yn + 1)

= (20— Yn,Yn — 20 — Wy + 2), YR €N,

From (c), (d) and (4.13) we get lim,, 0o wa(||2n — ynl|) = 0, hence z, — y, which in

turn implies that y, — y as n — oc. O

Remark 4.3.2. In the proof of Theorem 4.5.1, we required the nonnegativity of pu
which s assured by assuming 81 = 0. The condition can also be satisfied by choosing

the same initial points xo and x1, i.e., Ty = x1.

Example 4.3.1. Let H = R? with Euclidean norm. Consider a circular disk C :=
{(h,k) e R*: (h—5)*+k* <2} and a box D = {(h,k) e R*:2< h<4,05<k<
2.5}. Consider the minimization problem:

min F(z) =ic(x) + ip(x). (4.18)

zeR?2

Note that minimization problem (4.18) is equivalent to the following inclusion prob-
lem:

find x € R* such that 0 € Nex + Npz.
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Set A = Ng, B = Np in Algorithm 4.5.1 and apply Theorem 4.5.1 to solve the
minimization problem (4.18), we obtain that sequence {x,} generated by Algorithm
4.8.1 converges to a solution of minimization problem (4.18). Here in the numerical

example, we choose 0,, = which is similar to the inertial parameter in [29],

n—1
Tant2.5°
Bn = 0.5+ 50— with initial points o = x1 = (10, —20) and xo = z1 = (20, —53). We
take ||Po(zn) — 20]|? 4+ || Pp(2n) — x,]|> < 107° as a stopping criterion. We plot the

semilog graph between || Po(x,,) — x,||> + || Pp(xn) — 2,||* and the number of iterations

for two different initial points.

e Algorithm (4.1) \

e Algorithm (4.1)
== == Algorithm (4.2)

== == Algorithm (4.2)

FiGURE 4.1:

Algorithm 4.3.1

| | . . .
20 40 60 80 100 120
Number of iteration

Initial points zg =
x1 = (10, —20).

FIGURE 4.2:

Algorithm 4.3.1

| . . .
50 100 150 200 250
Number of iteration

Initial points xg
x1 = (20, —53).

300

FIGURE 4.3: Semilog graph between number of iterations and sum of distance of
iterative points to sets C and D for different initial points.

From Fig 4.3, we can observe that the sum of the distances of iterative values to
the sets C' and D by our Algorithm 4.3.1 are less than that obtained by the clas-
sical Douglas-Rachford algorithm (4.1), which is also less than that by Algorithm
(4.2). Thus, we can conclude that Algorithm 4.3.1 has a better convergence speed in

particular for optimization problem (4.18).
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4.4 Accelerated normal-S primal-dual algorithm

This section is devoted to obtain a solution to the highly structured monotone in-
clusion problem containing set-valued operators, composition with linear operator
and parallel-sum operators. Since in general resolvent of the composition of opera-
tors and resolvent of parallel sum operators are not present in closed form, classical
Douglas-Rachford algorithm is not applicable to solve the structured monotone in-

clusion problem.

Let m be a strictly positive integer and Z denote the set {1,2,...,m}. Fori € Z, let
; be a real Hilbert space. Fori € Z,let P: H — 2", Q; : Q; — 2% R; : Q;, — 2%
be maximally monotone operators and 7T} : H — €2; be a non-zero linear continuous
operator. Construct the Hilbert space X = H x 1 x -+ x €, with inner product

and induced norm defined by,
(&€ &) (GG G = (€ On+ D (G e,

=1

and

H@&ww&%xzomﬁ+zﬂﬂﬁ>,
=1

reSPeCtiVely, for (5,51, e 7§m>’ (ga Cla e 7Cm) €H X Ql X X Qm

Suppose (&, &1, ..., &n) and (w, hy, hoy ..o hy) € H X X -+ - X Q. Define operators

(a) M X — ZX : (67517"'75771) = (_w_'_Pgahl +Q;1£177hm+Q;I€m)
(b) S: X=X (é;fl; R 7£m) — (2127;1 7—;*5“ —T1€7. R, _Tmé)
(€) Q: X =X : (&, &) — (0,RT'E, ... R,y

(e) F: X - X:F=18+0Q.
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f) G: X =2 :G=1S+ M.

