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1. Introduction

The real world problems in scientific fields such as solid state physics, plasma physics, fluid mechanics, chemical kinetics
and mathematical biology are nonlinear in general when formulated as partial differential equations or integral equations.

In the last two decades, many powerful and simple methods have been proposed and applied successfully to approximate
various types of singular integral equations with a wide range of applications [1-19]. In this paper, we discuss the three
different methods namely, He’s homotopy method (HPM), Adomian decomposition method (ADM) and modified Adomian
decomposition method (MADM) proposed by He [1-6], Adomian [7-12] and Wazwaz [13-16] respectively and apply these
to solve singular Volterra integral equations with Abel’s kernel.

Abel studied a particular integral equation of the Volterra type, in order to solve the following problem.

Let a material point of mass m move under the influence of gravity on a smooth curve lying in a vertical plane. Let the
time t which is required for the point to move along the curve from the height x to the lowest point of the curve be a given
function f of x. The answer to the question, “what is the equation of the curve?” leads to the integral equation

_ [
0 V2Ex—1
where g is the acceleration due to the gravity.

Abel’s equation is one of the integral equations derived directly from a concrete problem of physics, without passing
through a differential equation. The generalized Abel’s integral equation on a finite segment was studied by Zeilon [20].

f&) (1)

2. Homotopy perturbation method and its modification

In this method, using the homotopy technique of topology, a homotopy is constructed with an embedding parameter p €
[0, 1] which is considered as a “small parameter”. This method became very popular amongst the scientists and engineers,
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even though it involves continuous deformation of a simple problem into a more difficult problem under consideration.
Most of the perturbation methods depend on the existence of a small perturbation parameter but many nonlinear problems
have no small perturbation parameter at all. Many new methods have been proposed in the late nineties to solve such
nonlinear equations devoid of such small parameters [21-24]. Late 1990s saw a surge in applications of homotopy theory in
the scientific and engineering computations [1,2,25,26]. When the homotopy theory is coupled with perturbation theory it
provides a powerful mathematical tool [27-29]. A review of recently developed methods of nonlinear analysis can be found
in [30]. To illustrate the basic concept of HPM, consider the following nonlinear functional equation

au
A(u) =f(r),r € 2, with the boundary conditions : B (u, %> =0, reods, (2)

where A is a general functional operator, B is a boundary operator, f (r) is a known analytic function, and 92 is the boundary
of the domain £2. The operator A is decomposed as A = L + N, where L is the linear and N is the nonlinear operator. Hence
Eq. (2) can be written as

Lw)+N@u) —f(r)=0, res.
We construct a homotopy v(r, p) : £2 x [0, 1] — R satisfying

H(,p) = (1 =p)[L(v) — Lo+ p[A(v) —f(")] =0, pel0,1], reg. 3)
Hence,

H(v, p) = L(v) — L(up) + pL(uo) + p[N(v) — f(r)] =0, (4)
where ug is an initial approximation for the solution of Eq. (2). As

H(v,0) =L(v) — L(up) and H(v,1) =AW) — f(r),

it shows that H(v, p) continuously traces an implicitly defined curve from a starting point H(u, 0) to a solution H(v, 1). The
embedding parameter p increases monotonously from zero to one as the trivial linear part L(u) = 0 deforms continuously
to the original problem A(u) = f(r). The embedding parameter p € [0, 1] can be considered as an expanding parameter [1]
to obtain

v:v0+pv1+p2v2+~--. (5)
The solution is obtained by taking the limit as p tends to 1, in Eq. (5). Hence
u=Ilimp,jv=vo+vi+va+---. (6)

The series (6) converges for most cases and the rate of convergence depends on A(u) — f(r) [1].
We consider the following singular Volterra integral equation of the second kind

_ oy
yx) =f(x) + \ «/mdt’ 0<x<1 (7)
To solve Eq. (7) by He’s HPM, we consider the following convex homotopy:
<L) B
u—pnum—mun+ppmrﬁa»—o J@—qu_o' (8)

We seek the solution of (8) in the following form,

Lx) = > pLX), 9)
i=0

where Li(x),i =0, 1, 2, ... are the functions to be determined. We use the following iterative scheme to evaluate L;(x).
The initial approximation to the solution Ly(x) = yo(x) is taken to be f (x), therefore,
Lo(x) = yo(x) = f ().

