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APPROXIMATING FIXED POINTS OF SOME MAPPINGS

RAMENDRA KRISHNA BOSE AND RATHINDRA NATH MUKHERJEE

Abstract. In a uniformly convex Banach space, Senter and Dotson, Jr., have given

conditions under which certain types of iterates of a quasi-nonexpansive mapping

converge to a fixed point of the mapping. Here we consider two types of mappings,

one considered by Ray and the other considered by Goebel, Kirk and Shimi, and

prove some results concerning the approximations of fixed points of such map-

pings. A result of Kannan is obtained as a particular case of our result under

relaxed conditions.

Introduction. Dotson, Jr., introduced in [1] a new class of mappings called

quasi-nonexpansive mappings. Let A' be a Banach space and let C be a convex

subset of X. A self-mapping T of C is said to be quasi-nonexpansive provided T

has a fixed point in C and if p G C is a fixed point of T, then

UHx) - p\\ < \\x - p\\

is true for all x G C.

In a uniformly convex Banach space, Senter and Dotson, Jr. [6] have given

conditions under which certain types of iterates (Mann type [4]) of a quasi-nonex-

pansive mapping converge to a fixed point of the mapping. In the present work, we

consider two particular types of mappings, one type considered by Ray [5] and the

other type considered by Goebel, Kirk and Shimi [2], and prove some results

concerning the approximations of fixed points of such mappings. A result proved

by Kannan [3] is obtained as a particular case of our result under relaxed

conditions.

1. Ray [5] proved the following theorem.

Theorem 1. Let C be a nonempty, bounded, closed and convex subset of a reflexive

Banach space X and let C have a normal structure. If T is a mapping from C into

itself, such that

\\T(x) - T(y)\\ <a\\x-y\\ + b{\\x - T(x)\\ + \\y - T(y)\\]

+ c{\\y-nx)\\ + \\x- T(y)\\}

for all x,y G C where a, b, c > 0 and 3a + 2b + 4c < 1, then T has a unique fixed

point.

Goebel, Kirk and Shimi [2] proved the following theorem.

Received by the editors May 21, 1980 and, in revised form, August 29, 1980.

AMS (MOS) subject classifications (1970). Primary 47H10; Secondary 47H99.

© 1981 American Mathematical Society

0002-9939/81/0000-0368 /$02.00

603

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



604 R. K. BOSE AND R. N. MUKHERJEE

Theorem 2. Let X be a uniformly convex Banach space, C a nonempty bounded,

closed and convex subset ofX and T: C -» C a continuous mapping such that

\\T(x) - T(y)\\ < a\\x-y\\ + b{\\x - T(x)\\ + \\y - T(y)\\}

+ c{\\x-T(y)\\ + \\y- T(x)\\)

for all x,y G C where a, b, c > 0 and a + 2b + 2c < 1. Then T has a fixed point

in C.

Next we give certain conditions introduced by Senter and Dotson, Jr. [6]. A

mapping T: C —> C with a nonempty fixed point set F(T) in C is said to satisfy

Condition I. If there is a nondecreasing function/: [0, oo) —»[0, oo) with/(0) = 0,

fir) > 0 for r G (0, oo) such that \\x - T(x)\\ > fid(x, F(T))) for all x G C, where

d(x, F(T)) = inf{||x - z\\: z G F(T)}.

Similarly the above mapping T is said to satisfy

Condition II. If there is a real number a > 0 such that \\x — T(x)\\ >

ad(x, F(T)) holds for all x G C.

It can be easily seen that a mapping which satisfies Condition II also satisfies

Condition I. Now we state a key theorem of Senter and Dotson, Jr., [6] which we

use in our work. Let P denote the set of positive integers. Let xx G C and let

M(xx, t„, T) be the sequence {x„} defined by x„+1 = (1 - t„)xn + t„T(xn) where

ine[ß,y],0<ß<y< 1 and n G P.

Theorem 3. Suppose X is a uniformly convex Banach space, C is a closed, convex

subset of X and T is a quasi-nonexpansive mapping of C into C. If T satisfies

Condition I, then for arbitrary xx G C, M(xx, tn, T) converges to a member of F{T).