2

Remark 4.4.1. (a) The operators M and Q are maximally monotone as P, Q

and R are mazimally monotone ([9, Proposition 20.22, and Proposition 20.23]).
(b) S is mazimally monotone as S is skew-symmetric ([9, Proposition 20.30]).
(¢) The operators F' and G are mazimally monotone as dom(S) = X ([9, Corollary
24-4(1)]) -
We now consider the following problem:

Problem 4.4.1. For i € Z, let w € H and h; € ;. The monotone inclusion

problem is to find & € H such that
w e PE+ Y THQOR) (T — hy) (4.19)
i=1
and the dual-inclusion problem is to find (; € Q;, Vi € T such that 3 € € H satisfying

—SN"™ T, e P
vn e N ,lj) Zz:l ZC € S (420)
G € (QOR) (T, —hy), 1 €.

Remark 4.4.2. [16]
(a) (§,C1,-+ Cm) €EH X X -+ x Qs a primal-dual solution to Problem 4.4.1
then & solves (4.19) and (Ci,- -+, () solves (4.20).

(b) € € H solves (4.19) if and only if there exists ((1,- ,Cn) € Q1 X -+ X Oy
such that (C1,--- , () solves (4.20) and (€,(1, -, () solves Problem 4.4.1.

(c) (C1,- - ,Cm) € QX - x Qp, solves (4.20) if and only if there evists £ € H
such that & solves (4.19) and (&,(1,- -+ , () solves Problem 4.4.1.
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(d) If (§,C1, -+ 5 Cm) € zer(MA+S+Q) then (€,C1, -+, () is a primal-dual solution
of Problem 4.4.1.

In order to solve Problem 4.4.1, we propose the following inertial primal-dual algo-

rithm based on Algorithm 4.3.1, as follows:
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Algorithm 4.4.1:
Input:

1. initial pOthS (507 gl,D; ce 7Cm,0)7 (517 Cl,la s 7Cm,1) € H X Ql X X Qm-
2. 0<T1,0; €R,i€Tsuchthat 71" oy||T;||* < 4.

Procedure:
xl,n - TP(fn + gn(gn - Sn—l) - % Z:il TZ*(CW + en(Cz,n - Ci,n—l)) + Tw)
Yin = le,n - gl,n - en(é—n - gn—l)

Fori:=1,...,m;
Toin = JgiQi—l(Q’,n + 00 (G — Gin—1) + FTiy1m — aih;)

Y2,in = 2-77271',71 - Ci,n - en(gzm, - gi,n—l)
m
Uln = Yin — % Zi:1 T Y2,

VUin = fn + en(gn - 57171) + ﬁn(ul,n - xl,n)

Fori=1,...,m;
U2in = JgiRi—l(yz,z',n + GTi(2urn — Y1n))

V2,im = Gin + Qn(C%z — Gin—1) + Bn(u2,in — T2in)
Sin = TP(Ul,n - %Zizl 71* (U2,i,n) + Tw)

Zfl,n = 251,71 —Uin

Fori:=1,...,m;
o
S9in = JUiQ;l(UQ,i,n + G Tit1n — oihy))

loim = 282in — V2in
_ T Zm *
qin = tl,n D) i=1 T; (tzvivn)

fn—f—l - 2q1,n - tl,n

Fori=1,...,m;
42in = JgiRi—l(tz,z‘,n + G Ti(€nv1))

Gimt1 = 2G2,in — t2,in
Output: (£n+1, Cl,n—l—l; .. 7Cm,n+1)'

We say Algorithm 4.4.1 is normal S-iteration based inertial primal-dual (InS-PD)

algorithm. We now establish the convergence theory of Algorithm 4.4.1.
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Theorem 4.4.1. Consider the Problem 4.4.1 with the point

w € ran (P + Zm:TZ*(QZDRZ)(Tl() - hl)> : (4.21)

