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a b s t r a c t 

Coherency strengthening plays a major role in precipitation strengthening. The governing mechanism is based 
on the interaction of dislocations with the elastic strain field induced by the lattice misfit of precipitates and 
matrix. In the case of non-spherical precipitates, the strain field and corresponding stress field is inhomogeneous 
and depends on the relative orientation of the particle with respect to the Burger’s vector of the dislocation. We 
evaluate the shear stress increment due to inhomogeneous strain fields around an oblate precipitate and suggested 
a model for coherency strengthening of oblate precipitates. The corresponding results for the weak and strong 
strengthening mechanisms demonstrate that shape-depending correction factors need to be incorporated in order 
to estimate the strength precisely. Afterwards, the proposed model was applied for simulation of precipitation 
strengthening of Inconel 718. Simulation result shows that, the selection of correct aspect ratio can lead to more 
accurate yield strength predictions that are close to the experimental results. 
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. Introduction 

In precipitation strengthening involving coherent precipitates, the
attice misfit between precipitate and matrix produces strain field and
 corresponding stress field, which impedes dislocation movement. As
 consequence, the yield strength of the material increases. The stress
eld induces a force on the moving dislocation, which leads to bending
f the dislocation line. A precipitate is denoted as strong precipitate , when
he resistance force is high enough to span the opening angle between
he two sides of the dislocation behind a precipitate from 𝜋 to 0. A weak

recipitate can bend a straight dislocation from 𝜋 to a maximum of 2 𝜋/3
 1 , 2 ]. 

For spherical and coherent precipitates, Gerold and Haberkorn
3] investigated the resistance force in front of the moving dislocation
n a homogeneously strained matrix. Brown and Ham [1] and Ardell
2] used the maximum resistance force of spherical precipitates in front
f edge dislocations in each slip plane, F m 

, to formulate the shear stress
ncrement, 𝜏weak , of coherent weak particles, when the dislocation line
s almost straight as, 

𝒘 𝒆 𝒂 𝒌 = 

2 𝑻 
𝒃 𝝀𝒔 𝒔 

[ 
𝑭 𝒎 

2 𝑻 

] 3 
2 

(1)
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here b is the magnitude of the Burgers vector, 𝜆ss is the surface-to-
urface distance between two particles. T, the dislocation line tension,
s a function of the angle between the dislocation line and its Burgers
ector Ө and it is given as, 

 ( 𝜃) = 

𝐺 𝑏 2 

4 𝜋

( 

1 + 𝜐 − 3 𝜐( sin 𝜃) 2 

1 − 𝜐

) 

ln 
( 

𝑟 𝑜 

𝑟 𝑖 

) 

. (2)

here G is the shear modulus and 𝜐 is Poisson’s ratio, r o and r i are the
uter and inner cut-off distance [2] . In the following, the symbols T e 
nd T s are utilized to denote the dislocation line tensions for edge and
crew dislocations, where Ө is 𝜋/2 and 0, respectively. 

Ahmadi et al. [4] developed the Eq. (1) for coherency strengthening
f weak and shearable precipitates based on isotropic elasticity theory
nd proposed that, 

𝑤𝑒𝑎𝑘 = 

( 

𝑘 𝑤, 𝑠 
𝐺 

3 𝑏 𝜀 3 ( ̄𝑟 ) 3 

𝜆2 
𝑠𝑠 
𝑇 

) 

1 
2 

, (3)

here k w,s is a constant equal to 592/35 and 9/5 for edge and screw
islocations, respectively, �̄� is mean radius of spherical precipitates, 𝜀 is
he constrained strain produced by the stress free strain of lattice misfit
 ≈2/3 𝛿) and 𝛿 is lattice misfit [5] . 
rialia Inc. This is an open access article under the CC BY license 
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Table 1 

Mean Chemical composition of Inconel 718. 

Ni Al Co Cr C Fe Mo Nb Ti 

%wt Balance 0.55 0.32 17.6 0.04 20.7 2.92 5.21 1.05 
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Fig. 1. Thickness (2c) and major axis (2a) of an oblate precipitate with the 
direction of the strain field. 
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For strong and shearable precipitates they suggested, 

𝑠𝑡𝑟𝑜𝑛𝑔 = 𝑘 𝑠,𝑠 
𝐽 

𝜆𝑠𝑠 

( 

𝑇 3 𝐺𝜀 ̄𝑟 

𝑏 3 

) 

1 
4 
, (4)

here k s,s is a constant equal to 2 
1 
2 3 

3 
8 and 2 for edge and screw dislo-

ations, respectively, and J is a correction factor (equal to 0.8) for the
ree distance between randomly distributed precipitates in a slip plane
n the model of Brown and Ham [1] . In the model of Sonderegger et al.
6] for 𝜆ss , J is considered to be 1. 