Substituting (9) into (8) and equating the coefficients of p with the same power, one gets
p%: Lox) = f (%)

1. _ * Lo _ (" f©
p:Li(%) \ mdt_O:h(x)_ ; 7\/@ dt
2w — [ B9 g o= [ 2O g
0o V(x—1) 0 ~/(x—1)
3 L) L)
Lo — | -2 dr=0o L= | —22 ...
R AV =r R AV
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Hence, the solution of Eq. (7) is given by,

o0
&) = limpoy LX) = ) Lix). (10)
i=0
In the modified homotopy perturbation method (MHPM), we break f (x) into an infinite sum as follows

f(0 =) ki), and define
i=0

Y6p) =) Pk —f(x) asp— 1. (11)
i=1

The initial approximation to the solution is taken to be kq(x). Substituting (9) and (11) into (8) and equating coefficients of
p with the same power one gets the exact solution.

It is to be noted that the rate of convergence of the series (10) depends upon the initial choice yq(x) as illustrated by the
given numerical examples.

3. The Adomian decomposition method and its modification
The Adomian decomposition method has been applied to a wide class of functional equations [7-12,31] by scientists and

engineers since the beginning of the 1980s. Adomian gives the solution as an infinite series usually converging to a solution.
Consider the following singular Volterra integral equation of the second kind of the form

X
yx) =fx) + / k(x, Dy(t)de, fx) € L*(R). (12)
0
The ADM assumes an infinite series solution for the unknown function y(x), given by
o0
yE =Y ya0. (13)
n=0
Substituting (13) into (12), we get
X
zymn#®+fkwozpmmn (14)
n 0 n

The ADM uses the following recursive relation to evaluate the various iterates y1, ¥, y3,...in (13)

Yo&) =), Yo (x) = / kx, )ya(t)dt, n=0. (15)
0

Recently, Wazwaz [15] proposed a modification in ADM by constructing the zeroth component y,(x) of the decomposition
in a slightly different way. He splitted the function f (x) as the sum of two functions f; (x) and f,(x) in L*(R) and suggested
the following recursive scheme:

Vo) =fi(®), yi(x) =HK) + / k(x, t)yo(t) dt, and
0

ymwszmmmmnnzm (16)
0

This type of modification provides more flexibility to the ADM in solving complicated integral equations and avoids the
unnecessary complexity in calculating the Adomian polynomials. In this case, the decomposition series (14) has a rapid rate
of convergence in real physical problems. The rapid convergence ensures that only a few iterations are required to get the
accurate solution of the problem.

In this paper, we assume the kernel k(x, t) to be Abel’s kernel i.e.

k(x, t) = and 0<x<1.

1
VE=1’
4. The application of HPM, MHPM, ADM and MADM

Example 4.1. Consider the singular Volterra integral equation [32]

2 [F y®
0 VX—t

with x? as the exact solution.

16
y(x) =x2+gx5/ dt, 0<x<1, (17)
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Fig. 1. The exact and the approximate solutions of the singular Volterra integral equation (17), in Example 4.1, case 1(a).
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Fig. 2. The error E(x) for Example 4.1, case 1(a).

Case 1(a): Homotopy perturbation method
A homotopy perturbation method can be constructed as follows (from Eq. (8)):

) — 2 — 18,502 /X y(®
H(y,p) =yx) —x =* +p0 mdt- (18)

One can now try to obtain a solution of Eq. (16) in the form of
LX) = Lo(X) + pLy (%) + p*La(X) + - - - (19)

where L;i(x),i =0, 1, 2, ... are functions yet to be determined. From Eqgs. (18) and (19) the approximations are:

16

0. ) 5/2
p i Lo(x) =x* + —x
o) 15

* () 16 TX
1. 0 _ _ 5/2
Li(x) + dt=0=L{(x) = ——x/* — —
p:Lix) oD 1(%) 15 3
L) x> 32
2, _ _ 7/2
L(x) + dt =0=Ly(x) = + TX
P LX) A = 2(%) 3 105
X L) 32 a2x
3. 2 _ _ 7/2
L3(x) + dt=0=I3(x) = ———nax"/"— ——, ...,
A A = 0= "05 12
Lig(t) mox! 8192
18. 18 _ _ 9,23/2
s Lig(x ———dt =0= Lig(x) =
L A J&x—0 1800 = 19958400 T 316234143225
Hence, from Eq. (10), the solution is
oo n n
y(x) = E Li(x) = E L(x) +0x*T2) =x% + 0(x*™?) =x* asn — oo. (20)
iz0 i=0

Figs. 1-3 show the comparison between the exact solution y(x) (solid line) and the approximate solution g(x) (dotted line)
obtained by truncating (20) at level n = 18, the error E(x) = g(x) — y(x) and the relative error R(x) = g(";(;x{(x) - 100
respectively.
Case 1(b) Choosing the initial guess Ly(x) = x, the following iterates of the solution are obtained
16 1 1

4 16 4
Lo(x) = x, Li(x) = —x+x — —x?+ —x?, Lix) = —x? — —x? 4+ —gx* — —7ax°
o(x) 1) + 3 + 15 2(X) 3 T + 5 3
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Fig. 3. The relative error R(x) for Example 4.1, case 1(a).
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Fig. 4. The exact and the approximate solutions of the singular Volterra integral equation (17), in Example 4.1, case 1(b).

0.008 | | | |

0.005 -

Ex) 0.002 -

—0.001 -

| | | |
0 0.2 0.4 0.6 0.8
X

-0.004

Fig. 5. The error E(x) for Example 4.1, case 1(b).

1 1 8 32
L3(x) = —=nx* + =78 — —ax°? + —ax’/?, ...
3(X) 5 + 371 157[ + 105
Lig(x) = éngxm v o 81024 4 i, o 4096 5 ip
3628800 19958400 654729075 13749310575

Therefore, the solution is given by,

n
DL +0(6™?) = ¥ +0&"™?), n=2m

o0
Y =Y L) ={ 5 — x> asn— oo.
=0 ZLi(x) + 0™y = 2 +0(x"?), n=2m+1
i=0

The above series is truncated again at level n = 18 to obtain Figs. 4-6 conveying the same information for case 1(b) as
Figs. 1-3 did for the case 1(a).

Case 1(c): Modified Homotopy perturbation method

Writing f (x) = Y o ki(x), where ko(x) = X%, kq(x) = %XS/Z and ki(x) = 0 fori > 2, we get Ly(x) = x°. Hence, the
various iterates are as follows:

16 Lo(t)
0. 2 1. 5/2 0
cLo(x) = x°, Li(x) = —x° — ———dt=>Li(x) =0
p i Lo(x) pLi(x) 15 A *=0D 1(%)

* L)

0o V(x—1t)

prL(x) = dt = L,(x) = 0.
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Fig. 6. The relative error R(x) for Example 4.1, case 1(b).

Therefore, one can see that L,(x) = 0, for all n > 1 and hence,

y(x) = Lo(x) + L1(x) + Ly(x) + - -- = x?, is the exact solution.

Case 1(d): Adomian decomposition method
From the recursive scheme (15), we get

X YO(t) dt——EXS/z—L)F

o Vx—t 15 3

16
Yo(x) = x* + Exs/z, yi(x) = —

X 3 X
y1(t) X 32 772 y2(t) 32
X) = — dt = = + ——nx"/?, X)=— [ S V—=dt=——
y209 v/(; Jx—t 3 + 105 Y3 () 0 Jx—t 105
T 64, g 7% 8192
X) = +—a%2, X) = + 9x23/2,
Va®) ==~ + 54 Y80 = 19958200 T 316234143225

These iterates are the same as obtained from HPM. Hence, the solution is given by

n
yx) = Zyi(x) +0(*) =x* asn — oo.
i=0
Case 1(e): Modified Adomian decomposition method

As suggested before, we split f () into two parts f;(x) = x* and f,(x) = 12x*/? and obtain

16 * y(t)
2 5/2
X) = x°, X) = —X dt =0, therefore,
Yo(x) y1(x) 15 /.S =1

Ynp1(x) =0, n=>0.

