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ABSTRACT. For a certain Fréchet space F consisting of complex-valued C*>®
functions defined on I = (0, oo) and characterized by their asymptotic be-
haviour near the boundaries, we show that:

(I) The pseudo-differential operator (—x~'D)*, v € R, D =d/dx, is an
automorphism (in the topological sense) on F ;

() (=x~1D)” is almost an inverse of the Hankel transform 4, in the
sense that

hy o (x~'D)(p) = hy(¢), Vp € F, Vv €R;

(III) (-=x~'D)* has a Fourier-Bessel series representation on a subspace

Fy C F and also on its dual F).

1. INTRODUCTION

Let F be the space of all C*™ complex-valued function ¢(x) defined on
I = (0, oo) such that

k
(1.1) p(x) =Y aix? + o(x*)
i=0
near the origin and is rapidly decreasing as x — oo .
For v —% , we define a vth order Hankel transform 4, on F by
(1.2) ) = eI = [ o0 xy) dm(),
where

dm(x) =m'(x)dx =[2"T(v + )" 'x**' dx,
S (x) =2T(v + N)x7"Jy(x),

and J,(x) is the Bessel function of order v. The inversion formula for (1.2)
is given by [1, 3, 4],

(1.3) p(x) = /0 005 (xy) dm(y).
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970 O. P. SINGH AND J. N. PANDEY

In this paper we will show that for every real v :

(I) The pseudodifferential operator (—x~!D)” is a topological automor-
phism on F.
(I1) The Hankel transform 4, is also an automorphism on F .
(III) On F, (—x~'D)¥ is almost an inverse of 4, in the sense that

[hy o (~x7'D)*1(9) = ho(@), @ €F.

(IV) On a certain subspace F, C F and on its dual F/, (—x~!D)” has
Fourier-Bessel series representations.

In the sequel all automorphisms are topological automorphisms.

2. PRELIMINARIES

For any real v # —% , F, is the space of all C*™ complex-valued function
¢(x) defined on I such that

(2.1) Vi k(9) = sup IX™AY (x)| < oo,
X

foreach m, k=0,1,2..., where
A, x=D*+x7'(2v + 1)D.

F, is a Fréchet space. Its topology is generated by the countable family of
separating seminorms {J’L',,,k}m,k=o,1,2,..., [5; 7, p. 8].

Theorem 2.1(i) of Lee [3, p. 429] shows that F, = F, = F (as a set) for
each v, u(# —3%) € R. Hence for each v # —1, we have a topology T, on
F generated by the countable family of seminorms Vm .k - Hence (F,T,) isa
Fréchet space. When v = —% , F_y;» # F, since the factor x~'2v +1)D in
A, x , responsible for the even nature of ¢(x) € F,(x) near the origin, vanishes.
For example e=* € F_,, but e™* ¢ F,; v # —1.

Definition. Zemanian [7, 8] defined a Hankel transform %, (v > -1) by

(22) ¥O) = [ w(0)10) = /0 " W )WET, (x) dx.

He proved that A, is an automorphism on the space H, that consists of
complex-valued C* functions defined on I and satisfies the relation

(2.3) Pm (W) = sup ™ (x 7 DY [x T Py (x)]] < oo,
X

foreach m,k=0,1,2,...,where D=d/dx.
The following theorem is a key result for the latter development of our theory.

Theorem 2.1. Let v, u be real number # —%. Then

(I) The operation ¢ — x"*'2¢ is an homeomorphism from F onto H, .
(Il) (x~'D)": F — F is an automorphism on F .
(IIl) (F, T,) and (F, T,) are equivalent topological spaces.
(IV) h,(9) = (=D)"[hysn(x"'D)"]@, for p € F, v > -%, and n =0, 1,
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A FOURIER-BESSEL SERIES REPRESENTATION 971

Notation. In view of the Theorem 2.1(I, III), we will always write x**1/2¢(x) =
@(x) € H, for ¢ € F and drop the suffix v from 7, . So henceforth the
topological linear space (F, T) will be denoted by F. °