Serafini et al. [7] and Zhang et al. [8] used the classical strengthening
quations suggested for spherical and coherent precipitates to evaluate
he coherency strengthening of oblate 𝛾 ’’ precipitates. However, the sug-
ested strengthening equations for non-spherical precipitates need some
odification. Nie and Muddle [9–11] analyzed the yield strength incre-
ent of incoherent and non-spherical (rod and disc shaped) precipitates

y applying stereological methods and assuming that there is no lattice
ontinuity between precipitate and matrix present. Balan et al. [12] ap-
lied the suggested model of Nie and Muddle [9–11] for simulation of
recipitation strengthening of Inconel 718. They studied the interaction
f dislocation in slip plane with the disc-shape 𝛾 ’’ precipitates. Zhu and
tarke [13] modified the Orowan strengthening equation [14] based on
omputer simulations of moving dislocations in the slip plane for dif-
erent precipitate orientations. Their approach is widely used for yield
trength simulations involving non-spherical precipitates [15–17] . How-
ver, these two models are only applicable for non-shearable particles. 

In the present work, we consider the case where precipitates are
blate, coherent and shearable, which are extended in {100} planes.
urthermore, it is considered that the shear stress of precipitates
 Eq. (1) ) is a function of the precipitate free distance and the precipi-

ate resistance force . These conditions resembles with many structural
aterials, i.e., fcc-structured non-spherical precipitates 𝜃’’ in aluminum
xxx series and 𝛾 ’’ precipitates in Inconel 718, Rene 62 and Udimet 630
 6 , 18 ]. 

In literature, the F m 

, 𝜆ss parameters have been derived earlier for
oth, the spherical [ 1 , 2 ] and non-spherical case [18] . However, these
reatments are applicable only to the chemical effect, stacking fault ef-
ect, anti-phase boundary and modulus effect because, in these mech-
nisms, the final shear stress depends on the dislocation length inside

recipitates. In contrast, for the coherency effect, the final shear stress
s a function of the distance of the dislocation from the precipitate center
n the slip plane, x , and the distance of the slip plane from the precip-
tate center, z . In the coherency mechanism, the precipitate resistance
orce reaches its maximum, outside the precipitate limits, which distin-
uishes this mechanism from other shear strengthening mechanisms.
ere, we discuss the coherency effect of oblate precipitates, which are

epresented by rotational ellipsoids and which are assumed to extend in
n fcc matrix in the {100} plane. 

. Material and methods 

The suggested model was applied for the simulation of precipita-
ion strengthening of Inconel 718 with the chemical composition as de-
cribed in Table 1 . 

In order to evaluate the experimental yield strength, the specimens
ere first solution heat treated at 985 °C for one hour and then quenched

n water. The specimens were then aged at 718 °C for 1, 10, 20, 60 and
0 h. The yield strength of the specimens was then determined three
imes using a Zwick Z250 tensile testing machine. 
2 
The microstructure of samples was studied employing transmission
lectron microscope (TEM) Tecnai F20 model, at 200 kV acceleration
oltage. The heat-treated samples were mechanically ground to 0.1 mm.
urther, they were then electropolished at − 10 °C and 32 V in a solution
f 660 ml methanol and 330 ml HNO 3 . 

Thermokinetic software MatCalc version 5.61 (rel 0.022) was used
or the implementation of developed model in order to simulate precipi-
ation hardening along with the mc_ni_v2.011 thermodynamic database
nd the mc_ni_v2.004 diffusion database. 

