Chapter 5

Fuzzy topologies generated by fuzzy

relations

5.1 Introduction

Binary relations are fundamental concept for expressing preferences, but the two
valued concept is not suitable for expressing complexity of real life preferences.
Fuzzy relations are generally used to overcome this limitation of binary relations.
In literature, fuzzy relations have been studied by several authors(cf.[21-23, 40,
55, 65] etc).

Topologies induced by different types of binary relations have been studied by
several authors, in literature. Campion et al.[18] introduced and studied preorder-
able topologies. They obtained a characterization of preorderable topologies. Ear-
lier, Dallen and Wattel[27] had obtained a characterization of orderable topologies.
Smithson[102] initiated the study of topologies induced by binary relations of a
general kind. Since then, many researchers have been working in this direction(cf.
[6, 75, 95, 111, 112]). Knoblauch|62] introduced the notion of topologies induced
by a binary relation R of a general kind, in a different way, where the topology
on a non empty set X is generated by the set of all upper and lower contours
of elements of X with respect to R. He had also obtained a characterization for
topologies induced by a binary relation of a general kind. Further, Induriin et

al.[53] had studied topologies induced by binary relations in the sense of
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Knoblauch[62] and also introduced and studied bitopological spaces induced by
binary relations. Motivated by these facts, in this chapter, we have introduced
fuzzy topologies generated by a fuzzy relation, which is a generalization of the
corresponding concept in [62] and studied related results in fuzzy setting. We
have also introduced and studied fuzzy bitopological spaces generated by a fuzzy
relation. In particular, we have introduced the notions of preorderable and order-
able fuzzy topologies and obtained characterizations of a fuzzy topology generated
by a fuzzy relation, a fuzzy topology generated by a fuzzy interval order, preorder-
able and orderable fuzzy topologies and a fuzzy bitopological space generated by

a fuzzy relation.

5.2 Fuzzy topology generated by a fuzzy relation

Knoblauch[62]| had introduced a topology generated by a binary relation. Here

we extend this concept in the case of fuzzy topology.

Definition 5.1. Let R be a fuzzy relation on a set X. Then for x € X, the fuzzy
sets L, and R,, which are defined as

L.(y) = R(y, ), for all y € X,
Ru(y) = Rlx,y). for all y € X,

are called lower and upper contours, respectively of the element x € X.

The fuzzy topology generated by the collection S; of all lower contours (i.e.,
S = {L, : = € X}) will be denoted by 71 and the fuzzy topology generated by
the collection Sy of all upper contours (i.e, Sy = {R, : * € X }) will be denoted by

T2.

Definition 5.2. The fuzzy topology which is generated by the subbase & =
{L;}rex U{Ry}zex is called the fuzzy topology generated by R and is denoted
by m%.

Example 5.1. Let R be a fuzzy relation on X = {z,y}, given by
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Then, Ly, Ly, R, R, are the fuzzy sets in X given by:

0.5 0.3 0.7 04 0.5 0.7 0.3 04
Lm:_+_7 Ly:_+_, Rx:_+_, Ry:_+_
z Y z ) z ) Z )

Therefore,

™ = {0X7 1X7 Lm7 Ly}7

To = {OX7 1X7 R:L‘? Ry}7
5 04 03 03 07 0.7

0.
and TR:{OXJ]"XJLSE?L:U’RI?RZ/J_+_7_+_J_+_}’
x y y x Yy

Example 5.2. Let R be a fuzzy relation on X = {x,y}, which is given as follows:

R| x Y
x | 0.7 0.8
y [ 0.7] 0.5

Then the fuzzy topology T is generated by the following subbase S:
S = {L:m Lya Rxa Ry}7

where Ly, L, R, R, are given by:

0.7 0.7 0.8 0.5 0.7 0.8 0.7 0.5
Lx:_+_7 Ly:_+_7 Rx:_+_7 Ry:_+_
x Y x Y x Y x Y

Therefore, Tr = {0x, 1x, Ly, Ly, Ry, Ry, % + %, O—f + %} and since for x,y € X

such that x # y, there exists L, € Tr such that L,(x) # L,(y), so (X, mr) is fuzzy
Th.

Example 5.3. Let R be a fuzzy relation on X = {x,y,z}, which is given as

follows:
Rl z | vy z
x 0.5 0
y| 0] 108
2 07| 0 | 1

Then the fuzzy topology Tr is generated by the following subbase S:

S = {L1‘7 Ly; Lza R:Jca Ry7 RZ}7
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where Ly, Ly, L., R,, Ry, R, are given by:

1 0 07 05 1 0 0 038
Ly=—+-+—, Ly=—+—-+—-, L,=—+—+-,
r Yy oz r Yy oz y oz
1 05 0 0 1 08 07 0 1
Ro=-+—+-, Ry=—-+-+—, R.=—+-—+-.
A T r Yy oz r oy oz

Note that (X, Tr) is fuzzy T}, since for the fuzzy points x,,ys in X, there exist fuzzy
open setsU = L,UR, andV = L,UR, such thatx, € U, z, ¢ V,ys ¢ U, ys € V,
for the fuzzy points y,,zs in X, there exist fuzzy open sets U = R, U L, and
V = L,UR, such that y, € Uy, ¢ V, zs ¢ U, z, € V and for fuzzy points
Tr, 25 0 X, there exist fuzzy open sets U = R, UL, and V = L, U R, such that
x, €U 2, ¢V, 25 ¢ U, zg € V.