Hence,

o0
y(x) = Z yn(x) = x*,  which is the exact solution, as well.
n=0

Example 4.2. Consider the singular Volterra integral equation [33]

y(t)
dt, 0<x<1,
0 VXx—t
which has x as the exact solution.
Case 1(a): Homotopy perturbation method
A homotopy perturbation method can be constructed as:

4
Y60 = x+ 5x -

_ Y / y(©)
Hy,p) =y®x) —x 3% +p0 mdt,

giving various L;(x) as follows:

4 4 X x> 8
Lix) =x+-x7 LE=—x?-" Lx="4+—ax? ...
0(X) +3 1(¥) 3 5 2(X) >t
2048
L]g(X) — 9,10 7T9X2]/2

3628800 13749310575

2,4
72 X

12

)

669

(21)

(25)
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Fig. 7. The exact and the approximate solutions of the singular Volterra integral equation (25), in Example 4.2, case 1(a).
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Fig. 8. The error E(x) for Example 4.2, case 1(a).
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Fig. 9. The relative error R(x) for Example 4.2, case 1(a).

Hence, from Eq. (10), the solution is

n
yx) = ZLi(X) + 0% > x asn — oo.
=0

(27)

Figs. 7-9 show the comparison between the exact and approximate solutions, the error between them and the relative error

respectively when the series (27) is truncated at level n = 18.
Case 1(b): Modified Homotopy perturbation method

Arguments similar to Example 4.1 case 1(c) suggest to choose Ly(x) = x, thus obtaining the various components as,

Lo(x) = x, L,(x) =0 foralln> 1.
Hence, the solution is given as
Y& =Lo(x) + Li(x) + LX) + - =x.

Case 1(c): Adomian decomposition method
As explained in Eq. (15), we have

4 . 4 b4 b4 8w
_ /2 _ 3/2 2 _ T 5/2
X) =x+ =x'?, X) = —=x"* — =x°, X) = —x* + —x°,
Yo%) +3 y1(x) 3 > Y2(x) Xt s
8w 5, 7w 72 1672
_ /2 3 _ T s 7/2
X)=——x"" - —x, X) = —x +—x""* ...
y3(%) 15 6 ya(x) st 105
Yis(x) = 9,10 2048 29212
3628800 13749310575

(28)
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Hence, the approximate solution is given by

yx) = Zy,oo Zy,<x)+o<x2+”/2)~x

i=0

Case 1(d): Modified Adomian decomposition method
By splitting f (x) into two parts f;(x) = x and f,(x) = 3x*/?, we get

Yo(x) = x, therefore,y,1(x) =0, n>0.

Hence,

&)
yx) = Zy,., (x) =x, which is the exact solution, as well.
n=0

Example 4.3. Consider the singular Volterra integral equation [32]

Y =2vx - /Jyx(%t 0=x<1,

671

(29)

(32)

which has y(x) 1 — e™erfc(4/mx) as the exact solution, where the complementary error function erfc is defined as,

erfc(x) = f foo e~ du.
Case 1(a): Homotopy perturbation method
A homotopy perturbation method is constructed as follows:

X
y(t)
H,:x—2x+/ dt. 33
¥.p) =y® —2Vx+p N (33)
The various Li(x), =0, 1, 2, .. ., are:
4 2% 8
LM =2vx  L®=-mx LEK= 7" LE=-—"  LK&=7%x"
Hence, the solution is given as
o0
Y& =D LX)
4 1 8 1 16
= 2J/x —x + —ax*? — —p?x? 202 - 3 4 —3x7% —
V-t g PR 6"t 105
o0 —1 r/2
(=) (n)!
=) ——————— =1-E; (—/nx),
2 TG 3 ()
= 1—e™erfc(v/x) (the exact solution), (34)
where E, (z) = cho m, (a > 0) is the Mittag-Leffler function in one parameter.
Case 1(b): Adomian decomposition method
For this problem, the various components y;(x) are given as:
4 m2x?
.VO(X) = 2\/;(5 yl(x) = —TX, YZ(X) = 57[)‘3/25 y3(X) = - 2 )
3,3
5/2. X _ 16 772
X nx X) = — , x) = — 3%, ... andsoon.
Ya(x) = 15 Ys(x) G Y6(X) 105
Thus the solution y(x) is obtained as,
( 1)r l(n,x)r/z
yx) = me) 27,
r(;+1)
= 1—e™erfc(+/mwx) (the exact solution). (35)
From the Figs. 10 and 11 (plotted by taking 24 iterates and x = 0, 0.01. 1), we conclude that the approximate solution

