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In this pa per, the so lu tion of the one di men sional mov ing bound ary prob lem with
pe ri odic bound ary con di tions is ob tained with the help of variational iterational
method. By us ing ini tial and bound ary val ues, the ex plicit so lu tions of the equa tions 
have been de rived, which ac cel er ate the rapid con ver gence of the se ries so lu tion.
The method per forms ex tremely well in terms of ef fi ciency and sim plic ity. The tem -
per a ture dis tri bu tion and the po si tion of mov ing bound ary are eval u ated and nu -
mer i cal re sults are pre sented graph i cally.
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In tro duc tion

Mov ing bound ary (or Stefan) prob lems in volv ing heat and mass trans fer un der go ing
phase change oc cur in many phys i cal pro cesses, such as freez ing, melt ing, evap o ra tion, con den -
sa tion, sub li ma tion, and desublimation. Such prob lems have wide ap pli ca tions in sep a ra tion
pro cess, food tech nol ogy, im age de vel op ment in elec tro pho tog ra phy, med i cal sci ences, heat
and mix ture mi gra tion in solid grounds, etc. The his tory and clas si cal so lu tion to Stefan prob -
lems are well cov ered in the mono graphs by Crank [1] , Hill [2], etc. A lot of work has al ready
been done by many re search ers to solve one-di men sional Stefan prob lems. Asaithambi [3] used
time step Galerkin method to solve one-di men sional Stefan prob lem. Rizwan-Uddin [4] has
solved a mov ing bound ary prob lem with time de pend ent bound ary con di tions. In this pa per the
au thor has shown the ap pli ca tion of nodal in te gral ap proach to non-lin ear Stefan prob lem which
pre dicts the tem per a ture dis tri bu tion and po si tion of in ter face ac cu rately. Rizwan-Uddin [5]
also stud ied the one-di men sional Stefan prob lem with pe ri odic bound ary con di tions us ing a
semi an a lyt i cal nu mer i cal scheme. Re cently, the sim i lar type of prob lem has been solved by
Savovic et al. [6] us ing fi nite dif fer ence method and also solved by Ahmed [7] us ing an al go -
rithm based on the bound ary in te gral method.

The an a lyt i cal ap proach taken in this lit er a ture is the variational it er a tion method. The
variational it er a tion method was first pro posed by He ([8-11]) and was suc cess fully ap plied to
solve non-lin ear sys tems of  par tial dif fer en tial equa tions and non-lin ear dif fer en tial equa tions
by [12-14]. The main ad van tage of this method is apart from com pu ta tional sim plic ity, the so lu -
tion ob tained by this method is ex pected to be a better ap prox i ma tion in a straight for ward man -
ner.
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To the best of au thors knowl edge so lu tion of Stefan prob lems with pe ri odic bound ary
con di tions by variational it er a tion method has not yet been solved. In this pa per, the pro posed
method is used to ob tain an ap prox i mate an a lyt i cal so lu tion to solve one-di men sional Stefan
prob lem with pe ri odic bound ary con di tions. The ex pres sions of the tem per a ture dis tri bu tion and 
po si tion of in ter face are ob tained us ing both the ini tial and bound ary con di tions. The nu mer i cal
re sults for dif fer ent par tic u lar cases are found and de picted through graphs. 

So lu tion of the prob lem by He’s variational it er a tion method

In this sec tion, the ap pli ca tion of the variational it er a tion method is dis cussed for solv -
ing the dimensionless set of the Stefan prob lem [5, 15]:
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where Ste is the Stefan num ber given by ClDTref/h, Cl – the spe cific heat ca pac ity of liq uid, DTref

– a ref er ence tem per a ture, h – the la tent heat, T(x, t) – the tem per a ture dis tri bu tion, and R(t) – the
po si tion of mov ing bound ary:
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It is ob vi ous that the suc ces sive ap prox i ma tion Tj, j ³ 0, can be es tab lished by de ter -
min ing Lagrange mul ti plier l. The func tion 

~
Tn  is a re stricted vari a tion, which means d

~
Tn = 0.