Example 5.4. Let R be a fuzzy relation on X = {x,y,z}, which is given as

follows:
Rlz| vy z
x| 1]03]05
y | 0] 1 0
z 0109

Then the fuzzy topology Tr is generated by the following subbase S:
S = {Lz7 Lyu Lz; Rxa Ry7 Rz}7

where Ly, L,, L., R,, Ry, R, are given by:

1 0 0 03 1 09 05 0 1
Ly=—+-+-, Ly=—+—-+—, L,=—+ -+ -,
x Yy Z x Yy z x Yy oz
1 03 05 0 1 0 0 09 1
R,==-4+—+—, Ry=—+4+-+-, Ri=—+—+-.
x Yy x Yy z x Yy oz

Note that (X, Tr) is fuzzy Ty, since for the fuzzy points x,.,ys in X, there exist
fuzzy open sets U = L, and V = R, such that z, c U, y; € V, UNV = 0x, for
the fuzzy points y,, zs in X, there exist fuzzy open sets U = R, and V = L, N R,
such that y,. € U, z, € V,;U NV = 0x and for fuzzy points x,, zs in X, there exist
fuzzy open sets U = L, and V = L, N R, such that x, € U, z, € V,UNV = 0x.

Definition 5.3. (|61]) A fuzzy relation R on a set X is called

1. reflexive if R(x,z) = 1, for each z € X;
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2. arreflexive if R(z,x) # 1, for some = € X;
3. antireflexive if R(x,x) = 0, for each z € X;

4. symmetric if R(z,y) = R(y,x), for each (z,y) € X x X.
The following definitions are from [40]:

5. transitive if R(x, z) > min{R(z,y), R(y, )}, for each z,y,z € X;

6. asymmetric if min{R(x,y), R(y,z)} =0, for each (z,y) € X x X

7. antisymmetric if min{R(x,y), R(y,z)} = 0, for each (z,y) € X x X such that x #

Y,

8. negatively transitive if max{R(z,vy),R(y,z)} > R(x,z), for each z, y, z €
X.

9. total if max{R(x,y), R(y,z)} = 1, for each z,y € X.

10. connecting if max{R(x,y), R(y,z)} = 1, for each (x,y) € X x X, such that z #
Y.

We mention here that the definitions 9 and 10 have been called as ‘strongly
complete’ and ‘complete’ respectively in [40] and the definition 3 has been called

“irreflexive’ in [41].

Definition 5.4. [123]| A fuzzy relation is called a fuzzy preorder relation if it is

reflexive and transitive.

Definition 5.5. [123] A fuzzy relation is called a fuzzy partial order relation if it

is reflexive, transitive and antisymmetric.

Definition 5.6. [123| A fuzzy relation is called a similarity relation if it is reflexive,

symmetric and transitive.

Now we prove:

Proposition 5.7. If R is a symmetric fuzzy relation, then 11 = 75.

Proof. Since R is a symmetric fuzzy relation, so R(z,y) = R(y,z), for each
x,y € X. This implies that R,(y) = L.(y), for each z,y € X and hence R, = L,,
for each x € X. Thus the topologies 71 and 79, which are generated by {L, : x €
X} and {R, : x € X} respectively, are same.
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Proposition 5.8. If R is a fuzzy preorder relation, then

1. IfAemn,thenAD |J R..

2. If A€, then AD |J L,

z:A(z)=1

Proof. 1. To show that AD> |J L lety. € |J L,. This implies that
z:A(z)=1 z:A(z)=1
there exists some x such that A(z) =1 and y. € L,. Sor < R(y,x). Now

since A is open and A(x) = 1, so z, € A and there exists a basic fuzzy open

set () L, such that

=1

T, € ﬂin CA
i=1
r < R(z,x;), foreachi=1,2 ...n

r <min{R(y,z), R(xz,x;)} < R(y,x;), foreachi=1,2 ....n
yr € L,,, foreachi=1,2,...,n

=1
yr € A

AQULJC

z:A(z)=1

R T R

2. The proof is similar to that of part 1.
O

Theorem 5.9. Let (X, 7) be a fuzzy topological space. Then the fuzzy topology T
is generated by a fuzzy relation R if and only if it has a subbase {U,,V, : x € X}
such that Uy(x) = V,(y), for each z,y € X.

Proof. First assume that 7 is generated by some fuzzy relation R, then obviously
it has a subbase {U,,V, : v € X}, where U, = L, and V, = R,, for each z € X
such that U,(z) = V,(y), for each z,y € X.

Conversely, assume that 7 has a subbase {U,,V, : * € X} such that U,(z) =
V:(y), for each z,y € X. Now to show that 7 is generated by some fuzzy relation
R, define a fuzzy relation R : X x X — I by R(z,y) = U,(z) = V,(y), for each
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(x,y) € X x X. Then for z € X, L,(y) = R(y,z) = U,(y) and R.(y) = R(z,y) =
V. (y), for each y € X which implies that L, = U, and R, = V,, for each x € X.
So from the hypothesis of the theorem, we have that the family {L,, R, : © € X}

is a subbase for 7. Hence 7 is generated by the fuzzy relation R. O

Theorem 5.10. Let (X,7) be a fuzzy topological space. Suppose that T has a
subbase {Uy,, V, : x € X} such that Uy(x) = V,(y), for each x,y € X. Let a,b € X
such that a, € O = b, € O, for each O € Tandr € (0,1). Then U, C U, and
Vo C V.

