Chapter 7

Abelian Theorems of the Bessel

Wavelet Transform

7.1 Introduction

Abelian theorems of integral transforms are widely used in solving the boundary
values problems of mathematical physics. Mathematicians studied Abelian theorems
for different types of integral transforms. Griffith[10] proved an Abelian theorem by
exploiting the theory of Hankel transform in ordinary sense. Zemanian introduced
Abelian theorems for the Hankel transform in ordinary and distributional sense
both. Using the technique of Fourier transform, Pathak[20] discussed the Abelian

theorems of the wavelet transform in both ordinary and distributional sense.

Motivated from the above results, in the present chapter we prove the Abelian

theorems of the Bessel wavelet transform in ordinary and distributional sense both.
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7.2 Abelian Theorems for the Bessel Wavelet

Transform of Functions

In the present section, initial and final value theorems for the Bessel wavelet trans-
form are given.
We assume that

(huth)(w) = 0(w"), w—07F (7.2.1)

and set

/0 T () (@) = H(n), ; <n<p+2 (7.2.2)

Theorem 7.2.1. Let 2 < n < p+ 2. Assume that w'/*7"(h,)(w) € L'(0,00),
[(hut)(W)] < M, M >0 and w2 (h, f)(w) € L}(5,00),¥6 > 0. If

ili%cu" 2(h w) =« (7.2.3)
then
lim a** "(Byf)(b,a) = aH(n). (7.2.4)

a—00

Proof. Using the arguments of (7.2.1) and (7.2.2), we get

|a*>=(By f)(b, a) — aH (n)]
0 [ ) 2, D) ) b))

—a/o (huib) (aw)(aw)* adw

/0 () 2 (o) w1 () ) — ] ()2 ) (aw)a e

=< /0 ) | (bw) 72 7, (bw) w1 (B ) (W) — ‘(aw)l/Q_”(hug/z)(aw)‘ adw

é
< s ()2, 00) 0 ) — ] [ |02 T )

O<w<d

—i—]\/./agm_"/(5 ’(bw)lﬂJH(bw)w_“_%(huf)(w) — aw? | dw.
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|a*/271(By f)(b, a) — a (1)

< sup |(bw) 2T, (bw) w T (B, f) (w —a}/ (aw) /> (h,1b)(a )]adw
O<w<o
Jr]\/‘/aiw—n/(S ‘(bw)l/zju(bw)w_“_i(huf)(a)) - auﬁ_”‘ dw. (7.2.5)

In (7.2.5), the first of the above two integrals is convergent. Therefore, for given e
the first term can be made less than § by choosing ¢ small enough. Since n > %,
keeping d fixed the second term in (7.2.5) can be made less than § for all sufficiently
large a. O]

Theorem 7.2.2. Let 3 <n < p+2, > 0. Assume that w%_”(huzb)(w) € L'(0,00)
and w2 (h, f)(w) € L'(0,X), X > 0. If

O}Ln;o(bw)l/QJ (bw)w™™ 2( huf)(w) = a, (7.2.6)
then
lim a*2-7(B,,£)(b. ) = aH (1), (7.2

Proof. As in the previous theorem, for X > 0, we have

|a*/271(Byf) (b, a) — aH (n)]
< a/w<x ‘ [(bw)l/zju(bw)wwfé(huf)(w)wnfé - a} (aw)ifn(h#w)(aw)‘ dw

1

wa [ [ a0 @) = o (@) T )| d

[

< a¥? /OX ‘(bw)l/QJM(bw)w_””_l(huf)(w) - a ‘w%_”m(aw)‘ dw

+ sup | (bw) 2, (bw)w ™1 (hy f) (w —a|/ w3 (hyab) (w )‘dw. (7.2.8)

w>X

In view of the asymptotic behaviour (7.2.1), there exists a constant A > 0 such that

|(hp) (aw)| < A(aw)*.
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Hence

|@*271(By f)(b, a) — a ()]