Proof. (I) By induction on » and noting that

(2.4) A, x =x*(x"'D)? +2(v + 1)(x~'D),

it can be proved that

(2.5) Ar L =x"(x7ID)" + @ XD (xTID)Y T -+ ap(xTID)",

where a;’s are the constants depending on v . Now ¢ € F iff ¢ € H, (follows
from Remark II of Lee [3]) and taking ag = 1, it follows from (2.5) that

2k

(2.6) Pm k(@) < zaZk—i?;/n+z(i_k),i(¢),
i=k

proving the continuity of the inverse operation ¢ — x~“~!/2¢p . Invoking the
Open Mapping Theorem [6, p. 172], F being Fréchet space, we complete the
proof.

(IT) Let ¢, be a sequence tending to zero in F. Then ¢; — 0 in H, for
arbitrary v # —1. Hence

2k
Vo ,ll(XT' D)0, < D ok iPhpiaiky . i+n(@))  (from (2.6))
i=k
-0 as j — oo.

It remains to be shown that (x~!D)" is bijective. It is enough to prove this
for n = 1. So, let x~'Dg,(x) = x~'Dg,(x) for ¢, 9, € F. Hence
@1(x) — ¢2(x) = constant. But ¢;(x) and ¢,(x) are of rapid descent as x —
00 = ¢1(x) = ¢a(x). Now let y(x) € F. Then ¢(x) = —f;° ty(t)dt, de-
fined uniquely (since y is of rapid descent as x — oo) in F, is such that
x~'Dg(x) = w(x). So we see that (x~!D)" is a continuous bijection on F .
The space F being a Fréchet space, the Open Mapping Theorem shows that
(x~!D)" is a bicontinuous bijection on (F, T,) for each v € R— {1}.

(IIT) Let v = u+a, a € R, and ¢, be a sequence tending to zeroin (F, T,).
Then

y;/n,k((/’n) = Sléll) |xm[Au,x + 2a(x_'D)]k¢n(X)|
x

k

k
Y Ak-iQaxT'DYga(x)| + 3 1(2ax" DAL Lon(x)]
i=0 i=0

+ terms of the type |AL (2ax™'D)2Ap -+ gn(x)]

< supx™
x€el

and |(2ax~'D) Al (2ax™' D)% - pu(x)|

(where iy + ir 4+ i3+ = ji+ jo+ j3--- = k)
—0asn— o0, foreachm,k=0,1,2...,
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972 0. P. SINGH AND J. N. PANDEY
since A, . and (x~'D)’ are continuous on (F, T,).
(IV) follows from integration by parts and induction on 7.
Remark 1. 1t can be shown that on F
A’lf,x o (x_lD)n = (x_lD)n °Af—n,x-

The proof follows by induction on k.

Definition. In view of Theorem 2.1(IV), we define the Hankel transform 4,
formally for any v € R, as

(2.7) h(9)=hyino(-x"'D)"'9p,  9€F,
where n is so chosen that v +n > —% .

This is a well-defined definition as (x~!D)” is an automorphism.
Definition. Let F’ be the dual space of F. Then for f € F’, define the

N

generalized Hankel transform A, f(= f) of f by
(hvfahV¢)=(fs¢) V¢€F,I/€R

Theorem 2.2. For v € R, h, is an automorphism on F and hence on F'.
Proof. Let ¢(x) € F. Then

mo)=20) = [ ~ (X D) p(x) T 2n () dmi(x)
(2.8) =y~ V2h,(g(x))(y), wherepu=v+2n>-1,

where
P (x) = xH1 2y (x) = XM (x7ID) ().

Let
Pm(x) -0 InF = Pu(x)—0 in H, (Theorem 2.1(I)),
= hy(¥m) — 0 in H,,
= hl/(?m) —0 inF.

Now A, , the Zemanian Hankel transform, being bijective, (2.8) shows that A,
is a bijection. Hence use of the Open Mapping Theorem completes the proof.

