Chapter 5

Warped Yosida Approximation and its Properties

5.1 Introduction

Newton-like dynamical system governed by maximally monotone operator is as fol-

lows:
x(t) + Tx(t) =0,

where 7' is a maximally monotone operator. This dynamical system is ill-posed.
One can regularize the monotone operators on Hilbert into single-valued Lipschitzian
operators via a process known as the Yosida approximation. This approximation is
very applicable due to ill-posedness of Newton-like dynamical system governed by

maximally monotone operator.

The resolvent and Yosida approximation plays an important role in the convergence
of dynamical system associated with maximal monotone operator [96, 97, 98]. In
2020, Bui et al. [99] have introduced warped resolvent and discussed its properties.
In this sequel, in this manuscript, we have defined warped Yosida approximation

and analyzed it properties.
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5.2 Warped Yosida Approximation

In this section, we define Yosida approximation and provide some characterization

and properties.

Definition 5.2.1. Let B be a reflexive Banach space with dual space B*. Assume that
C(#0)C B, M:C— B*and T : B — 2P are such that ran(M) C ran(T + yM)
and T + yM is injective. For any v € (0,00), warped Yosida approximation of 7'

with kernel M is defined by A% = % (M — Mo J%), where J% is warped resolvent.

Example 5.2.1. Let C(# () be a subset of B and ¢ : B — (—00,00] be a proper
convex lower semicontinuous map. Let v > 0. Assume that M : C — B* is an
operator with ran(M) C ran(M + v0¢) and M + v0¢ is injective. Then warped
Yosida approximation of d¢ is (0¢)) = %(M — M o Prox}j,), where Proxzl}, =

(M +~0¢) o M.

Let M be an injective operator. The warped Yosida approximation of d¢ is described

by the following variational inequality:
z = (aqb)f\f s VyeB) (y—x+yM2,92) + ¢p(x — yM'2) < ¢(2) ¥(z,2) € B x B.

Example 52.2. Let T : B — 25 be a maximal monotone operator such that
Zer(T) # 0. Suppose that f : B — (—o00,00] is an admissible function such
that D(T) C int D(f). Set M = Vf. Then T/ is well defined warped Yosida

approximation defined in [100].

Now, we provide an example of warped Yosida approximation with respect to dif-

ferent choices of admissible function f.

Ezample 5.2.3. Let A: (0,00) — R be a monotone mapping. Define an admissible

function (Boltzmann-Shannon entropy) BS : (0,00) — (0,00) by z — zlogz — z.
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Then warped resolvent of A is [101]
JB%2 = (log+A)™' o Az = ze®.
Next, warped Yosida approximation

APy = VBSx — VBS 0 J§%2
= log z — log(ze!?)
= logz — log z — log e*

= —Ax.

In the next proposition, we give an explicit formula for warped Yosida approximation
of a monotone operator, which is displacement mapping of a linear isometry of finite

order.

Proposition 5.2.1. Let H be a real Hilbert space and R : H — H be a linear isometry
of finite order m. Define T := I — R, referred as the displacement mapping of R, and
hence T is a maximal monotone operator. Assume that M : H — H is an injective
operator with ran(M) C ran(T' +yM ) and T + M is injective, for v > 0. We have
the following estimates for warped resolvent and warped Yosida approximation:

(i) J%I_S) = ﬁ > <#ﬂ) S™ o M, where S : H — H is a nonexpansive

and linear operator.

33 m—1 m—1-n _n pn
(i) T = Grmmm—an onme (M +91) YR o M.

(iit) 7" = 2 (M — Mo J}7).
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Proof. (i) Let S: H — H be a nonexpansive and linear operator.

J(Is (M 4+~(I—=8) "t oM

y

= MY I4+yM I —-8) " oM

1 1 yM~! -

M1 & M~ \"
- ) S"oM
I+7M—1Z<I+7M—1) °

(ii) Let T':= 1 — R, where R is an isometry of finite order m. So, R is surjective

and ||R|| = 1, and hence R is nonexpansive. Therefore from (i), we have
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Now, we explore some properties and characteristics of warped Yosida approxima-

tion.



Chapter 5. Warped Yosida approximation and its Properties 137

Proposition 5.2.2. Let T : B — 28 and M : B — B* be the operators with
ran(M) C ran(T + yM) and T + M is injective, for v > 0. Then we have the

following:

(i) (J2(x), TM(x)) € G(T), z € B.

(i) 0 € T'(z) if and only if 0 € T} (z), = € B.
Proof. (i) For x € B, we have

Jp(@) = (M +~T)"" o M(x)
SM(x) € (M +~T)o J%(x)

@% (M — Mo JY) (x) € T (24(x))

T (x) e T (S (x)).

(ii) For x € B,

0€T(zx) < 0e~T(x)
&M(z) € (M +~7T)(z)
sr e (M+~T)" o M(x)
SM(x) € M(J)7(x))
©0€e (M —MoJY) (z)

S0eMz e 0eT) .
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Proposition 5.2.3. Let T : B — 28" be an operator and M : B — B* be an injective
operator with ran(M) C ran(T+~yM) and T+~ M is injective, for v > 0. Let A > 0.