Proof. Let z, € U,, for some r € (0, 1).

r < Ud(z) = V.(a)

a, €V,

b, €V, (SinceV, € 7)
r < V.(0) = Uy(2)

zr € Uy

U, C Uy

I 2

Similarly we can prove that V, C Vj. O]

So far we have obtained the result that 7 is generated by some fuzzy relation R if
7 exhibits a subbase {U,, V, : € X} such that U,(z) = V,(y), for each =,y € X.
From this result, for the given fuzzy topology 7 with the above mentioned subbase,
the fuzzy relation R that generates 7(i.e, 7 = 7g) can directly be obtained by
defining R : X x X — I by R(z,y) = Uy(z) = V,(y), for each (z,y) € X x X,
and in this case the lower contour L, and the upper contour R, of the element

x € X are same as U, and V,, respectively.

In the following theorem we have obtained that the fuzzy relation R that gen-
erates 7 will satisfy some additional properties if we impose some conditions on

the subbase elements U, and V.

Theorem 5.11. Let (X,7) be a fuzzy topological space where T has a subbase
{Us, Vi » x € X} such that Uy(x) = Vi(y), for each x,y € X. Consider the
fuzzy relation R : X x X — I defined by R(x,y) = Uy(z) = Vi(y), for each
(x,y) € X x X. Then the following properties hold good:
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~

. R is reflexive if and only if U.(x) = 1, for each x € X.
2. R is irreflexive if and only if U,(x) # 1, for some z € X.
3. R is antireflexive if and only if U,(x) =0, for each x € X

4. R s symmetric if and only if U, =V, for each x € X.

&

. R is asymmetric if and only if U, NV, = 0x, for each x € X.

6. R is antisymmetric if and only if (U, NV,)(y) = 0, for each z,y € X such
that x # .

7. R is transitive if and only if U,(x) > (V,NU,)(y) holds for each x,y,z € X.

8. R is negatively transitive if and only if (V,UU,)(y) > U,(x), for each x,y, z €
X.

Ne)

. R is total if and only if U, UV, = 1x, for each x € X.

10. R is connecting if and only if (U, UV,)(y) = 1, for each x,y € X such that
x #y.

The proof is straightforward.

Definition 5.12. [13] Let R be a fuzzy preorder relation (resp., fuzzy partial

order relation). Then the associated asymmetric fuzzy relation R is given by:
Ri(z,y) = max{R(z,y) — R(y,x),0}, for each(z,y) € X x X.

Ry is called the asymmetric part of the fuzzy preorder (resp., fuzzy partial order)
R.

Now we define a preorderable fuzzy topology on similar lines as in [18].

Definition 5.13. Let (X, 7) be a fuzzy topological space. Then the fuzzy topol-
ogy T is said to be a preorderable(resp., orderable) on X if it is generated by
the asymmetric part of some total fuzzy preorder(resp., total fuzzy partial order)

relation.

Example 5.5. Let R be a fuzzy relation on X = {z,y}, given by
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R| z Y
x | 1 |07
y | 0.6 1

It is easy to verify that R is a fuzzy preorder relation and its associated asymmetric

part Ry is the fuzzy relation on X = {x,y}, given by

Ri |z Y
T 01\ 0.1
Y 0 0

Now, L*, LZfl, RR1, R;zl are the fuzzy sets in X, given by

L§1:9+_7 L§1:E+97 RZEIZQ-}-E, R;€1:_+9'
r oy z Y z Y r oy

Therefore, the preorderable fuzzy topology Tr, on X is given by

0.1 0.1
TR, = {0X7 1X,L§1,R§1, 7 + 7}

Example 5.6. Let R be a fuzzy relation on X = {x,y}, given by

Rlz| y
x | 1]0.38
y | 0 1

It is easy to verify that R is a fuzzy partial order relation and its associated asym-

metric part Ry is the fuzzy relation on X = {x,y}, given by

Ri |z Y
z 01 0.3
Y 0 0

Now, L*, Lfl, R}, R;zl are the fuzzy sets in X, given by

0 . 0 0.3 0 O
=0y 0 g 03, 00 pey 0,03 e, 0,0
r Yy z Y T Yy r y

Therefore, the orderable fuzzy topology T, on X is given by

0.3 0.3
=, = {0x, 1x, L"", R}, — 7 7}
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Theorem 5.14. A fuzzy relation is asymmetric part of a total fuzzy preorder

relation if and only if it is asymmetric and negatively transitive.

Proof. Let R be a total fuzzy preorder relation and R, be its associated asym-
metric part. Since R is a total fuzzy preorder relation so the following conditions

are satisfied for each z,y, z € X:

max{R(z,y), R(y,z)} =1, (5.1)
R(xz,z) =1, (5.2)
R(z,z) > min{R(z,y), R(y, 2)}. (5.3)

It has been already shown in [29] that R is asymmetric. So we only need to show

that R, is negatively transitive i.e.,
maX{Rl(xv y)7R1(y7 Z)} Z Rl(‘ra Z)v for eachx, Y,z € X.

In view of 5.1, we have to consider the following cases:

Case 1: If R(x,y) = 1, R(y,z) = 1, then by the transitivity of R, R(z,z) = 1.
Now max{Ri(z,y), Ri(y, 2)} = max{1-R(y,x),1-R(z,y)} = 1-min{R(y, x), R(z,y)} >
1 —R(z,2)) = max{R(z,z) — R(z,2),0} = Ry(z, 2).