. State of the art (theories) 

.1. Free distance between precipitates 

Sonderegger et al. [6] have recently derived an expression for the
urface-to-surface distance, 𝜆ss , between randomly distributed spherical
articles in a matrix, when they are represented in the form of different
lasses of precipitates having identical sizes, as 

𝒔 𝒔 = 

√ 

ln 3 
2 𝝅

∑
𝒋 𝒏 𝒗 , 𝒋 𝒓 𝒗 , 𝒋 

+ 

(
2 𝒓 𝒔 𝒔 

)2 − 2 𝒓 𝒔 𝒔 , (5)

here 

 𝒔 𝒔 = 

√ 

2 
3 

∑
𝒋 𝒏 𝒗 , 𝒋 𝒓 

2 
𝒗 , 𝒋 ∑

𝒋 𝒏 𝒗 , 𝒋 𝒓 𝒗 , 𝒋 
. (6)

erein, r v ,j and n v ,j are the mean radius and number density of particles
n each class, respectively. Later, Sonderegger and Kozeschnik [19] de-
eloped a free distance expression for the general case of ellipsoid pre-
ipitates. In their model, prolate precipitates are considered to be elon-
ated in < 100 > directions and oblate precipitates are extended in {100}
lanes. The proposed coefficients for the shape-depending correction
actor to spherical shape are given as, 

𝒔 𝒔 , 𝒆 𝒍 𝒍 = 𝒉 
1 
6 

( 

2 + 𝒉 2 

3 

) 

−1 
4 
𝝀𝒔 𝒔 , (7)

 = 

𝒄 

𝒂 
, (8)

 

3 = 𝒂 2 𝒄 = 𝒉 𝒂 3 = 𝒄 3 𝒉 −2 , (9)

here a is the half length of major axis, c is half of the rotational axis
f the precipitate, h is the aspect ratio and r is the equivalent radius of
 sphere with the same volume (see Fig. 1 ). 

In a first step, 𝜆ss in Eq. (1) is replaced by 𝜆ss,ell in Eq. (7) to identify
he free distance between two oblate precipitates. The distance between
wo parallel slip planes, which surround a precipitate, is then defined
s, 

 𝒏 = 2 𝒓 𝒉 − 
1 
3 

√ 

2 
3 
+ 

𝒉 2 

3 
, (10)

ee the sketch in Fig. 2 . 
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Fig. 2. The interaction between a dislocation and an oblate precipitate sand- 
wiched between two slip planes. 

Table 2 

Mean interaction force between a dislocation and oblate precipi- 
tates in the coherency mechanism. 

Dislocation type Average interaction force F coh 

b normal to 𝜀 c b at ( 𝜋/4) to 𝜀 c 

Edge 4 𝜋𝐺𝑏 𝜀 𝑐 
3 × 6 . 8 

𝑐
4 𝜋𝐺𝑏 𝜀 𝑐 
3 × 2 . 2 

𝑐

Screw 0 4 𝜋𝐺𝑏 𝜀 𝑐 
3 × 4 . 9 

𝑐

3
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.2. Resistant force in front of moving dislocation 

In the next step, we use the results of Oblak et al. [20] , who
ave evaluated the resistance force F in the inhomogeneous strain field
round an oblate precipitate. In their model, precipitates are rotational
llipsoids along the c direction and oblate precipitates are extended in
100} planes. The shape and orientation of oblate precipitates in the
blak et al. model are in accordance with the model of Sonderegger and
ozeschnik [19] for the free distance between two precipitates. Oblak
t al. [20] assumed a tetragonal coherency strain field around the pre-
ipitates equal to 𝜀 c in the rotational axes of the oblate in c direction
nd zero in the a direction (see Fig. 1 ). They evaluated the precipitate
esistance force in front of the moving dislocations with the same as-
umptions as Gerold and Haberkorn [3] , based on the aspect ratio and
he angle between the Burgers vector and the rotational precipitate axis
. The analysis of interaction forces, F , delivers the following equations

or edge and screw dislocations, respectively, 

 1 = 𝑭 𝒆 𝒅 𝒈 𝒆 

(
𝜙 = 

𝝅

4 

)
= 

𝑮 𝒃 𝜺 𝒄 𝑽 
[
−6 𝒙 4 + 

√
6 ( 7 + 2 𝝊) 𝒙 3 𝒛 + 36 𝒙 2 𝒛 2 + 

√
6 ( 3 + 2 𝝊) 𝒙 𝒛 3 − 6 𝒛 4 

]
6 
√
6 𝝅( 1 − 𝝊) 

(
𝒙 2 + 𝒛 2 

)3 , 

(11) 

 2 = 𝑭 𝒆 𝒅 𝒈 𝒆 

(
𝜙 = 

𝝅

2 

)
= 

−2 𝑮 𝒃 𝜺 𝒄 𝑽 𝒙 𝒛 
[
( 1 − 4 𝝊) 𝒙 2 − ( 3 + 4 𝝊) 𝒛 2 

]
6 𝝅( 1 − 𝝊) 

(
𝒙 2 + 𝒛 2 

)3 , (12)