=1

Let {0,} and {B.} be sequences satisfying the assumptions as in Theorem 4.5.1.
Then3a = (§,Ciy- -, Cn) € HXQ x--xQ, and the sequence {(&n, Cims -+, Cnm)

generated by Algorithm 4.4.1 satisfies the following:

(a) If Ty = Jop(E— 250 T7G + Tw) and
jQ:i = JoiQfl(Ei + %,Tz(zjl - g) - O'ihi), 1€ I,

then (Z1,%21,- -+ ,Tam) € H Xy X -+ X Q, solves Problem 4.4.1.
(b) 220:1 an+1 - anQ < 00 and 220:1 HC@',nJrl - Ci,nH2 < 00, i€X.

(¢) {(&n>Cums w5 Gmn)t = (€,C1 0 5 Gm)-

(d) {(x1 — Utpy @21 — U2 1my " s T2mm — U2mm)} — 0.

(e) {(1m, 21, s Tomn)} — (T1,T21, -, Tom)-

(f) {(uim uzim, - uzmn) b = (1, Z21, 0+, Toym)-

(9) {(x10sT21ms Tomn)} and {(U1pn, Ug 1, U2mn)} converge strongly to
unique primal-dual solution (T1,Ta1,- - ,Tom) to Problem 4.4.1, when P and

Q; ' are uniformly monotone, fori € T.

Proof. The idea of the proof is inspired by [16]. From (4.21), we have zer(M+S+ Q)

is nonempty. Define a linear continuous operator V : X — X by

(€G Gn) o (;—éiX;Tici,a—l—ﬁTlg,---,g——g m§>.

m
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Then V is selfadjoint and p-strongly (see [18]) positive for

Observe that the following inequality holds:

(€ VEx = pllel%, V€ € X.

This ensures the existence of inverse operator, V=! such that [V~ < .

Consider the sequences

An = ( ns Cl,n, ce aCm,n)

b, = (T1n, T21ms s T2mn)

Cn = (Win, U271 my- s U2mon
Vlns V2105 -« > V2min)

d, = (
pn = (81,n7 52,1,117 ety SQ,m,n)
A = ( )

qiny492,1,m5 - -+, 42,mn )+

Then Algorithm 4.4.1 reduces to

V(a, — b, +0,(a, —a,_1)) = (%S + M)b,
V(2b, —a, —c, —0,(a, —a,_1)) = (%S + Q)c,
d, =a, +60,(a, —a, 1)+ B.(c, —by,)

V(d, —p,) € (38 + M)p,

V(2p, —d,—q,) € (38 + Q)q,

ani1 = 24, — Py, Vn € N,
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which is equivalent to

b, = (Id+ V(18 + M) (a, + Ou(a, — a, 1))

¢ =Id+V(LiS+ Q) '(2b, — a, — O,(a, — a,_1))
d,=a,+6,(a,—a, 1)+ B.(c, —by,)

p, € (Id+ V(1S +M))'d,

q, € [d+ V(35 + Q) '(2p, — d,)

(4.22)

Ant1 = 24, — Py Vn € N.

Consider the Hilbert space Xy = H x 1 X -+ x ,, equipped with inner product
and norm (£, ()x, = (£, V)x and ||{]|x, = \/m, V¢, (€ Xy, respectively.
Define the operators A = V71F and B = V7!G. Then A and B are maximally
monotone on Xy as F and G are maximally monotone on X'. Since V' is selfadjoint
and p-strongly positive, this implies that weak and strong convergence is equivalent

in both the Hilbert spaces X and X, .

Using the definition of resolvent of A and B in (4.22), Algorithm 4.4.1 becomes,

bn - JB(an + gn(an - an—l))
c, = Ja(2b,, —a, —0,(a, —a,_

Al ( 1)) (1.23)
dn =a,+ Hn(an - an—l) + Bn(cn - bn)

a1 = (2Ja — Id)(2Jg — Id)d,,, Vn € N,

which is in the form of InS-DRSM (4.3) in the space Ay for A = 1. Note that
zer(A + B) = zer(V I (M + S+ Q)) = zer(M + S + Q). Thus, (4.21) implies that

zer(A + B) is non-empty.