Case 2: If R(z,y) = 1, R(z,y) = 1, then max{R(z,y), R1(y, 2)} = max{l —
R(y,x),0} =1—-R(y,z) > 1—-R(z,x2) > max{R(x,z) —R(z,z),0} = Ri(x, 2) as

by the transitivity of R, we have R(z, x) > min{R(z,y), R(y,x)} = min{l, R(y,z)} =
R(y,x) which implies that 1 — R(z,2) <1 —R(y,x).

Case 3: If R(y,z) =1, R(y, z) = 1, then max{Ri(z,y), Ri(y, z)} = max{0,1 —
R(z,9)} =1-R(z,y) > 1-R(z,z) > max{R(z,z) —R(z,x),0} = Ry(z, z) as by
the transitivity of R, we have R(z,z) > min{R(z,v), R(y,x)} = min{R(z,y),1} =
R(z,y) which implies that 1 — R(z,z) <1 —R(z,y).

Case 4: If R(y,z) = 1, R(z,y) = 1. Then by the transitivity of R, R(z,x) = 1.
Now max{R(z,y), Ri(y,z)} =0 and Ry(zx, z) = max{R(z,z) — R(z,x),0} = 0.

Conversely, assume that R’ is an asymmetric and negatively transitive fuzzy
relation. Then to show that it is the asymmetric part of some total fuzzy preorder
relation, define a fuzzy relation given by R(z,y) = max{R/(z,y),1—R'(y, )}, for
each (z,y) € X x X. Since R’ is asymmetric so min{R'(z, z), R'(z,z)} = 0 which
implies that R'(z,z) = 0. Hence R(z,z) = max{R/(z,z),1 — R'(z,z)} = 1.
Thus R is reflexive. Since R’ is asymmetric so min{R'(z,y), R (y,z)} = 0
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which implies that R'(z,y) = 0 or R'(y,z) = 0. Hence max{R(x,y), R(y,z)} =
max{max{R'(z,y),1 — R'(y,z)}, max{R'(y,z),1 — R'(z,y)}} = 1. Next to show
that R is transitive i.e., R(x,z) > min{R(z,y), R(y,2)}, for each z,y,z € X.
Since R’ is asymmetric( i.e, min{R'(z,y), R'(y,z)} = 0, for each z,y € X) so we
have to consider the following cases:

Case 1: Let R'(xz,y) = 0 and R/(y,z) = 0. Since R’ is negatively transitive
so R/(z,2) < max{R/(z,y), R (y,z)} = 0 which implies that R'(z,z) = 0. Now
R(z,z) = max{R'(x, 2), 1 -R'(z,2)}=1-R/(z,z) > 1—max{R'(y,z), R (z,y)} =
min{l — R'(y,z),1 — R'(z,y)} = min{R(z,y), R(y, 2) }.

Case 2: Let R'(z,y) = 0 and R'(z,y) = 0. Now min{R(z,y), R(y, 2)} = min{l1—
R'(y,x),1} =1 —-R'(y,z) <1—-R/'(z,2) <max{R'(z,2),1 — R'(z,2)} = R(x, 2)
as R’ is negatively transitive so R'(z,z) < max{R'(z,y),R'(y,z)} = R'(y,z)
which implies that 1 — R/(z,z) > 1 — R/(y, x).

Case 3: Let R'(y,z) = 0 and R'(y,2z) = 0, then min{R(x,y), R(y, 2)}
min{l,1 -R'(z,y)} =1 -R'(2,y) <1-R'(z,2) < max{R'(x,z),1 —R'(z,x)}
R(z,z) as R’ is negatively transitive so R'(z,z) < max{R'(z,y),R'(y,z)} =
R'(z,y) which implies that 1 — R'(z,2) > 1 —R/(2,y).

Case 4: Let R'(y,z) = 0 and R'(z,y) = 0, then min{R(z,y),R(y,2)} =
min{1,1} = 1 and R(z,z) = max{R'(z,2),1 — R'(z,2)} = 1 as R’ is nega-
tively transitive so R'(z,z) < max{R'(z,y), R'(y,z)} = 0 which implies that
R'(z,z) = 0.

Now it remains to prove that R’ is asymmetric part of R. Let R; be the asym-
metric part of R. Then by definition, R, is given by R4 (z,y) = max{R(z,y) —
R(y,z),0}. We show that Ry = R'. Since R’ is asymmetric, therefore
min{R'(z,y), R'(y,x)} = 0 which implies that R'(z,y) = 0 or R'(y,z) = 0. Let
R'(x,y) = 0. Then Ry(x,y) = max{max{R'(x,y), 1 -R'(y, z) }—max{R'(y, z), 1 —
R'(x,y)},0} = max{1-R/(y,z)—1,0} =0 = R'(z,y). Next, if R'(y,x) = 0. Then
Ri(z,y) = max{max{R'(z,y),1 — R'(y,x)} — max{R'(y,z),1 — R'(z,y)},0} =
max{l — (1 — R'(z,y)),0} = R/(z,y). This completes the proof.

]

Proposition 5.15. A fuzzy relation is asymmetric part of a total fuzzy partial

order relation if and only if it is asymmetric, negatively transitive and connecting.

Proof. Since it has already been shown in Theorem 5.14 that a fuzzy relation is

asymmetric part of a total preorder if and only if it is asymmetric and negatively



Chapter 5. Fuzzy topologies generated by fuzzy relations 66

transitive, so we need to show that the asymmetric part of a total fuzzy partial
order is connecting also and conversely we have to show that a fuzzy relation
which is asymmetric, transitive and connecting, is the asymmetric part of some

total fuzzy partial order.