 3 = 𝑭 𝒔 𝒄 𝒓 𝒆 𝒘 

(
𝜙 = 

𝝅

4 

)
= 

𝑮 𝒃 𝜺 𝒄 𝑽 
[
𝒛 2 − 𝒙 2 + 

√
2 𝒙 𝒛 

]
√
6 𝝅

(
𝒙 2 + 𝒛 2 

)2 , (13)

 4 = 𝑭 𝒔 𝒄 𝒓 𝒆 𝒘 

(
𝜙 = 

𝝅

2 

)
= 0 , (14)

nd 

 = 

4 
3 
𝝅𝒄 𝒂 2 . (15)

blak et al. [20] proposed mean force values for the different geometries
y using Eqs. (11) –(14) , with the angle between the dislocation Burger’s
ector b and precipitate c direction as 𝜋/2 or 𝜋/4, and the dislocations
aving edge or screw character as listed in Table 2 . 
3 
. Model development (calculation) 

We distinguish between two coherency weak and strong mechanisms
epending on opening angle between the two sides of the dislocation
ehind a precipitate as discussed in previous sections. 

.1. Coherency weak mechanism 

In our further analysis, we assume two types of shearable precipi-
ates. In type one, the angle Ø between the strain fields of precipitates
 c direction) with the Burger’s vector of the dislocation is 𝜋/4. In type
wo, Ø is 𝜋/2. We assume that two third of all precipitates belong to
ype one, while one third belongs to type two (see Fig. 2 in Ref. [18] ).
n application of the Pythagorean mixture law, as proposed by Brown
nd Ham [1] and Ardell [2] for shearable components, the final shear
tress of oblate precipitates in front of an edge or screw dislocation can
e written as, 

𝒘 𝒆 𝒂 𝒌 , 𝒐 𝒃 𝒍 = 

√ 

2 
3 
𝝉2 
𝒕 𝒚 𝒑 𝒆 1 + 

1 
3 
𝝉2 
𝒕 𝒚 𝒑 𝒆 2 = 

2 𝑻 
𝒃 𝝀𝒔 𝒔 , 𝒆 𝒍 𝒍 

√ 

2 
3 

( 

𝑭 𝒕 𝒚 𝒑 𝒆 1 

2 𝑻 

) 3 

+ 

1 
3 

( 

𝑭 𝒕 𝒚 𝒑 𝒆 2 

2 𝑻 

)
(16) 

On substituting the expressions F 1 and F 2 for edge dislocation and
 3 and F 4 for screw dislocation into Eq. (16) , the required shear stress
or dislocations to cut oblate precipitates becomes, 

𝒘 𝒆 𝒂 𝒌 , 𝒐 𝒃 𝒍 = 𝒌 𝒘 

(
𝑮 𝒃 𝜺 𝒄 𝒄 

) 3 
2 √

𝑻 𝒃 𝝀𝒔 𝒔 , 𝒆 𝒍 𝒍 

= 𝒌 𝒘 

(
𝑮 𝒃 𝜺 𝒄 𝒓 

) 3 
2 √

𝑻 𝒃 𝝀𝒔 𝒔 

𝒉 
5 
6 

( 

2 + 𝒉 2 

3 

) 

1 
4 
, (17)

here k w 

is a constant equal to 0.6685 and 0.4563 for edge and screw
islocations, respectively. This equation represents the final shear stress
or weak oblate precipitates as a function of physical parameters. The
arameters entering this equation are the similar as the ones used for
pherical precipitates, however, they contain the aspect ratio, now, as
n additional parameter reflecting the oblate character. 

.2. Coherency strong mechanism 

The shear strength for strong and shearable precipitates can be evalu-
ted analogously on basis of the interaction forces defined in Eqs. (11) –
14) . These equations represent the interaction force between edge and
crew dislocations with different precipitates as functions of x and z (see
ig. 2 ). Due to the complex strain field, a dislocation experiences min-
mum and maximum forces in a specific slip plane ( z = const) when it
oves and finally cuts the precipitate. Moreover, the force can be at-

ractive or repulsive before or after cutting a precipitate. In the case of
he coherency effect, a dislocation must exceed all the critical force val-
es during gliding. The critical force values occur at the points, x , when
F/dx = 0. These vary among different slip planes and read, 

 = 𝒎 𝒛 , (18)

here m corresponds to the critical solution of Eqs. (11) –(13) , produc-
ng absolute maxima for the forces. The numerical solutions for m 1 and
 3 are 0.7276 and 1.1202, respectively, and 𝑚 2 = ( ( 1000 0 . 5 − 31 )∕3 ) 0 . 5 =
 . 4556 . If we assume 𝜐= 1/3, the maximum force in each slip plane
eads, 

