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Bianchi Type-I Universe with wet dark fluid

T SINGH"* and R CHAUBEY?

!Department of Applied Mathematics, Institute of Technology, Banaras Hindu University,
Varanasi 221 005, India

2Department of Applied Mathematics, Amity School of Engineering, Amity University,
Lucknow 226 010, India

*Corresponding author

E-mail: drtrilokisingh@yahoo.co.in; yahoo_raghav@rediffmail.com

MS received 23 May 2007; revised 17 March 2008; accepted 9 April 2008

Abstract. The Bianchi Type-I Universe filled with dark energy from a wet dark fluid has
been considered. A new equation of state for the dark energy component of the Universe
has been used. It is modeled on the equation of state p = v(p — p,) which can describe
a liquid, for example water. The exact solutions to the corresponding field equations are
obtained in quadrature form. The solution for constant deceleration parameter have been
studied in detail for both power-law and exponential forms. The cases v =1 and v =0
have also been analysed.
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1. Introduction

The nature of the dark energy component of the Universe [1-3] remains one of the
deepest mysteries of cosmology. There is certainly no lack of candidates: cosmolog-
ical constant, quintessence [4], k-essence [5], phantom energy [6] etc. Modifications
of the Friedmann equation such as Cardassian expansion [7] as well as what might
be derived from brane cosmology [8] have also been used to explain the acceleration
of the Universe.

In this work, we use wet dark fluid (WDF) as a model for dark energy. This
model is in the spirit of the generalized Chaplygin gas (GCG) [9], where a physically
motivated equation of state is offered with properties relevant for the dark energy
problem. Here the motivation stems from an empirical equation of state proposed
by Tait [10] and Hayword [11] to treat water and aqueous solution. The equation
of state for WDF is very simple.

PwDF = Y(PWDF — Px) (1.1)
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and is motivated by the fact that it is a good approximation for many fluids,
including water, in which the internal attraction of the molecules makes negative
pressures possible. One of the virtues of this model is that the square of the sound
speed, ¢2, which depends on Op/dp, can be positive (as opposed to the case of
phantom energy, say), even while giving rise to cosmic acceleration in the current
epoch.

We treat eq. (1.1) as a phemenological equation [12]. Holman and Naidu [13]
have shown that this model can be made consistent with the most recent SNIa data
[14], the WMAP results [15] as well as constraints coming from measurements of
the matter power spectrum [16]. The parameters v and p, are taken to be positive
and we restrict ourselves to 0 < vy < 1. Note that if ¢; denotes the adiabatic sound
speed in WDF, then v = ¢2 (refer Babichev et al [17]).

To find the WDF energy density, we use the energy conservation equation

pwor + 3H (pwpr + pwor) = 0. (1.2)

From equation of state (1.1) and using 3H = V/V in the above equation, we have

5y C
T+~ va

PWDF = (13)
where C'is the constant of integration and V' is the volume expansion.

WDF naturally includes two components: a piece that behaves as a cosmological
constant as well as a standard fluid with an equation of state p = vp. We can
show that if we take C' > 0, this fluid will not violate the strong energy condition
p+p=>0:

pwpr + pwpr = (1 + ) pwDF — V0%
C

The wet dark fluid has been used as dark energy in the homogeneous, isotropic
FRW case by Holman and Naidu [13], the early stage of expansion of the Universe
exhibits substantially non-Friedmannian behaviour [18]. We, therefore, consider the
simple case of a homogeneous but anisotropic Bianchi Type-I model with matter
term with dark energy treated as dark fluid satisfying the equation of state (1.1).
The solution has been obtained in the quadrature form. The models with constant
deceleration parameter have been studied in detail.

In this paper we study the Bianchi Type-I model with matter term with dark
energy treated as a dark fluid satisfying the equation of state (1.1). The solution
has been obtained in the quadrature form. The models with constant deceleration
parameter have been studied in detail.