Let R be a total fuzzy partial order and R; be its asymmetric part. Then the

following conditions are satisfied:

max{R(z,y),R(y,x)} =1, for eachz,y € X,
R(z,z) =1, for eachz € X

R(z,z) > min{R(z,y), R(y, z)} for eachz,y,z € X,
min{R(z,y), R(y,x)} =0, for eachz,y € X,z # y.

Therefore, for x,y € X,  # y either R(z,y) = 0 and R(y,z) =1 or R(z,y) =1
and R(y,z) = 0. Thus, for x,y € X,z # y either Ry(z,y) =1 or Ry(y,z) = 1
and hence max{Ri(z,y), R1(y,z)} = 1, for each z,y € X,z # y, which implies

R1 is connecting.

Conversely suppose that R’ is a asymmetric, negatively transitive and connect-
ing fuzzy relation. Then to show that it is the asymmetric part of some total fuzzy
partial order, define a fuzzy relation R by R(z,y) = max{R'(z,y),1 — R'(y,x)}.
Since it has been already shown in Theorem 5.14 that this fuzzy relation R
is total preorder, so we only need to show that R is antisymmetric also i.e,
min{R(z,y), R(y,z)} =0, for each z,y € X,z # y. Since R’ is asymmetric as well
as connecting, so for each x,y € X, x # y, either R'(z,y) =0 and R'(y,z) =1 or
R'(z,y) =1 and R'(y,x) = 0. Therefore for z,y € X,z # y, either R(x,y) =0 or
R(y,z) = 0 and hence min{R(z,y), R(y,x)} = 0 for each z,y € X,z # y. Finally
R’ is asymmetric part of the total fuzzy partial order R has already been proved
in Theorem 5.14. O

Proposition 5.16. A fuzzy topology on a non empty set X is preorderable if and
only if it has a subbase {U,,V, : © € X} such that the following conditions are
satisfied:

1. Uy(z) = V,(y), for each z,y € X.

2. U,NV,=0x, for each x € X.

3. (VauU,)(y) > U.(x), for each x,y,z € X.
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Proof. A fuzzy topology is preorderable if it is generated by asymmetric part of
some total fuzzy preorder relation. Since it has already been shown in the Theorem
5.14 that a fuzzy relation is asymmetric part of a total fuzzy preorder relation if
and only if it is asymmetric and negatively transitive so the required conditions
follow from Theorem 5.11. O

Proposition 5.17. A fuzzy topology on a non empty set X is orderable if and
only if it has a subbase {U,,V, : x € X} such that the following conditions are
satisfied:

1. Uy(x) = Vi(y), for each z,y € X.

2. U, NV, =0x, for eachx € X.

3. (Vpa UU,)(y) > U.(x), for each x,y,z € X.

4. (U, UVy)(y) =1, for each z,y € X such that x # y.
Proof. A fuzzy topology is orderable if it is generated by asymmetric part of a total
fuzzy partial order relation. Since it has already been shown in the Proposition
5.15 that a fuzzy relation is asymmetric part of a total fuzzy partial order relation
if and only if it is asymmetric, negatively transitive and connecting so the required
conditions follow from Theorem 5.11. O

Corresponding to the definition 5.3 in [53|, we give here the following:

Definition 5.18. Let X be a non empty set. A fuzzy relation R on a set X is
said to be a selection if it is antireflexive and for every z,y € X, x # y either
R(z,y) =1 and R(y,x) =0 or R(z,y) =0 and R(y,z) = 1.

Theorem 5.19. If (X, 7) is a fuzzy topological space such that T is generated by a
selection, then it has a subbase {U,,V, : x € X} such that the following conditions
are satisfied:

1. Uy(z) = Vi(y), for each x,y € X.

2. {U,,Vy,{x}} is a fuzzy partition of X, for each x € X.
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Proof. Assume that 7 is generated by a selection. Since in Theorem 5.9, we have
already shown that if 7 is generated by a fuzzy relation R then it has a subbase
{Us, Vo : © € X} such that Uy(xz) = V,(y), for each z,y € X, so we only need
to show that if a fuzzy relation R is a selection then {U,,V,,{z}} is a fuzzy
partition of X, for each x € X. Since R is a selection it is antireflexive (i.e.,
R(x,z) = 0, for each x € X) implying that U,(x) = 0 and V,(x) = 0, for each
x € X and for z,y € X,z # y either R(z,y) =1 and R(y,z) =0 or R(x,y) =0
and R(y,x) = 1. This implies that for z,y € X, x # y either V,(y) = 1 and
Us(y) = 0 or Uy(y) = 1 and V,(y) = 0. So the only thing which remains to
prove is that if U,(z1) = V,(z2) = 1, for some z1, 20 € X, then U,(z2) = V,(21).
Since R(z1,x) = Uy(z1) = 1, so & # z and therefore R(z,2;) = 0. Similarly,
R(z2,z) = 0. Therefore U,(z2) = R(22,2) = R(x, 21) = Vi(21). O

Definition 5.20. [40] A fuzzy relation R on a set X is said to be fuzzy interval
order if

1. max{R(z,y), R(y,x)} = 1, for each z,y € X.