 1 = 

4 𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 
2 
[
−6 𝒎 

4 
1 + 

√
6 ( 7 + 2 𝝊) 𝒎 

3 
1 + 36 𝒎 

2 
1 + 

√
6 ( 3 + 2 𝝊) 𝒎 1 − 6 

]
3 × 6 

√
6 ( 1 − 𝝊) 

(
1 + 𝒎 

2 
1 
)3 
𝒛 2 

= 0 . 9565 
𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 

2 

𝒛 2 
, (19) 

 2 = 

−4 𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 
2 𝒎 2 

[
( 1 − 4 𝝊) 𝒎 

2 
2 − ( 3 + 4 𝝊) 

]
3 × 3 ( 1 − 𝝊) 

(
1 + 𝒎 

2 )3 𝒛 2 = 0 . 7593 
𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 

2 

𝒛 2 
, (20)
2 
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Fig. 3. Normalized shear stress for weak and strong coherency effect based on 
Eqs. (17) and (28) as a function of the aspect ratio h . 

Fig. 4. TEM microstructure of Inconel 718 after (a) 20 h and (b) 60 h aging at 
718 °C. The direction of electron beam is [001]. 
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 3 = 

4 𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 
2 
[
1 − 𝒎 

2 
3 + 

√
2 𝒎 3 

]
3 ×

√
6 
(
𝒎 

2 
3 + 1 

)2 
𝒛 2 

= 0 . 1424 
𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 

2 

𝒛 2 
, (21)

n the shearing and strong coherency strengthening mechanism, i.e.,
hen the coherent precipitates become large, the maximum resistance

orce of precipitates can reach values comparable to that of the non-
hearing (Orowan) mechanism, which is 

 𝒎 𝒂 𝒙 ≅ 2 𝑻 . (22)

This condition applies to dislocations located in specific slip planes
etween 𝑧 min ≤ 𝑧 ≤ 𝑧 max . z min and z max are the most distant slip planes
rom the center z = 0 of the precipitate, where this criterion holds.
or the dislocations located outside 𝑧 min ≤ 𝑧 ≤ 𝑧 max , weaker strength-
ning mechanisms operate. Using a similar method as the one applied
or spherical precipitates [ 1 , 2 ], we neglect the effect of any weaker
trengthening contribution occurring in slip planes outside z min and z max 
21] . The critical z values are obtained either in the area surrounded by
he two bounding slip planes defined in Fig. 2 or outside the precipitate,
epending on the precipitate size and 𝜀 c . z 1, max , z 2, max and z 3, max are
dentified by substituting Eqs. (19) –(21) into Eq. (22) with, 

 1 𝒎 𝒂 𝒙 = 

√ 

0 . 4783 
𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 

2 

𝑻 𝒆 
, (23)

 2 , 𝒎 𝒂 𝒙 = 

√ 

0 . 3797 
𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 

2 

𝑻 𝒆 
, (24)

 3 , 𝒎 𝒂 𝒙 = 

√ 

0 . 0712 
𝑮 𝒃 𝜺 𝒄 𝒄 𝒂 

2 

𝑻 𝒔 
. (25)

We next introduce a function g ( z ), which designates the fraction of
 z max - z min | with respect to the height of the precipitate in slip plane n
hich is, 

 ( 𝒛 ) = 

𝒛 𝒎 𝒂 𝒙 − 𝒛 𝒎 𝒊 𝒏 

2 𝒏 
. (26)

he function g ( z ) is equal to one when | z max - z min | = 2 n for oblate pre-
ipitates or | z max - z min | = 2 r for spherical precipitates. In this case, the
hear stress of oblate precipitates is 𝜏strong,obl = (2 T /( b 𝜆ss,ell )). The shear
tress of strong and shearable oblate precipitates is then expressed as 

𝒔 𝒕 𝒓 𝒐 𝒏 𝒈 , 𝒐 𝒃 𝒍 = 𝑱 
2 𝑻 

𝒃 𝝀𝒔 𝒔 , 𝒆 𝒍 𝒍 

√ 

2 
3 
𝒈 
(
𝒛 𝒕 𝒚 𝒑 𝒆 1 

)
+ 

1 
3 
𝒈 
(
𝒛 𝒕 𝒚 𝒑 𝒆 2 

)
, (27)