Now we state our theorems in this direction.

Theorem 4. Let X be a uniformly convex Banach space. Let C be a nonempty

closed, convex and bounded subset of X. If T is a mapping from C into itself such that

\\T{x) - T(y)\\ < a\\x-y\\ + b{\\x - T(x)\\ + \\y - T(y)\\]

+ c{\\x- rooil + ll.y - T(x)\\}
for all x,y G C where a, b, c > 0 and 3a + 2b + Ac < 1, then for arbitrary jc, G

C, A/(Xj, /„, T) converges to the unique fixed point of T.

Proof. By Theorem 1, the mapping T has a unique fixed point (as C has a

normal structure). Also T satisfies the condition \\T(x) — p\\ < \\x — p\\, Vx G C

where p is the fixed point of T. For

\\T(x) - p\\ = \\T(x) - T(p)\\

<(a + c)\\x-p\\ + b\\T(x) - x\\ + c\\T{x)-p\\

i.e., (1 - b - c)\\ T(x) - p\\ < (a + b + c)1|jc - p\\ i.e.,

M Tí     \ HS    ü   +   b   +   C  PI I    S    \    ~  2a   ~   b   ~  3C II II

II T{x) - p\\ < l _ b_ c \\x - p\\ <-■ _ b _-||x - p\\
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i.e., \\T(x)-p\\ < {1 - (2a + 2c)/(I - b - c)}\\x - p\\ < \\x - p\\. Hence T is

quasi-nonexpansive.

Also we have

\\T(x)-p\\ <(a + c)\\x-p\\ + b\\T(x) - x\\ + c\\T(x) - p\\

< (a + 2c)\\x - p\\ + (b + c)\\T(x) - x\\.

Also we know that \\T(x) - p\\ > \\x - p\\ - \\x - T(x)\\. Therefore

(b + c)\\T(x) - x\\ + (a + 2c)\\x-p\\ > \\x - p\\ - \\x - T{x)\\

i.e.,

\\x - T(x)\\ > (1 - a - 2c/l + b + c)||* - p\\ = a\\x - p\\,

where a = (1 — a — 2c)/(l + b + c) > 0. Hence T satisfies Condition II (hence

Condition I). So by Theorem 3, the result follows.

We get a result proved by Kannan [3] under relaxed conditions as a particular

case of the above theorem. Kannan [3] proved the following theorem.

Theorem 5. Let C be a nonempty bounded, closed and convex subset of a uniformly

convex Banach space X. Let T be a mapping of C into itself such that

(i) \\T(x) - T(y)\\ <{\\x- T(x)\\ + \\\y - T(y)\\,x,y G C,and

(ii) supieJC||z — T(z)\\ < 8(K)/2, where K is any nonempty convex subset of C

which is mapped into itself by T (8(K) is the diameter of K).

Then the sequence {xn} where x„+l =\xn + \T(x„), converges to the fixed point

of T in C, where xx is any arbitrary point of C.

In Theorem 4, take a = c = 0, b =\ and t„ «■ |, n G P. This proves the assertion

of the above theorem of Kannan [3] without requiring condition (ii).

Theorem 6. Let C be a nonempty bounded, closed and convex subset of a uniformly

convex Banach space X. Suppose T is a continuous mapping of C into itself such that

\\T(x) - T(y)\\ < a\\x-y\\ + b{\\x - T(x)\\ + \\y - T(y)\\)

+ c{\\x- roOll + lb - n*)ll},

x,y G C, where a + 2b + 2c < 1, a, c > 0 and b > 0. Then M(xx, tn, T) converges

to a fixed point of T.

Proof. By Theorem 2, T has a fixed point in C. As in the proof of Theorem 4, it

can be easily shown that T is quasi-nonexpansive and T satisfies Condition I.

Hence by Theorem 3, M(xu tn, T) converges to a fixed point of T.

Remarks. We have come across a paper in this direction by Shimi {Approxima-

tion of fixed points of certain non-linear mappings, J. Math. Anal. Appl. 65 (1978),

565-571) but our results and proofs are different. Also we note that the theorem of

Kannan [3] proved here under relaxed conditions cannot be obtained from results

obtained by Shimi.
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