(a) By applying Theorem 4.3.1(a) to Algorithm 4.4.1, we get a point a=(&, (1, -+ , () €
Fix(Ra o Rp) satisfying Jga € zer(A + B) = zer(M + S + Q). From Remark
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4.4.2 (d), Jea solves inclusion Problem 4.4.1 and the claim follows by identi-

fying Jga.

From Theorem 4.3.1(b), > 77, [ant1 — a,|3;, < oo . Since V is p-strongly

positive,
[e.e] [e.e]
PZ a1 — a3 < Z |an+1 — an”gfv'
n=1 n=1

Thus, > |las+1 —a,||% is finite. Using the definition of || - ||, ooy [[€nt1 —

gnHQ < o0 and Z:;l HCi,TL+1 - Ci,n

> <oo,i€Z.

From Theorem 4.3.1(c), the sequence {a,} = {(&n, Ciny -+, Gnn)} converges

weakly to @ = (£,(1,...,Cn)-

From Theorem 4.3.1 (d), the sequence {b, — ¢,} = {(z1, — U1n, T21n —

U2 1my s Tommn — U2mn)t converges strongly to 0.

From Theorem 4.3.1 (e), the sequence {b,} = {(z14,T21n: ", T2mn)} con-

verges weakly to Jga and the result follows by identifying Jga.
From (d) and (e), we have sequence {c, } converges weakly to (Z1, Zo1, ", Tom)-

Since P and Q; ' are uniformly monotone, M is uniformly monotone on X ([18,
Theorem 2.1]). Since V' is p-strongly positive, B is uniformly monotone on X.
From Theorem 4.3.1 (g), sequences {b,,} = {(%1n, 210, -, T2mn)} and {c,}

= (Uppy U1y U m.p) CcONVerges strongly to unique Jga= (T1,Ta1, - » Tam)-
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4.5 Applications to solve convex optimization prob-

lem

In this section, we aim to solve a highly structured convex optimization problem
with the help of InS-PD Algorithm 4.4.1. We have also conducted a numerical
experiment to solve the generalized Heron problem and compare the performance of
InS-PD Algorithm 4.4.1 with already known algorithms. Let m be a strictly positive
integer and Z denote the set {1,2,...,m}. The optimization problem we consider

is as follows:

Problem 4.5.1. Consider f € T'(H) and g;,1l; € T'(S;), where ;,i € T are real
Hilbert spaces. Let T; : H — €; be nonzero bounded linear operators and h; € §;,

for each i € . For w € H, we define the convex optimization problem.

inf {f(ér) + Z(Qimlz‘)(ﬂf —h;) — <§,w>} (4.24)

EeH P

and its conjugate dual problem

sup {—f* (w—Zﬂ*g> > (6 () +1(G) + <<z-,hz->>}. (4.25)

(C1ym 1 Cm ) EQL X - X Qi

Suppose P = 0f, (; = 0g; and R; = 0l;, Yi € Z in Problem 4.4.1, then primal

inclusion problem (4.19) is to find £ € H such that

we df(E ZT* dg:001;)(T€ — hy) (4.26)

=1
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and corresponding dual inclusion problem (4.20) becomes find (j,- -+, () € 1 X

-+ X £y, such that (3¢ € H) satisfying

w— " TrG € Of(€)
G € (0g;001)(Ti¢ — hy), Vi€ T.

(4.27)

A point Z € H solves the primal inclusion problem (4.26) and (C1,- -+, () € 1 X
- X £y, solves its dual problem (4.27) then Z optimizes the primal optimization
problem (4.24) and ((i,--- ,(») optimizes dual optimization problem (4.25), i.e.,

(€,(1,+ - ,Gn) is the solution of primal-dual optimization Problem 4.5.1 .

We apply Algorithm 4.4.1 to solve Problem 4.5.1. For the choice of P = df, Q; =
0dg; and R; = 0l;, Vi € T, Algorithm 4.4.1 can be reformulated as the following

algorithm :
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Algorithm 4.5.1:

Input:
1. Initial points (0,105 --5Gmo0)s (§15C1as -3 Cma) € H X Qq X -+ X Q.