By substituting Eqs. (23) –(25) into Eq. (26) , and then into Eq. (27) ,
he required shear stress for cutting strong precipitates becomes 

𝑠𝑡𝑟𝑜𝑛𝑔,𝑜𝑏𝑙 = 𝑘 𝑠 
𝐽 

𝜆𝑠𝑠,𝑒𝑙𝑙 

( 

2 + ℎ 2 

3 

) 

−1 
4 
( 

𝑇 3 𝐺 𝜀 𝑐 𝑐 

𝑏 3 

) 

1 
4 
= 𝑘 𝑠 

𝐽 

𝜆𝑠𝑠 

( 

𝑇 3 𝐺 𝜀 𝑐 𝑟 

𝑏 3 

) 

1 
4 
, 

(28) 

here k s is a constant equal to 1.6327 and 0.8435 for edge and screw
islocations, respectively. 

. Results and discussion 

The normalized shear stress for cutting oblate precipitates in the co-
erency mechanism for weak and strong precipitates is shown in Fig. 3 .
hen the lattice misfit between precipitate and matrix is dissimilar in

ifferent crystallographic directions, the precipitate prefers to extend
n direction(s) with lower lattice misfit. For the oblate precipitates de-
cribed in this work, the lattice misfit in a direction is assumed to be
mall compared to the misfit in c direction. Consequently, the precip-
tate extends mainly in the a direction, which produces a lower strain
evel in the matrix. Simultaneously, precipitate growth in c direction
s limited. In this case, the precipitate resistance force depends on the
recipitate thickness and lattice misfit in c direction. When the aspect
4 
atio is varied from one to zero and with the assumption of constant
recipitate phase fraction, the strain field around the precipitate gradu-
lly decreases, simultaneously with the precipitate resistance force. This
ecrease is compensated, however, by the counteracting effect of free
istance between two oblate particles on shear stress. For the strong co-
erency effect, the final shear stress becomes independent of the aspect
atio h . As described in simplified Eq. (28) , the strong coherency effect
s a function of equivalent radius r and surface-to-surface distance be-
ween randomly distributed spherical particles 𝜆ss . This means that the
ormalized shear stress does not change if the fraction of precipitates
s constant (see Fig. 3 ). In the weak mechanism, the precipitate resis-
ance force has a more prominent effect on strengthening compared to
he free distance effect. In summary, the final shear stress in the weak
echanism depends strongly on the aspect ratio. It can also be deduced

hat the shear stress decreases with decreasing aspect ratio. 
The suggested model was applied for the evaluation of final yield

trength of Inconel 718 including oblate 𝛾 ’’ precipitates during aging.
his model was implemented in MatCalc 5.61 (rel 0.022) in order
o simulate the precipitation strengthening. Beside coherency effect,
ther strengthening mechanism such as anti ‐phase boundary, modu-
us and interfacial effects were also considered for evaluation of final
ield strength. The input parameters used for simulation of precipita-
ion strengthening of Inconel 718 are given in Table 3 . 

Fig. 4 demonstrates distribution and size of oblate 𝛾 ’’ precipitates in
icrostructure of Inconel 718 after 20 and 60 h aging at 718 °C. As it

s shown in this figure, the size of oblate 𝛾 ’’ precipitates, increases by
ging time. 
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Table 3 

Used parameters for simulation of precipitation strengthening of Inconel 718. 

Parameters Values Refs. 

G (GPa) (Shear modulus of matrix) 75.2 [22] 
G P (GPa) (Shear modulus of 𝛾 ’’ precipitate) 81.65 [ 7 , 23 ] 
M (Taylor factor) 2.6 [24] 
𝛾 IF (Jm 

‐2 ) 0.22 MatCalc thermodynamic database 
𝛾APB (Jm 

‐2 ) 0.296 [25] 
𝛿 (linear misfit in C direction) 0.0286 [26] 
r i (inner cut ‐off distance) 2b 
𝜐 (Poisson’s ratio) 0.33 
b Burgers vector (nm) 0.254 