Writing v =0 in (2.7) we get
ho(p) = hno (~x~'D)"(p),  @€F.
The above equation motivates us to propose the following
Definition. For v € R , define (—x~!D)” by
(2.9) (—x~'D)"(p) =h, o ho(p),  @E€F.
Then (—x~!D)” is clearly an automorphism on F for each real v. From

equation (2.9) we get

(2.10) (=x7'D)p(x) = /O ” dm(y)S,(xy) /0 ” dm(x)e(x)A(xy).
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A FOURIER-BESSEL SERIES REPRESENTATION 973
For distributions f € F’, define (—x~'D)” by
(2.11) (=x7'D)"f, 9)=(f, (—x"'D)"9), p eF.

So we modify Theorem 2.1(II) to give our main result.

Theorem 2.3. The pseudodifferential operator (—x~'D)* is an automorphism
on F and hence on F' for each v € R.

3. THE FOURIER-BESSEL SERIES EXPANSION OF (—x~!D)”

Equation (2.10) gives the integral representation of the operator (—x~'D)” .
To get the Fourier-Bessel series expansion, we modify our leading function space
F suitably as follows (similar to the ones as in Zemanian [7, 9]).

For b > 0, define

(3.1) F,={p € Flp =0 for x > b}.

The topology of Fj is generated by a countable family of seminorms

(3.2) 7t(9) = sup |AY p(x)| <o, k=0,1,2,....
O<x<b

Clearly all the topologies obtained by choosing different v ’s are equivalent.
Remark 2. Without loss of generality, we may take v > —3 .

Definition. We define finite Hankel transform 4, by

b
(3.3) ®(2) = [hy9](z) = /0 9(x).5 (x2) dm(x).

Then ®(z) is an even entire function by Griffith’s Theorem [2, 9]. Let
z=y+iw and G, = {P(z)|P(z) is an even entire function satisfying (3.4)}.

(3.4) ok (@) = sup e 70122k ()] < 0,

zeC
for k=0,1,2,.... Then G, is a linear topological space with a’g as semi-
norms.

Both the spaces F, and G, are Hausdorff, locally convex topological linear
spaces satisfying the axiom of first countability. They are sequentially complete
spaces.

Theorem 3.1. A, is an homeomorphism from F, onto Gy .
Proof. Let ¢ € F,. Then

D(z) = hyraml(x~'D)*"p(x)], for meN.

Hence
b
27 (z) = / X2 (= DY (x)](x2) Yy am(x2) d 2.
0

From the asymptotic formula

Jy(z)~\/2/nzcos(z—%—%) , |z| = 0, |argz| < m,
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974 O. P. SINGH AND J. N. PANDEY

and from the fact that z7"J,,,,(2) is an entire function, it follows that for all

x and z,

le=?1l(x2)"" J,;am(x2)| < Cmy (a constant).
Hence
(3.5) af (D) < Coy B8 [(x 7' D) (x)] < o0

(x~'D)?" being an automorphism (also on F;), (3.5) implies the continuity
of h,. h, is clearly injective. For any ®(z) € G}, take

p(x) = /0 " o )5 (xy) dm().

Then it follows from Griffith’s Theorem [2] that ¢ is zero almost everywhere
for x > b. Also,

7%(9) = sup

O<x<b

a5 [ <I><y>f.,<xy)dm<y>}

= sw | [ <I><y>(—1)"y2“+2k+'(xy)-"J.,<xy>dy[
0<x<b |J0O

<oo, foreachk=0,1,2,...,

since AK [(xy)7J,(xp)] = (-1)*y*(xy)™"J,(xy), @(y) is of rapid descent
as y — oo, and (xy)~?J,(xy) is bounded for 0 < y < co. Therefore, ¢ € F;,.
Hence A, is surjective. Now the Open Mapping Theorem completes the proof.

Theorem 3.2. Let ¢ € F,. Then

/l_n)” Jy(xAn)

D(An),
x ) J2 (bAn) (An)

(3.6) p(x) = lim 2 > (

where the A,’s are the positive roots of J,(bz) = 0 arranged in the ascending
order and for 0 <e < b/4,

E(x/2e), 0<x<2e,

1, 2e<x<b-2e,
SR FITCETTE S BN

0, x>b,

and E(u) = [y exp[1/x(x — 1)]dx/ fol exp[l/x(x - 1)]dx.
Proof. Trivial. See also [5].