2. min{R(z,y), R(z,w)} < max{R(z,w), R(z,y)}, for each z,y,z,w € X.
Definition 5.21. [40] A fuzzy relation R on a set X is said to be fuzzy semiorder
if

1. It is a fuzzy interval order.

2. min{R(z,y), R(y,w)} < max{R(x,z), R(z,w)}, for each x,y,z,w € X.
Theorem 5.22. Let (X, 1) be a fuzzy topological space. Then T is generated by a
fuzzy interval order if and only if it has a subbase {U,,V, : x € X} satisfying the
following properties:

1. Uy(x) = Vi(y), for each z,y € X.

2. V,UU, = 1x, for each x € X.

3. Uy, xU, C (U, x1x)U(1lx x Uy,), for each x,y € X.

If in addition, V,NU, # ¢ = V,UU, = 1x, for each x,y € X, then T is generated

by a fuzzy semiorder.
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Proof. Let (X, T) be a fuzzy topological space which is generated by a fuzzy interval
order R. Since it has already been proved in Theorem 5.9 that a fuzzy topology 7
is generated by some fuzzy relation if and only if it has a subbase {U,,V, : z € X}
such that U,(z) = V,(y) for each z,y € X, so we only need to show that if the
fuzzy relation R is a fuzzy interval order then the conditions (2) and (3) of the

theorem are satisfied. Let R be a fuzzy interval order. Then

max{R(z,y),R(y,z)} =1 and min{R(z,y), R(z,w)} < max{R(x,w),R(z,y)},

for each, x,y, z,w € X

= max{Vi(y), Uz(y)} = Land min{U,(z), Uy (2)} < max{Uu(z),Uy(2)},
for eachx,y, z,w € X

= V,UU, = 1x and min{U, (), Uy(2)} < max{min{U,(z), 1}, min{1, U,(z)}},
for eachx,y, z,w € X

= V,UU,=1xandU, x U, C (U, x 1x) U (1x x U,),

for eachx,y € X.

Conversely, assume that there exists a subbase {U,,V, : = € X} for 7 satisfying
the hypothesis (1)-(3) of the theorem. Since it has been already shown in the
Theorem 5.9 that if 7 has a subbase {U,, V,, : € X} such that U,(z) = V,(y), for
each x,y € X, then 7 is generated by the fuzzy relation R, where R : X x X — I
is given by R(z,y) = Uy(x) = V,(y), for each (z,y) € X x X. We only need to

show that R is a fuzzy interval order. Since

U, UV, =1x, foreachz e X
= max{U,(y),Ve(y)} =1, foreachz,ye X
= max{R(y,z),R(z,y)} =1, foreachz, ye X.

Also,

Uy xU, C (U, x1x)U(1lx xU,), foreachz,yeX
= (U, xUy)(z,w) <{(U, x 1x) U (1x x Uy)}z,w), foreachzx,y,z,weX
= min{R(z, ), R(w,y)} < max{R(z,y), R(w,z)}, foreachz,y,z,we X.
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This implies that the fuzzy relation R is a fuzzy interval order.

In addition, assume that V, N U, # ¢ = V, UU, = 1x, for each z,y € X, then
we have to show that the fuzzy relation R is a fuzzy semiorder. Since the condition
V.NU, # ¢ = V,UU, = 1x implies that if (V, NU,)(z) > 0 for some z € X, then
(VaUU,)(w) =1, for each w € X, so we have (V,NU,)(z) < (V,UU,)(w), for each
x,y,z,w € X. This implies that min{R(x, z), R(z,y)} < max{R(z,w), R(w,y)}

for each x,y, z,w € X and hence R is a fuzzy semiorder. O

Now we define the adjoint of a fuzzy relation as a generalization of the corre-

sponding concept given in [53].

Definition 5.23. Let R be a fuzzy relation on a non empty set X. Then the
adjoint R* of R is defined as the complement of the transpose of R i.e., R* =
(R)*.

We note that the adjoint operator R? is idempotent, i.e., (R*)* = R.

Theorem 5.24. Let R be a fuzzy relation on a set X. Then the following prop-

erties are satisfied:

1. If{L.,R.},{LL, RL} {LS, R}, {L%, R2} represent the lower and upper con-
tours of the element x € X with respect to R, R, R¢, R® respectively. Then

L,=R., R, =1L, for eachx € X.
LS =1x N L, =R}, R, =1x \ R, = L%, for each z € X.

2. TR = TRt

3. TRa = TRc.

Proof. 1. Since L,(y) = R(y,z) = R'(x,y) = R.(y), for each y € Y and
R.(y) = R(x,y) = R (y,z) = L. (y), for each y € Y. Therefore, L, = R.
and R, = L.

Since Lg(y) = R(y,#) = 1 = R(y,z) = (Ix ~ Lo)(y) = (Ix ~ F)(y) =
1 — Ri(y) = R%(y), for each y € X and Ri(y) = R(z,y) =1 — R(z,y) =
(Ix N R)(y) = (1x ~ LY)(y) =1 — Lt (y) = L%(y), for each y € X, so we
have L =1x N L, = R? and R = 1x \ R, = L.



Chapter 5. Fuzzy topologies generated by fuzzy relations 71

2. Since T and Tr: are respectively generated by the families {L,, R, : © € X'}
and {L!,R. : 2z € X} and L, = R., R, = L., for each z € X (by part (1)),

SO TR = TRt.

3. Since Tra and Tge are respectively generated by the families {L¢, R : x € X'}
and {LS, RS - x € X} and also LS = R% and RS = L2, for each x € X (by

part (1)), so Tra = Tre.