2. 0<7,0; €R, i€, such that 75", oi|| T}|]* < 4.

Procedure:
xl,n - pr0$7'f(£n + en(gn - gn—l) - % Z?il T‘Z*(Cz,n + gn(CZ,n - Ci,n—l)) + Tw)
Yin = 2.1’1,” - gl,n - Qn(gn - gn—l)

Fori=1,...,m;
T2in = ProXggx (Cimn + 0n(Cin — Gin—1) + FTiy1,m — oih;)

Y2in = 2X94pn — Cz',n - en(Ci,n - Ci,n—l)
m
Ut = Yin = 5 Doyt 1y Y2,im

Vin = gn + en(gn - gnfl) + ﬂn(ul,n - ml,n)
Fori=1,...,m;
U2in = ProTq,px (Y2,im + %Ti@ul,n — Y1in))

V25m = Gin + 00 (G —mCz‘,n—l) + Brn(ugin — T2in)
St = ProXep(Vin — 5 2oty 17 (V2in) + TWw)

tim = 2810 — Vi

Fori=1,...,m;

o
89.im = ProTa,gr (Vaim + G Tit1n — 0ihy))

loim = 282in — V2in
Sn—i—l = 2{t1,n - %Z:r;l n*(tQ,i,n)} - tl,n

Fori=1,...,m;
Gimt1 = 2pr0Z g, (toin + GT5(Ens1)) — toin
| : ;

OUtput: (fn—l—lu Cl,n—l—l; T 7Cm,n+1>

We establish the convergence behavior of Algorithm 4.5.1.

Theorem 4.5.1. In Problem 4.5.1, consider

w € ran <8f + iﬂ*(agimali)(ﬂ(') - hz))

i=1
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and {(&n, Cins -+, Gnn)} be the sequence generated by Algorithm 4.5.1. Let se-
quences {0,},{B.} satisfy the assumption as in Theorem 4.4.1, Then there exists
a= (£, .., Cn) EH X QX - x Qp such that following holds:

(a) (ZT1,Taq, - ,Tom) € H X Qy X -+ X Qy, solves Problem 4.5.1, where

Ty = prox,y (5 — %Z T C; + T?U) and

i=1

Tai = ProTg (@ + %Ti(%l . aihi> el

(b) Yooy llensr = &aull? < 00 and 3207 [[Gint1 — Ginll> < 00, i € Z.

(C) {(£n7C1,n,"' ugm,n)} - (57 C_h"' agm)'

(d) {(x1 — Uiy @21 — U1y s T2mm — U2mm)} — 0 as n — oo.

(e) {(x1nsT21ms , Tomn)} — (T1,T21, -, Tom)-

(f) {(uim uzim, - uzmn) } = (F1,Z20, 0+ Togm)-

(9) {(x1n, %2105 s Tomm)} and {(Uin, U1, -, Uzmn)} converge strongly to
a unique solution (ZT1,Ta1,-- - ,Tam) of Problem 4.5.1, when f and gf are

uniformly convez, i € I.

Numerical Experiment 4.5.1. In this section, we perform a numerical experiment
to solve the generalized Heron problem using Algorithm 4.5.1. In the classical Heron
problem, we search for a point on a given straight line such that the sum of its
distances to two given points is minimum. The generalized Heron problem was
examined in [69, 70] by replacing the points and straight line with non-empty closed
convex sets. Thus, in the generalized Heron problem, we search a point on a given
nonempty closed convex set 2 C R"™ such that sum of its distances to given non-

empty closed convex sets (2; C R™ is minimal, : € Z. Mathematically, generalized
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Heron problem can be written as

m

inf > d(x, ),

where the distance of a point = to a non-empty set Q is defined as inf{||z —y|| : y €
Q1}. The generalized Heron problem can be reduced into the framework of optimiza-

tion Problem 4.5.1 by setting f = dq, ¢; = || - || and [; = dq,,i € Z.