Theorem 3.2 gives the required Fourier-Bessel Series expansion for the
pseudo-differential operator (—x~!D)” , which we obtain in the following

Theorem 3.3 (The Fourier-Bessel Series). For ¢ € F,, we have

/_11>” Iy (xAn)

57 Poldn),
x ) T2 (bAn) o(An)

B0 (x'D)Y I = fim 5 Y At (
n=1

where ®o(y) = holo(x)1(»).
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A FOURIER-BESSEL SERIES REPRESENTATION 975

Proof. Equation (2.9) along with Theorem 3.2 gives the required proof.

Note that
A 2Dy (An)| < Ap, A7

Ay, constants and [J, (xA,)/x* AT, |
x<b,0<l, <.
Hence the truncation error

L2 & n\” An
Ev=lim g S a0 (5) @)

n=N+1

(bAn)] is smooth and bounded on 0 <

has exponential decay for large N .

The Theorem 3.3 gives the Fourier-Bessel series representation of the oper-
ator (—x~'D)” on the testing function space F,. We wish to investigate the
nature of the Fourier-Bessel series for the pseudodifferential operator (—x~!D)¥
on the distribution space Fj .

The spaces F; and Gj are dual spaces of F;, and G, respectively. They
are assigned the weak topologies generated by the seminorms

Po(f) =S o), peF,, feF,
and
Po(hu f) =M ], huo)l, h.o € Gy, hf € Gy,
respectively.
Both the spaces are sequentially complete.

Definition. For f € F/, ¢ € F,, we define the generalized finite Hankel trans-
form A, f by

(3.8) (hf, o) =(f, o).
Theorem 3.4. For v € R, h, is an homeomorphism from F; onto G, .
Theorem 3.5. For every ¢ € (0, b/4) and each f € F}, the function

(3.9) L) = (f(x), y™7 122, (x)m' ()7 (xp)),
where A.(x) is defined as in Theorem 3.2, is a smooth function of slow growth,
and defines a regular generalized function in G .

Proof. Note that (x~!D)*A,(x) is bounded on 0 < x < b for each k. Using
(2.6), it is easy to see that y=v~1/2],(x)m’(y)% (xy) € F, . Hence (3.9) is well
defined. The rest of the proof is similar to that of Zemanian [8, Lemma 12].

Theorem 3.6. The finite Hankel transform h, f of a generalized function f in
F; is the distributional limit, as ¢ — 0%, of the family f;(z) defined by (3.9).
Proof. Trivial.

Theorem 3.7. Let f € F; and f = h,f. Then in the sense of convergence in
F;, we have

xu+l

(3.10) f(x) = lim bzz =L ()71 (bA)] - F ).

Proof. The proof follows easily from Theorems 3.2 and 3.6.
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976 O. P. SINGH AND J. N. PANDEY

Remark 3. For f € F/, such that either f is regular or supp f C (0, b], the
limit of f.(z) as ¢ — 0% exists as an ordinary function and is equivalent to
the finite Hankel transform of f [5].

A consequence of the above theorem is the following
Theorem 3.8. Let f, g€ F/. If (h,f)(An) = (h,g)(An), for n=1,2,3,
then f=g and h,f =h,g.
Definition. For f € F/, define (—x~'D)”f by

(3.11) (=x~'Dy’f,0)=(f,(-x"'D)"9), 9€F,, veR
From equations (2.9), (3.8), and (3.11), it follows that
(=x~'D)*f, ¢) = (f, (-x~'D)"p)
=(hy'hf,0), [EF, p€F,
Hence
(3.12) (=x~'Dy f=hi'h,f onF,.

Applying Theorem 3.7 to equation (3.12) we get

Theorem 3.10 (The Fourier-Bessel Series). Let f € F, and f=~h,f. Then in
the sense of convergence in F], we have

(3.13) (=x~'D)" f(x) = lim -5 E [Jo (XAn)/IE (B2n)1f (A

N—»oo
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