of problem (32), given by ((34)/ (35)), is quite accurate.
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Fig. 10. The exact and the approximate solutions of the singular Volterra integral equation (32) in Example 4.3 are represented by y(x) (solid line) and
g(x) (dotted line) respectively.
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Fig. 11. The error E(x) = y(x) — g(x) for the singular Volterra integral equation (32) in Example 4.3.
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Fig. 12. The exact and the approximate solutions of the singular Volterra integral equation (36), in Example 4.4, case 1(a).
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Fig. 13. The error E(x) for Example 4.4, case 1(a).

Example 4.4. Consider the singular Volterra integral equation

X t
0 dt, 0<x<1, (36)

which has y(x) = 4/ as the exact solution.
Case 1(a): Homotopy perturbation method (Figs. 12-14).
A homotopy perturbation method can be constructed as follows (from Eq. (8)):

AR7()

0 VXx—t

Y = VR4 5 -

HO.p) = y(x) — VX — ? +p dt. (37)
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Fig. 14. The relative error R(x) for Example 4.4, case 1(a).
One can now try to obtain a solution of Eq. (37) in the form of
L(x) = Lo(X) + pLi(x0) + p*Lo(x) + - -- (38)
where L;j(x),i =0, 1, 2, ... are functions yet to be determined. From Eqgs. (37) and (38) the approximations are:
P’ Lo(x) = vx+ %x

* o Lo(t) 1 2_3p

1
Li(x) + ——dt=0=Li(x) = ——ax — —mx”’".
pLi(x) . Jo—p 1(%) 3 3
Similarly,
1 2 1 4
Lix) = —72x% + X%, Liy(x) = ——72x* — —a%x°?, ...
2(X) 2 + 3 3(X) 2 15
1 512
L X) = 77.'10X10+ 9,19/2
1800 = 2557600 654729075
Hence, from Eq. (10), the solution is given by
oo
Y& =) L) = Vx. (39)
i—0

Case 1(b): Modified Homotopy perturbation method
A modified homotopy perturbation method is constructed as follows:

pO: Lo(X) = \/)?, p]: Ll(X) — EX _ * LO(t)

2 0 \/(X—t)
B0 o e =o.
o V=10

Therefore, one can see that L,(x) = 0, for all n > 1 and hence,

dt = Li(x) = 0,

P’ L(x) =

y(x) = Lo(x) + L1(x) + Ly(x) + - -- = +/x, is the exact solution.

As Adomian decomposition method gives the same series solution as given by HPM, we will skip this method from now
onwards.

Case 1(c): Modified Adomian decomposition method

By splitting f (x) into two parts f;(x) = /X and f,(x) = %x, we get

Yo(x) = +/x, therefore,y,41(x) =0, n>0. (40)
Hence,
2]
Y(®) =Y ya(x) = +/x, which is the exact solution, as well. (41)
n=0

Example 4.5. Consider the singular Volterra integral equation
1 X t

1 [

X 0 JX—t

which has y(x) = % as the exact solution.

y(x) = de, 0<x<1, (42)
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Fig. 15. The exact and the approximate solutions of the singular Volterra integral equation (42), in Example 4.5, case 1(a).
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Fig. 16. The error E(x) for Example 4.5, case 1(a).
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Fig. 17. The relative error R(x) for Example 4.5, case 1(a).