For numerical experiment in R?, we take a ball of radius 1 centered at (—2,4) as
2 and choose constraints from balls having radius 1 with centers C; = (—10,0),
Cy = (-1,8), C3 = (2,—4), Cy = (7,6), C5 = (7,1), and Cs = (8,—-3) (Fig 4.4).
For numerical experiment in R3 we take ball with radii 1 and center (0,2,0) as
2 and choose constraints from balls having radii 1 with centers C; = (0,—4,0),

Cy=(—4,2,-3), C3 = (-3, -4,2), C; = (—5,4,4), and Cs = (—1,8,1) (Fig 4.5).

0

FiGURE 4.4: Circle with circle FIGURE 4.5: Sphere with sphere
constraints. constraints.

FIGURE 4.6: Generalized Heron problem for different convex set and contraints.

We solve the generalized Heron problem using Douglas-Rachford algorithm ([18,
Algorithm 3.1]), inertial Douglas-Rachford algorithm ([16, Algorithm 15]), and pro-

posed Algorithm 4.5.1 and we compare on the basis of the number of iterations
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required to achieve the root mean square error (RMSE) less than 0.001 and 0.00001.
The performance of algorithms is depicted in Table 4.1. We have also plotted the
graph between the number of iterations and RMSE to have a clear visualization of
the experiment (Fig 4.15). In R? we initialize with points xy = 7; = (—1,4) and

with zg = ; = (0,2,0) in R3. We set 6,, = which is similar to the inertial

n—1
14n+42.5

parameter in [29], £, = 0.5 + ﬁ, o; =0.15 and 7 = 5/3.

RMSE < 0.001 RMSE < 0.00001
Dimension | Algo 4.5.1 | [16, Algo 15] | [18, Algo 3.1] | Algo 4.5.1 | [16, Algo 15] | [18, Algo 3.1]
m=3,n=2 11 28 30 24 38 41
m=5,n=2 12 26 28 29 47 o1
m=6,n=2 21 28 30 32 48 52
m=3,n=3 16 21 23 26 40 43
m=5,n=3 12 26 28 19 47 50

TABLE 4.1: Number of iterations required to have different accuracy for different
algorithms. The best results are presented in bold letters.
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FIGURE 4.7: m =3,n = 2.
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FIGURE 4.9: m=5,n=2

From Table 4.1, we can observe that proposed Algorithm 4.5.1 takes the least num-
ber of iterations to achieve the RMSE less than 0.001 as well as 0.00001 while inertial
Douglas-Rachford algorithm ([16, Algorithm 15]) remains the second fastest algo-
rithm in terms of the number of iterations to achieve the RMSE less than 0.001 as
well as 0.00001. Number of iterations taken by inertial Douglas-Rachford algorithm
([16, Algorithm 15]) and Douglas-Rachford algorithm ([18, Algorithm 15]) are very

close.
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FICURE 4.8: m=3,n=2
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FIGURE 4.10: m =5,n =2
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FIGURE 4.15: The semilog graph between number of iterations and RMSE for
different choices of m and n as in Table 4.1. Figure 4.7,4.9,4.11,4.13 are plotted
for RMSE < 0.001 and Figure 4.8,4.10,4.12, 4.14 are plotted for RMSE < 0.00001.
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4.6 Conclusion

In this chapter, we have introduced an InS-DRSM (4.3) to solve the inclusion prob-
lem of the sum of set-valued operators. The sequence generated by Algorithm 4.3.1
converges weakly to the solution set of inclusion problem. We have presented an
example in support of Theorem 4.3.1. We have also introduced normal-S based iner-
tial primal-dual (InS-PD) algorithm to solve a highly structured monotone inclusion
problem having linearly composed and parallel-sum type operators and studied its
convergence behavior. Further, we have applied InS-PD algorithm to solve a highly
structured minimization problem. Numerical experiment shows that proposed al-
gorithm takes fewer iterations than inertial Douglas-Rachford algorithm [16, Algo-
rithm 15] and Douglas-Rachford algorithm [18, Algorithm 3.1]. In future work, we
will study the theoretical convergence rate analysis of Algorithm 4.3.1 and evaluate

the performance on some large scale real datasets.
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