Fig. 5. Simulation results of (a) mean size of 𝛾 ’’ 
precipitates and (b) mean distance between 𝛾 ’’ 
precipitates during aging at 718 °C, when the 
aspect ratios is h = 0.3 and h = 1.0. 
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Simulation results also confirms the changes of radius and free dis-
ance between precipitates during aging. Fig. 5 shows gradual increase
f precipitate size ( Fig. 5 a) and free distance ( Fig. 5 b) between 𝛾 ’’ pre-
ipitates with aging time. As can be seen in Fig. 5 (a), the c -value (half of
he rotational axis of the precipitate) decreases more than twofold as the
spect ratio h varies from 1.0 to 0.3. Analogously, the free distance be-
ween the precipitates decreases slightly as the aspect ratio h decreases
See Fig. 5 (b)). Changes of c and h -values on coherency strengthening
f Inconel 718 as described in Eqs. (17) and (28) is demonstrated in
ig. 6 (a). This figure confirms that decreasing of c -value can effectively
ecrease coherency strengthening, although decreasing of the free dis-
ance between precipitates due to the changes of h -value can slightly
mprove coherency strengthening. 

The anti-phase boundary (APB) has also a significant impact on the
recipitation strengthening of Inconel 718. Similar to the coherency ef-
ect, this mechanism is divided to weak and strong shearing mechanisms
hich are described in Refs. [ 4 , 18 ] as, 

APB , weak = 

2 𝑇 
𝑏 𝜆ss , ell 

[ 
𝛾APB ̄𝜔 eq 

𝑇 

] 3 
2 
− 

16 
3 𝜋

𝛾APB ̄𝜔 
2 
eq 

𝑏 𝜆ss , ell 
2 (29)

or weak mechanism and, 

APB , strong = 

( 

2 𝑤𝑇 
𝜋𝑏 𝜆ss , ell 

) 

( 

𝜋2 𝛾APB ̄𝜔 eq 

4 𝑤𝑇 
− 1 

) 

1 
2 

, (30)

or strong mechanism, Herein �̄� eq can be defined as, 

̄  eq = 

𝜋𝑐 

12 

[ 

𝑃 𝑒 

( √ 

3 
2 + ℎ 2 

+ 2 
√ 

6 
1 + 5 ℎ 2 

) 

+ 𝑃 𝑠 

( 

1 
ℎ 
+ 2 

√ 

2 
1 + ℎ 2 

) ] 

, (31)

here 𝛾APB is the anti-phase boundary energy of the precipitate, w is a
onstant ( ≈2.8), and P and P are the fractions of edge and screw dislo-
e s 

5 
ations in the matrix, respectively. Fig. 6 (b) expresses the APB strength-
ning of 𝛾 ’’ precipitates at h = 1.0 and h = 0.3 as described in Eqs. (29) –
31) . 

The increase of precipitation strengthening due to the modulus and
nterfacial effects is similar to the APB effect and described in Refs.
 4 , 18 ]. As described in Ref. [27] , the contribution of these two mecha-
isms to the precipitation strengthening is negligible and, for simplicity,
he strengthening equations of modulus and interfacial effects are not
entioned in this paper [28] . However, the contribution of all strength-

ning mechanisms, including modulus and interfacial effects to the pre-
ipitation strengthening of Inconel 718 is exhibited in Fig. 6 (c). This
gure shows combination of different strengthening weak and strong
echanisms. Beside shearing mechanism, this figure shows the ulti-
ate shear stress relate to the non-shearable Orowan mechanism. In this
echanism, the opening angle between the two sides of the dislocation

ehind a precipitate reaches to 0. The dislocations leave the precipitates
fter forming a loop around them. The strengthening equation for non-
hearing precipitates as a function of aspect ratio is proposed in Ref.
18] as, 

Or . = 

𝐺𝑏 

2 𝜋
√
1 − 𝜐

1 
𝜆ss , ell 

ln 

 

𝜋𝑐 

6 𝑟 𝑖 

[ 

𝑃 𝑒 

( √ 

3 
2 + ℎ 2 

+ 

√ 

3 
ℎ 2 

+ 

3 
2 + ℎ 2 

) 

+ 𝑃 𝑠 

( √ 

1 
ℎ 2 

+ 

9 
2 + ℎ 2 

+ 

1 
ℎ 

) ] } 

,

(32

When the h -value is equal to 1, the non-shearable Orowan mecha-
ism will be controlling mechanism after 25 h of aging due to the lower
trengthening values than shearable weak and strong mechanisms. This
eans that the precipitates are not shearable after 25 h of aging. How-
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Fig. 6. Contribution of (a) coherency strength- 
ening (b) anti-phase boundary strengthening 
(c) precipitation strengthening of Inconel 718 
during aging at 718 °C, when the aspect ratios 
is h = 0.3 and h = 1.0. 
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ver, the operative strengthening mechanism will be weak and shear-
ble, if we correctly choose an h -value of equal to or less than 0.3. 