Case 1(a): Homotopy perturbation method
A homotopy perturbation method can be constructed as follows (from Eq. (8)):

SR 0
H@y,p) =y 7 n+p/0 mdt. (43)

The various iterates are given as:

1
Lox) = — +7, Lix)=—-m—21x"?, Lk =7x%+27x"?,

NG
2 4 530
L3(x) = —m°x — 57[ XL
Lyy(x) = 12,11 2048 11,2172
39916800 13749310575
Hence,

> 1

Y = LX) = 7 (44)
i=0

The Figs. 15-17 are self explanatory.
Case 1(b): Modified Homotopy perturbation method
A modified homotopy perturbation method is constructed as follows:

R oy
H@y.p) =y(X) NG 7T+P/0 mdt. (45)
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p°: Lo(x) = ! Pl L) =7 T L® dt = Li(x) =0
- Lo - T > - L1 - - T 1 - Y.
NG 0o V/(x—1)
Therefore, one can see that L,(x) = 0, for all n > 1 and hence,
1
yx) =Lo(x) +Li(x) + Lx)+--- = 7 is the exact solution.
X

Case 1(c): Modified Adomian decomposition method
By splitting f (x) into two parts f; (x) = % and f,(x) = m, we get

therefore, y,,1(x) =0 n > 0. (46)

1
yo(x) = ﬁa

Hence, y(x) = Z;’io Yn(x) = % which is the exact solution, as well.

As MHPM is more convenient and simple to use, we solve the following examples by using MHPM and MADM.

Example 4.6. Consider the singular Volterra integral equation

1 2 arc sinh /x X y(t)

+ — dt, 0<x<1, (47)
1+x J14+x 0 /Xx—t

which has y(x) = ]%X as the exact solution.

Case 1(a): Modified Homotopy perturbation method
A modified homotopy perturbation method is constructed as follows:

y(x) =

HO. D) ® 1 2 arc sinh /X Xy(t) d (48)
,D) =y®x) — — .
p y 1+x V1T+x P 0 VXx—t
1 2 arc sinh /x X Lo(t)
0 1
(X)) = —— ,p i Li(x) = — dt = Li(x) =0
p i Lo(®) T+ x p:Lik) S  Jo—1 1(%)
L)
2 1 .
piLy(x) = —————dt=Lx) =0=Lkx) =0 fori> 2.
0o Vx—1) l
Hence,
1
yx) =Lox) + Li(x) + Lx)+--- = T x is the exact solution.
X
Case 1(b): Modified Adomian decomposition method
By splitting f (x) into two parts f(x) = %H and fo(x) = % we get
1
Yo(x) = ——, therefore,y,11(x) =0, n>0. (49)
1+x
o 1
Therefore, y(x) = Zyn (x) = ——, which is the exact solution, as well. (50)
= 1+x

Example 4.7. Consider the singular Volterra integral equation

X
t
YO 4 o<x<1, (51)

0 VXx—t ’

which has y(x) = |x — c| as the exact solution.
Case 1(a): Modified Homotopy perturbation method
A modified homotopy perturbation method is constructed as follows:

y(t)
= dt. (52)

Writing f (x) = Z;’:OO ki(x), where ko(x) = |x — c|, k1 (x) = % ]ﬁ(Zx — 36)‘ and k;(x) = 0fori > 2, we get Lo(x) = |x — c|.

2
yo) = Jx =l + 3 [ @x = 30)] -

2
Hyp) =y®) = x—cl = 3 [Vx(2x = 30| +p
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Hence, the various iterates are as follows:
Lo(t)

A ﬁdt iLl(X) =0.

2
Pl =lx—cl,  piLiR=3[vx@2x—30|-

Therefore, one can see that L,(x) = 0, for all n > 1 and hence,
y(x) = Lo(x) + Li(x) + Ly(x) + --- = |x —c|, is the exact solution.
Case 1(b): Modified Adomian decomposition method

By splitting f (x) into two parts fi(x) = |x — c| and fo(x) = % ‘\/K(Zx — 30)|, we get
Yo(x) = |x —c|, itiseasytoseethat,y, . 1(x) =0, >0. (53)
o0
Hence, y(x) = Zyn (x) = |x —c|, whichis the exact solution, as well. (54)

n=0

5. Conclusion

From the above examples, it is obvious that HPM and ADM give the same approximate solutions, where as when we
apply MHPM, the iterates become zero (as seen from the examples) from second iterates itself as is the case with MADM.
So MADM and HPM (with different choice for Ly(x)) are much more efficient and simpler than HPM and ADM. The rate of
convergence for the series representing the solution obtained by HPM depends upon the initial choice Ly(x).
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