5.3 Fuzzy bitopological spaces generated by a fuzzy

relation

In [53], authors had introduced and studied bitopological spaces generated by
binary relations. In this section, we introduce and study fuzzy bitopological spaces

generated by fuzzy relations.
Definition 5.25. (94| A fuzzy bitopological space is a triple (X, 11, 73), where X
is a non empty set and 7y, 7 are any fuzzy topologies on X.

The following is a generalization of the corresponding concept given in [53].

Definition 5.26. A fuzzy bitopological space (X, 7y, 72) is said to be generated

by a fuzzy relation R on X if 7z = 7 and e = 7

Example 5.7. Let R be a fuzzy relation on X = {z,y}, given by

R| x Y
x | 0.5]07
y | 0.8 04

It is easy to verify that the adjoint R® of R is the fuzzy relation on X = {x,y},
given by

R | x Y
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Then in view of Erample 5.1, the fuzzy topology T generated by a fuzzy relation
R is given by:

05 04 03 0307 07
TR = {0X71X7LI7LyaRI7Ry7_ + T + Ty T + _}
x y y Y
Now, the fuzzy topology o generated by R* is generated by the subbasis { L2, Ly, Ry, RZ},

where Ly, Ly, Ry and Ry are given as follows:

0.5 0.3 0.7 0.6 05 0.7 0.3 0.6
L} = — + —, LZ=—+—, R} = — 4+ —, RZ=—+—
x Y x Y T Y x Y
and hence

03 03 05 06 0.7 0.7
7= A0x, I, LG, Ly, g, By, == 4 =5 —m 4 = s T+ )

Therefore, (X, 11, 72) is a fuzzy bitopological space generated by R.

Now we are going to obtain a characterization of a fuzzy bitopological space

which is generated by some fuzzy relation.

Theorem 5.27. A fuzzy bitopological space (X, T, Ts) is generated by a fuzzy re-
lation if and only if there exist collections {U, : x € X} and {V, : x € X} of

T1-fuzzy open sets such that

1. {U, 12 € X} U{V, : 2z € X} is a subbase of 71.
2. {1x U,z e X} U{lx \V,:x € X} is a subbase for ;.

3. Uy(z) = Vy(y), for each z,y € X.

Proof. First suppose that (X, 7, 72) is generated by a fuzzy relation. Let R be a
fuzzy relation such that m = 7z and 7 = 7R«. By definition of 7z, we know that
the family of contours { L, } ,e xU{ R; } e x is a subbase for 77. Moreover, by part (1)
and part (3) of Theorem 5.24, we have that {1x~L, : x € X}U{1x~\R, :x € X}is
a subbase for 75 = Tra = Tge. Also we have that L,(z) = R,(y), for each z,y € X.
Put U, = L, and V, = R,, then the required conditions (1)-(3) are satisfied.

Conversely, assume that there exist collections {U, : x € X} and {V, : z € X}
of 7-fuzzy open sets satisfying conditions (1)-(3). Then to show that (X, 7, 7)
is generated by some fuzzy relation, define a fuzzy relation R : X x X — I by
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R(z,y) = Uy(z) = V,(y), for each (z,y) € X x X. Then by using Theorem 5.9,
R generates 71. Also note that the lower contour L, and the upper contour R,
of the element # € X are U, and V, respectively. Then by the hypothesis (2)
given in the theorem, Theorem 5.24(part (1) and part(3)), R* generates 75. This
completes the proof. O]

Now we prove the following theorem where we mean fuzzy T)—ness and fuzzy

To—ness in the sense of Srivastava et al.[107] and Lowen et al.|[71], respectively.

Theorem 5.28. Let (X, 11,72) be a fuzzy bitopological space that is generated by

some fuzzy relation. Then the following properties hold:

1. The fuzzy topology 11 is fuzzy T iff the fuzzy topology 1o is fuzzy Ti.

2. The fuzzy topology T s fuzzy Ty iff the fuzzy topology 1o is fuzzy Tp.

Proof. 1. Let R be a fuzzy relation such that 7, = 7¢ and 7 = 7g«. Suppose
that 7 is fuzzy T7. To show that 7 is fuzzy T}, choose two distinct fuzzy
points z,. and ¢/, in X. Let s; € (0,1) be such that s; > s. Now 2}_, and y;_,,
are two distinct fuzzy points in X. Since 7 is fuzzy T}, there exist two fuzzy
open sets U, V € 7 such that 2}_, € U, yi_,, ¢ U, 2\_, ¢ V,y;_,, € V.
Since 1, = T, so U and V' can be written respectively in the following form:
U=U NUjand V = |J ) Vi, where U;; and V;; are of the form L,

1€Q jel; 1€Q jeIo
or Ry, I; and I, are finite. Now

¥y, eU

= [Ell_r € U ﬂ Uij

1€Q jel;

4

T, € ﬂ Ui j, for somei; €
jeh
1 —r <minU; (2"
Jjeh
1 —r <Uj(a"), foreachjel)

r>1-U,, ("), foreachje

Gl

x. ¢ US ., foreachje I (5.4)

112
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and

Y., U

1—s>1-s; >supminU;(y)
ieQ J€h

1 —s>minU;(y'), for eachi € Q
jeh
1—s>Uy;(y), forsomeyj; € I(Since I is finite)
s<1-— Uiljl (y/)
teUf (5.5)

1171°

R

Therefore in view of (5.4) and (5.5), ;. ¢ U, and y, € Uf; . Now using

Theorem 5.24(1), Uf ;. is of the form L% or R%. Let Uf. = A¢ ., then

i1j1 ) 11j1 11J17

A% . € 1y is such that 2/ ¢ A?