The suc ces sive ap prox i ma tion Tn+1(x, t), n ³ 0, of the so lu tion T(x, t) will be readily ob tained
upon us ing the Lagrange’s mul ti plier and by us ing any se lec tive func tion T0. The ini tial value
T(0, t) and Tx(0, t) are usu ally used for se lect ing the zero-th ap prox i ma tion T0. To find the op ti -
mal value of l, we have:
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which gives
l(x) = x – x  (10)

We, there fore, ob tain the fol low ing it er a tion for mula:
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Be gin ning with an ini tial ap prox i ma tion:

T0(x, t) = T(0, t) + xTx(0, t) = f(t) (12)

we ob tain the fol low ing suc ces sive ap prox i ma tions:
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Us ing this pro ce dure for suf fi ciently large val ues of n we get Tn(x, t) as an ap prox i ma -

tion of the ex act so lu tion.
Thus the ex act so lu tion may be ob tained by us ing 
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Now us ing bound ary con di tion T(1, t) = 0 (eq. 3) and eq. (13), we get:
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Bound ary con di tion (2) with the help of eq. (14) gives rise to:
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is the gen er al ized Mittag-Leffler func tion.

Nu mer i cal re sults and dis cus sion 

In this sec tion, nu mer i cal re sults of the po si tion of in ter face vs. time and tem per a ture
dis tri bu tion vs. space are pre sented through figs. 1-3 for f(t) = 1+ esinwt where  0 1£ £t . It is
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seen from figs. 1 and 2 that the move ment of in ter face po si tion be comes fast with the in crease of
both val ues of os cil la tion am pli tude (e) and Stefan num ber (Ste).

Fig ures 3(a) and 3(b) de pict the tem per a ture dis tri bu tion of a ma te rial in the whole do -
main 0 1£ £x  for e = 0.5, e = 1.5, and Ste = 1.0. It is clear from fig ures that in crease in the os cil -
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Fig ure 1. (a) Plot of R(t) vs. t for Ste = 1, and e = 0.5; (b) Plot of R(t) vs. t for Ste = 1, and e = 1.5

Fig ure 2. (a) Plot of R(t) vs. t for Ste = 2, and e = 0.5; (b) Plot of R(t) vs. t for Ste = 2, and e = 1.5;

Fig ure 3. (a) Plot of T(x, t) vs. x for e = 0.5; (b) Plot of T(x, t) vs. x for e = 1.5



la tion am pli tude leads to a more pro nounced change in the tem per a ture dis tri bu tion. It is also ob -
served from the fig ures that the tem per a ture dis tri bu tion is max i mum at x = 0 and then de creases
con tin u ously to be come zero at the tip x = 1. This re sult is in com plete agree ment with [5], and
[6].

Con clu sions

The variational it er a tion method is very pow er ful in find ing the so lu tions for var i ous
sci en tific and en gi neer ing prob lems. Shar ing its ap pli ca tion for Stefan prob lem with pe ri odic
bound ary con di tions, we may con clude that this method will be very much use ful for solv ing
many phys i cal prob lems both an a lyt i cally and nu mer i cally .The proper im ple men ta tion of pro -
posed method can dra mat i cally min i mize the size of the cal cu la tions if com pared with the ex ist -
ing meth ods. The ad van tage of this method com par ing with ex ist ing meth ods con sists in ob tain -
ing the in ter face po si tion and tem per a ture dis tri bu tion in the form of con tin u ous func tion,
in stead of dis crete form. The other ad van tage of the method is its fast con ver gence of the se ries
so lu tion. More over, no linearization or per tur ba tion is needed and it avoids the ac cu racy of find -
ing the tem per a ture dis tri bu tion by the nu mer i cal tech niques like fi nite dif fer ence and bound ary
in te gral meth ods.
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