Then we have the following:

(i) TM = (yM '+ 717

(i) TM = JM oy M.

(iii) M, = (1))

(iv) Let 2,y € B. Then z = Ty & (y —yM 'z, z) € G(T).

(v) Assume that T is monotone and M~! is S-strongly monotone. Then T 7M is

Bry-cocoercive.
Proof. (i) Let z,y € B. Indeed,

1
ve€Tny e v~ (M—MoJ¥)(y)
ot

syze (M~ Mo M) (y)

SM(y) — vz € (Mo J)7)(y)

SM Y (M(y) —yz) € Jr(y)

Sy — M Yz) € (M +~T)"" o M(y)

(M +~T)(y —yM ' (z)) € M(y)

SM(y) +7T(y) — v =T o M~ (x) € M(y)

Gw e Ty — M~ (x)) (5.1)

sre(YM ' +T ) (y).
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(ii) Let z,y € B. From part (i),

reT,yyeze(yM ' +T ) y)
Sre (M +y7 T o M (v M(y))

sz e JM oy M(y).

(iii) From part(i), for z,y € B,

veTl ) ere((y+ )M +T71)(y)
sreT(y—(y+ M (x))
srcT(y—yM 'y — AM1y)
sz eT)(y—AM ' (y))

M
sre (T)), v
(iv) For z,y € B and from (5.1), we have

ceTM srvel(ly—yM 'z) s (y—yM 'z, x) € G(T). (5.2)

(v) For zy = TWMyl, xTg € T,i\/[yg € B, from (5.1) and using monotonicity of T, we

obtain

(21 — Toyyn —YM ' —yo +YM 1) > 0

= (11 — @9, 91 — y2) = Y(w1 — 22, My, M Hiy). (5.3)
Since M1 is SB-strongly monotone, so from (5.3), we deduce that

By — xo||* < (wy — 29, Mty — M tay)
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<

<~’B1 — Z2,Y1 — y2>>

2=

which implies that

5’7”331 - iEQHZ < <371 — X2,Y1 — yz)- (5-4)

1

/BV—Lipschitz continuous.

Therefore, Té” is Bvy-cocoercive and hence
O

Proposition 5.2.4. Let T : B — 28" be a maximal monotone operator and M :
B — B* be an injective operator such that ran(M) C ran(T 4+ yM) and T + M is

injective for v > 0. Then, we have the following:

(i) For z,y, and p € B

(y,p) € G(T),

r=y+yM'p.

(y.p) = (Sir. T)") &

(ii) Assume that M is a-Lipschitz continuous and [-strongly monotone. Let S :

B — G(T) be a map defined by
T (J%x,TVMx).

Then S is a Lipschitz continuous. Further, if M ! is A-Lipschitzian, then S—*

is also Lipschitz continuous.
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Proof. (i) From the definition of warped resolvent and warped Yosida approxima-

tion, we have

y=Jor, (y, 7~ (Mx — My) € G(T), (y.p) € G(T),
= =
p="1 p =5 (Mz— My), T=y+yMp.

(i) Let ,y € B. Using Lipschitz continuity of JJ7. and T, we have

1Sz — Sy||? = || JMa — Tyl + |TM e — TMy)?
a 1
< EII!E -yl + Bllﬂf —ylI*.

Thus, S is “T“-Lipschitz continuous.

Conversely, let (z,p), (y,q) € G(T). By Cauchy-Schwarz inequality, we deduce

that

1S~ (@, p) = STy, DI = [z — y) + v (M~ 'p— M 'q)|?
< (lz =yl +~lIM~"p — M~ q]])?
< (llz = yll +~Xllp = ql))?
< (1422l = yll + [Ip — qll)?

< @+, p) = (.9l

Hence, S~ is (1 + v2A?)-Lipschitz continuous.
[

Proposition 5.2.5. Let T : H — 2¥ be a maximal monotone operator and M :
H — H be an injective operator such that ran(M) C ran(T + yM), ran(M) C
ran(T + pM), T+ pM and T + M are injective for p,y > 0. Then, for any = € H,

we have the following:
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(i) JMa (gx T(1- g)J%x) = Mg,
(ii) If M is pB-Lipschitz and a-strongly monotone, then

B I _
||J3§:p — J%xn < - 1-— 5 | M lTny.

Proof. (i) For x € H and u = Ay, we have

€ (M+~T) " oM) to(M+~T) ' oMz
SzeM ' o(M+4T)o Jia

& (Mx — M o Jijx) € vT(J)1x)

&AMz — (1= ANMo Jyjx € (M + uT)J
& (M +pT) ™ o MMz + (1 — N)JMa) = T

& Iz + (1= N Jjjx) = L.
Putting A = %, we have
JorT (Hm +(1— ﬁ)J%x) = Jla.
v g
(ii) From (i), we get

u u
HJ,%x — J%pr = HJ%@* <§x + (1 - ;)J,%x) — J%w”

5 I M
<Zl(1-E)@—J
= ~y (I ’yTx>
_F (1 - H) M T g |
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