2. Basic equation

We take Bianchi Type-I metric in the form
ds? = dt* — afda? — a3dy® — a3dz?, (2.1)

where the metric functions aq, as, az are functions of ¢ only.
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The Einstein field equations for the metric (2.1) are written in the form

a a asa
G2 O3 G203 i (2.2)
a9 as asas
D0 0% (2.3)

a1 as aias

a; Qs G1G2 3
—+ =+ = rT;
ay ag aiaz

)

ai1az  Gga3 | a3a1

= KTY. (2.5)

a1as 203 asaq

Here k is the gravitational constant and overhead dot denotes differentiation with
respect to t.
The energy—momentum tensor of the source is given by

T = (pwor + pwor)uit’ — pwprd?, (2.6)
where u? is the flow vector satisfying

gijuu? = 1. (2.7)
In a co-moving system of coordinates, from eq. (2.6) we find

Ty = pwor, Ti =T3 =T5 = —pwor. (2.8)
Now using eq. (2.8) in eqgs (2.2)—(2.5) we obtain
G2a3

i
+ 24 = —KPWDF, (2.9)
a9 as a20a3

as

a a aia
24228 —KPWDF (2.10)
ap az a1a3

—+ —+ = —KPWDF, (2.11)

G140 asas  asa
12 20 31— pwor (2.12)

ai1az aza3z  aszay

Subtracting eq. (2.10) from eq. (2.9), we get
d [a a a a a a a
_<_1__2)+(_1__2>(_1+_2+_3>:0. (2.13)
dt al ag ay ag a1 ag as
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Let V' be a function of ¢ defined by
V= ai1a20as. (214)

Then from eq. (2.13) we obtain

d (a1 a o\ V
— - = —— =] ==0. 2.15
dt ( 0,2) + (a1 ag V ( )
Integrating the above equation, we get

dt
“u_ dy exp (CL‘l / V) , dy = constant, x; = constant. (2.16)
a2

By subtracting eq. (2.11) from (2.9) and eq. (2.9) from (2.10), we obtain similarly

a dt
a—; =d exp(@/ V> , (2.17)

a dt
a—z =ds exp(xg/ V) , (2.18)

where ds, ds, x2, x3 are integration constants.
In view of V' = ajasas we find the following relation between the constants
di,da,d3, x1, 22, 3:
d2:d1d37 To9 = T1 + 3.

Finally from eqs (2.16)—(2.18), we write a1 (%), a2(t) and az(t) in the explicit form

ar(t) = D,V1/3 exp( > (2.19)
1/3 dt
CLQ(t) = D2V exXp X2 W (220)
t
ag(t) = D3V1/3 exXp (Xg/ (t)) s (221)
where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D;D3D3 = 1 and

X1+ X+ X3=0.
Now, adding eqs (2.9)—(2.11) and three times eq. (2.12), we get

a a2 dldg dgdg dgdl 3K
(1 +—= ) +2 ( + + ) — (pPwDF — PWDF)-
aq CLQ as aipa9 203 aszay 2

(2.22)
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(2

1% i1 Gy d G16o  GoG3 G0
_:(_1+_2+_3)+2< 172, 208 31). (2.23)
Vv a1 as as a10a9 azas3 aszay

(

174

3K
— = — — . 2.24
v B) (pPwDF — PWDF) ( )
The conservational law for the energy—momentum tensor gives
. Vv
PWDF = _V(PWDF + pwDF)- (2.25)

From eqgs (2.24) and (2.25) we have

V = +£/23kpwprV2 + C)) (2.26)

with C being an integration constant.
Rewriting (2.25) in the form
' v
N (2.27)
PWDF + PWDF Vv

and taking into account that the pressure and the energy density obeying an equa-
tion of state of type pwpr = f(pwpr), we conclude that pwpr and pwpr, hence
the right-hand side of eq. (2.24) is a function of V only.