11J1

and y., € AY

11J1 11J1°

Next consider two distinct fuzzy points #}_, and y;_, in X where r; > 7.

Since 7 is fuzzy T}, there exist two fuzzy open sets U' = |J () U,
zGQ’jEJ1

U N Viinmsuchthatzy , €Uy, ¢ U, 2, ¢V y €V Now

i€Q) jea

. & V' y_, € V' implies, as in the previous case that z; € (V;,;,)¢ and

12]2

vy & (V,;,)¢ where (V7 )¢ is of the form L§ or Rj. Now put (V;,,,)° = B, ..
Then Bf . € 75 is such that 2/, € B} . and vy, ¢ By

1272 1272

zy?

fjps Showing that 75 is

fuzzy T.

Conversely, assume that 7 is fuzzy T7. To show that 7 is fuzzy 17, choose
two distinct fuzzy points z/. and vy, in X. Since 7y is fuzzy T}, so for two
distinct fuzzy points 7_, and y;_, in X where 0 < s < s; < 1, there exist
two fuzzy open sets U, V* € 7 such that z7_. € U%, y;_, ¢ U, 2|_. ¢
Ve yi_s, € V% Since 7 = Tra, so U® and V* can be written respectively
in the following form: U = (J () Ujand V* = (J [ Vi}, where Uf; and

177
i€A jeI; €A jEI,
V4 are of the form L or Ry, I} and I, are finite. Then

T, €U”
= 2,
i€A jel
= 1), € ﬂ Ui, for somed; € A
jer,

= 1—-r< Us
r < min Ui, ()
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= 1—r<Uj;(2'), foreachje€ [

= 1>1-Uj;(a'), foreachje I

= a, ¢ (Uy;)", foreachjelj (5.6)
and
Vi $U°
= 1—-5>1—s >supminUg(y')
icA JEI
= 1—s>minUj(y), foreachic A
jer;

= 1—-s>Uju(y), forsomej; € I1(Since I} is finite)
= s<1-Uiu(y)
= y, € (Ui ;)" (5.7)

So in view of (5.6),(5.7) and Theorem 5.24(1), there exists a member (Uz’?j{)c
of 71 such that x/ ¢ (U;,;ji)c and vy, € (U5

1 51
1J1

there exists a member By j, € 71, where By j is of the form L, or R,, such

)¢. Similarly it can be shown that

that ), € B;;; and y, ¢ By, showing that 7, is fuzzy T}.

2. Suppose that 71 is fuzzy Ty. To show that 7 is fuzzy Tp, choose z/,y' €
X,x' # 4. Since 7 is fuzzy Tp, there exists a fuzzy open set U € 71 such
that U(2") # U(y'). Now, U = |J () Ui;, where Uj; is of the form L, or R,

1€Q jel;
and [ is finite. Then,

U(z') #U(Y)

= (U v N vaw)

i€Q jen i€Q jen
(ﬂ Ui j) (") # (ﬂ Uij)(y'), for somei; €
jeh jeh

. / . /
min Uy, ;(2') # 1in Ui (y/)

Y

Ui1j1 (wl) 7é Ui1j1 (3/)7 for Somejl € Il
1—=Uy(2") #1=Uy;(y'), for somej, € I
l[ﬁjl(QJ) 7é ([ijl(y/>’

G

where U ; is of the form L or Rj(by using Theorem 5.24(1)). This implies
that m is fuzzy Tj.
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Conversely, assume that 7 is fuzzy Ty. To show that 7 is fuzzy T, choose
'y € X, x' £y, Since 15 is fuzzy Ty, there exists a fuzzy open set U* € 1
such that U%(2") # U%(y'). Now, U* = |J [ U, where Uy is of the form

ey jeJ

L3 or R and J is finite. Then,

U’ # U (y)
= (U Nuhah#JNumw)
e jeJ eV jeJ
(ﬂ U ) (') # (ﬂ Us )(y'), for someif € Q'

min Ug ; (') # min U, (4/),

4

a / a / -/
1=Ugu(a) #1-=Uji,(y), forsomej € J
a C / a C /
( i/lji) (') # ( i’lji) (v')

I

Now put ( Z.C,;ji)c = Ay, then Ay is of the form L, or R,( by using

Theorem 5.24(1)). Hence Ay € 71 is such that Ay (2') # Ay (y') which

implies that 7 is fuzzy Tp.

5.4 Conclusion

In this chapter, we have introduced the concepts of a fuzzy topological space
and a fuzzy bitopological space generated by a fuzzy relation as an extension of
the corresponding concepts in [62] and [53] respectively for the crisp case. Several
results have been proved. In particular, we have obtained necessary and sufficient
condition when a fuzzy topology 7 on X is generated by a fuzzy relation, charac-
terizations for a fuzzy topology generated by a fuzzy interval order, a preorderable
fuzzy topology, an orderable fuzzy topology and a fuzzy bitopological space gener-
ated by a fuzzy relation. Further, it has been proved that if (X, 71, 72) is the fuzzy
bitopological space generated by a fuzzy relation R, then the fuzzy topology 7 is
tuzzy T; iff m is fuzzy T;, i = 0, 1.