Fig. 7 shows simulation result of precipitation hardening of Inconel
18 during aging at 718 °C. As can be seen in Fig. 7 (a), the application
f the classical strengthening equations considering h = 1 (spherical pre-
ipitates) leads to an overestimation of the precipitation strengthening
f 1300 MPa, which is ∼70% higher than the real condition when h
aries between 0.1 and 0.3. As it is shown in Fig. 7 (a), transformation
rom coherency weak mechanism to non-shearing mechanism occurs af-
er 25 h, while this transformation occurs after 50 h when h = 0.5. Sim-
lation results express operating weak strengthening mechanism for 𝛾 ’’
recipitates for lower h -values up to 80 h aging. 

In early aging time, when the precipitates are tiny, the operative
trengthening mechanism is weak and shearable, while in late aging
ime precipitates become thick and operative strengthening mechanism
aries to non-shearing mechanism. 

Final yield strength in metallic matrix is contribution of intrinsic,
rain size, solid solution and precipitation effects [ 4 , 29 , 30 ]. The share
f intrinsic, and grain size effects in final yield strength of Inconel 718
s 𝜎y,i = 21.8 MPa [31] and 𝜎y,g = 35.3 MPa, respectively. The effect
f grain size on final yield strength depends on D which is the grain
6 
iameter and constant k lock which is 0.158 MPa m 

1/2 for nickel-base
uperalloys. This equation is described in Ref. [27] as, 

𝑦,𝑔 = 

𝑘 𝑙𝑜𝑐𝑘 √
𝐷 

(33) 

olid solution strengthening of the individual alloying elements is de-
cribed in Ref. [32] as, 

𝑦,𝑠 = 

[∑
𝑖 

(
𝑘 𝑠,𝑖 𝐶 

0 . 5 
𝑖 

)2 ]0 . 5 
(34) 

here, k s,i is a strengthening constant for solute i and C i is the concen-
ration of solute i . Mishima et al. [33] defined k s,i values for different
lloying elements in nickel-base alloys as described in table Table 4 .
hese values were implemented in MatCalc software. 

The simulation result of solid solution strengthening using MatCalc is

y,s = 268 MPa before again which decreases to the 𝜎y,s = 252 MPa after
0 h aging. This decrease is due to the migration of alloying elements
rom matrix to precipitates [ 26 , 27 ]. 

The final yield strength 𝜎y of different strengthening mechanisms
s linearly added up of intrinsic effect, grain size effect, solid solution
trengthening, and precipitation strengthening, which, is demonstrated
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Fig. 7. (a) Simulation of precipitation 
strengthening of Inconel 718 at different as- 
pect ratios of the oblate 𝛾 ’’ precipitates during 
aging at 718 °C (b) simulation of yield strength 
in Inconel 718, considering intrinsic, grain 
boundaries, solid solution and precipitation 
strengthening at 0.1 and 0.3 aspect ratios 
of the oblate 𝛾 ’’ precipitates during aging at 
718 °C and its comparison with experimental 
results. 

Table 4 

Strengthening constants ( k s,i )of different alloying elements in Ni [33] . 

Alloying element Al Co Cr C Fe Mo Nb Ti 

Strengthening constant (MPa atomic fraction − 1/2 ) 225 39.4 337 1061 153 1015 1183 775 
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n Fig. 7 (b) [ 4 , 29 , 30 ]. As it is shown in this figure, the precipitation
trengthening of Inconel 718 is strongly depends on the aspect ratio.
ccording to the image analysis of TEM, the aspect ratio of oblate 𝛾 ’’
recipitates varies between 0.1 and 0.3 in this study, 

. Conclusion 

In the present study, we derive a model to evaluate the coherency
trengthening effect of oblate precipitates. The proposed equations for
he final yield strength are formulated in terms of physical parameters
nly. Our treatment suggests that one can use the classical strengthen-
ng equations of spherical precipitates for oblate precipitates by applica-
ion of a correction factor. We finally observe that, when the precipitate
hape deviates from spherical to oblate, the weak strengthening effect
or shearable precipitates decreases, whereas the strengthening effect
or strong shearable precipitates is independent of the aspect ratio. 

The suggested model was applied for simulation of precipitation
trengthening of Inconel 718 containing oblate 𝛾 ’’ precipitates. The sim-
lation results show that modification of aspect ratio based on experi-
ental results can significantly improve accuracy of final yield strength.
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