.. 3k

V =< (pwor — pwor)V = F(V). (2.28)

From the mechanical point of view, eq. (2.28) can be interpreted as equation of
motion of a single particle with unit mass under the force F'(V). Then

V=y2E-UW). (2.29)

Here ¢ can be viewed as energy and U (V) as the potential of the force F'. Com-
pairing eqs (2.26) and (2.29) we find € = C} and

U(V) = *3I€pWDFV2. (2.30)
Finally, we write the solution to eq. (2.26) in quadrature form
dv
\/2(01 + 3KPWDFV2)
where the integration constant ¢y can be taken to be zero, since it only gives a shift
in time.
From egs (1.3) and (2.31) we obtain
dv

/\/ 37, V2 4 3kCV (- v>) +Cl}

=t+to, (2.31)

=t + to. (2.32)
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3. Some particular cases

Case 1. v =1 (Zeldovich fluid)
Equation (2.32) reduces to

/ v B
\/3/$p*V2 + 6xC + 2C,

t (3.1)

which gives

V=4 %—;*201 sinh(y/3Kkpst). (3.2)

From eqgs (2.19)—(2.21) and (3.2), we get

1/6
ay(t) = Dy (EM;—'_QCI) sinh/?(\/3kp, t)
Kpx
«exp| - X cot™? (cosh V3K Ps t) (3.3)
Y VBRC ¥ 20, ’ '
9 1/6
as(t) = Do (MC?:M) sinh/®(\/3rp, 1)
K Px
woxp | X cot™! (cosh NETT t) (3.4)
> VBrC + 20, ’ '
5 1/6
as(t) = Ds (W) sinh/3(\/3kps t)
xexp| X cot™! (cosh V3K t) (3.5)
S BrC 1 20, ’ '

where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D;D3D3 = 1 and
X1+ Xo+X3=0.
From egs (1.3) and (3.2), we get

D 3CKpy

-t — h? t .
5 +6/@C—|—QC’1COSGC (\/3Eps t) (3.6)

PWDF =

and from eqs (1.1) and (3.6) we get

Px 3C kP«

—t— h? t). .
> tonC 1 20 cosech”(1/3kpx t) (3.7)

PWDF = —
The physical quatities of observational interest in cosmology are the expansion

scalar #, the mean anisotropy parameter A, the shear scalar o2 and the deceleration
parameter q. They are defined as

452 Pramana — J. Phys., Vol. 71, No. 3, September 2008



Bianchi Type-1 Universe with wet dark fluid

0 = 3H,
3 2
1 AH
A== i
2 ()

By using eqs (3.8)—(3.11) we can express the physical quantities as

0 = \/3kpy coth(/3kps 1),

3X2 sinh4(\/3/-ep* t)
(66C + 2C1) cosh?(\/3rpy t)[1 + cosh?(v/3kpy t)]

2 3kp, X2 sinh?(/3rp, t)

~ 2(65C +2C1) [1 + cosh®(/3rpy t)]

q = 3 sech®(y/3kp, t) — 1,
where X2 = X7 + X2 + X2 is a constant.

Case II. v =0 (Dust)
Equation (2.32) reduces to

/ dVv .y
VB6CV +2C)
which gives

3kC 2 Cl
= —1t— —.
v 2 3kC

Case Ila. When ¢ > Vsigl

From eqgs (2.19)-(2.21) and (3.17), we get

3kC o\
a(?) _Dl( 5t - 3510)

[ 2 _ 3xC
xexp{—Xl acoth ! (mt)],
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(3.15)

(3.16)

(3.17)

(3.18)
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as(t) = Dy (320152 - 3,6;10) v

X exp [—Xg\/Zcothl (j%t)] , (3.19)
az(t) = Ds (?WQCt2 - 322)1/3

X exp {—Xg\/zcoth_l <j%t)] , (3.20)

where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D1D2D3 = 1 and
X1+ X+ X3=0.
From egs (1.3) and (3.17), we get

-1
0. _ G ) (3.21)

pWDF:C( 5t T 50
and from eqs (1.1) and (3.21), we get

pwor = 0. (3.22)

By using eqs (3.8)—(3.11) we can express the physical quantities as

3kCt
0= 7%0# — (3.23)
2 3rC
X2k20C?
A= 2715727 (3.24)
81 X2k4CH
2
o= e (3.25)
2 PSP - )
1 ;1
_ = il 2
q 2 3Kr2C2 ¥ (3.26)

where X? = X7 + X2 + X2 is a constant.
For large ¢, the model tends to be isotropic.

Case IIb. When t < %,)igl
From eqgs (2.19)-(2.21) and (3.17), we get

3kC o \V3
t) =D, | 22 - 2L
a(t) 1< 2 3&0)
2 3xC
— X141/ — tanh™! t 3.27
“Xp[ Wt (m)] (3.27)
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3kC o \V3
calt) = D (%570 - )

2 3kC
—Xo4/ = tanh™! 3.28
X exp[ e tan (mt>] ) (3.28)

3kC o Y3
aalt) = Da (%500 - )

2 3kC
—~X34/ = tanh™! 3.29
X exp[ e tan <mt>] , (3.29)

where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D;D3D3 = 1 and
X1+ X+ X3=0.
From egs (1.3) and (3.17), we get

35C 5, Cp \ 7
=C|=—=+t"—— 3.30
PWDF < D) 3%(]) ( )
and from eqs (1.1) and (3.21), we get
pwpor = 0. (3.31)
By using eqs (3.8)—(3.11) we can express the physical quantities as
3kCt
0= Tl Ol (3.32)
2 3kC
X2k2C?
A= 2725727 (3.33)
81 X2xtcH
2
0= aECE Oy (3.34)
2 (517 — 5%)
1 c; 1
=4 ——= 3.35
1=y e (3.35)
where X2 = X? + X2 + X2 is a constant.
For large ¢, the model tends to be isotropic.
4. Models with constant deceleration parameter
Case 1. Power-law
Here we take
V =at®, (4.1)

where a and b are constants.
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From eqgs (2.19)—(2.21) and (4.1), we get

X
_ 1/34b/3 1 1-b 4
a1 (t) = Dia* />t exp(a(1 —b)t ) , (4.2)
X
— Doal/340/3 2 1-b 4.
as(t) 2a 7t exp (= b)t , (4.3)
as(t) = Dsa'/3t"3 exp Ltl_b (4.4)
a(l—b) ’

where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D;DsD3 = 1 and
X1+ X+ X3=0.
From egs (1.3) and (4.1), we have

C

— —(1+)b
PWDF = 1+7,0* + a(1+v)t (4.5)
and from eqs (1.1) and (4.5), we get
C 1
= (b =
PWDF =7 (a(lﬂ)t T 7p*> . (4.6)
Using eqs (3.8)—(3.11) we can express the physical quantities as
b
0= - 4.7
t (4.7)
6X2 1
A= a2h2 20-1)° (48)
X? 1
2 _
3
¢=3 -1 (4.10)

where X2 = X7 + X2 + X2 is a constant.
For large ¢, the model tends to be isotropic when b > 1.

Case 11. Exponential type

Here we take
V = et (4.11)

where o and 3 are constants.
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From egs (2.19)-(2.21) and (4.11), we get

t X
ay(t) = Dya'/? exp<ﬂ3 + aﬁleﬁt) : (4.12)
X
as(t) = Daa*/® exp %—!— 2 _ﬂt) , (4.13)
t
az(t) = D3a/? exp %+i ﬁf), (4.14)
where D; (i = 1,2,3) and X; (i = 1,2,3) satisfy the relation D;D3D3 = 1 and

X1+ Xo+ X3=0.
From egs (1.3) and (4.11), we have

C

al+v)

- —(1+)pt

. + e 4.15
PWDF = 7 ,YP ( )
and from eqs (1.1) and (4.15), we get

C

1
— —(1+m)pt _
PWDF =7 <o¢(1+7)e 1 —i—’yp*) . (4.16)

By using eqs (3.8)—(3.11) we can express the physical quantities as

6= 3 (4.17)
6X2 _

A = aTme 2ﬁt7 (418)
X2

02 = ﬁe_Qﬁt, (419)

g=—1, (4.20)

where X? = X7 + X2 + X2 is a constant.
For large ¢, the model tends to be isotropic.

5. Conclusion

The Bianchi Type-I Universe has been considered for a new equation of state for the
dark energy component of the Universe (known as dark wet fluid). The solution
has been obtained in quadrature form. The models with constant deceleration
parameter have been discussed in detail. The behaviour of the models for large
time have been analysed.
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