X
< A g / | (0)Y2 T, (bw) w17 (B f) (W) — ] w R dw
0

+ sup |(bw) 2, (bw)w ™7 (B f) (w —a}/ w2 (hyab) (w )‘

w>X

X
< Aa3/2—n+u/ )(bw)l/QJu(bw)w—ﬂ—%(huf)(w) — aw%—’?‘ whdw
0

+ sup |(bw) V2 7, (bw)w™ 17 (hy, f) (w —a}/ w)‘dw.

w>X

(7.2.9)

Since both the integrals on the right hand side of (7.2.9) are convergent and second
term is independent of a, for given ¢ > 0, the second term can be made less than
€/2 by choosing X sufficiently large. Then there will exist B > 0 such that when
n < % + p the first term is less than €/2 for 0 < a < B. O]

7.3 Abelian Theorems for Bessel wavelet Trans-

form of Distributions

In this section, we study the Bessel wavelet transform of distributions and its various
properties.

Now, we take 1(z) € H,(I). Then ki € H,(I) and (bw)/2J, (bw)w "2 (h,)(w) €
H,(I). Let f € H,(I). Then h,f € H,(I).

We can define the Bessel wavelet transform of f € H;(I ) by the following way:

-

(Buf)(b:a) = { () @), (00) 2 (o)) () ) (73.1)
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Theorem 7.3.1. The function (Byf)(b,a) is differentiable and for each i,j € Ny,

we have

(w%)j (;) b4 (By f) (b, a)

- <(huf)(W)a (aﬁ) <—1>’w2f<bw>-<“+%+j<bw><hw‘><aw>>. (7.3.2)

Proof. First we prove the differentiability of (B, f)(b, a) with respect to the variable

a > 0. For h > 0, we have

(B4 1) = (Bof)(b.0)] = ()b, 00) 20, ) ) ) )

SRS

= ()

20 {1 (B + ) = () = 5 T | )

SRS

Now, we show that

()2, () L () (0 + Pw) = () () ) = () (aw) } = 0

as h — 0in H,(I).

Denoting w‘”_%(huw)(aw) by ¥(aw) and (wt2) (w‘“_%(h#w)(aw)) by U, (aw),

we have

0 -

U <w—18_w)mw—#—é {(bw)m(]u(bw) {% (‘1’((‘” +hw) — \P(w)) B %\TJ(W)H '

<w1 a% ) {% (F((a+ h)w) = F(w)) - %Ew} '

wkbl/2 Z (m) (_1)m—rw—(u+m—r)bm—rju+m_r(bw)

r
r=0

{% <\il_r((a + h)w) — ‘i’_r(”)> N %\ij_’"(w)} ‘
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=0

<3

m
m _ 1
T

(Byf)(b,a+h) = (Byf)(b,a)

1
prt2m=2rty £ f ok
_opg 1
prrIm=2rts M

prt2m=2rt3 Nr sup

1

h

sup
a<u<a+h

zel

<3(7)
r=0
-2 ()
r=0 r
" /m
<
<> (")
r=0
" /m
<
<> (")
r=0
<
r
r=0
Thus, we get
o h

zk-i—

h

0
i 19
(z 0z

“ m m—2r+2 A rp—k—3
hZ( )b”” v M Yoy 2 (hut)) - sup Pt

Z (T) bu+2m72r+% ’(bw)f(“erfr)J#er,r(wa wk

- (@_r((a 4 R)w) — U, (w)

{1

r42
1

a<u<a+h

_ a+h 0 =
alllr(tw)dt—/a %\Pr(aw)dt

/a+h )

1 a+h ph o 2A_

E/a /a (%) U, (uw)du dt
0\’ 0

k(Y -1 9

“ (au) (w Ow

) - 4 w)

) (o ) ‘

(hyu) (2)

sup u
a<u<a+h

2r+pu—k—3

= (e 300 20, ) By ) )

Similarly, we can prove the differentiability with respect to the variable b and in

general we have (7.3.2).

Next, we obtain asymptotic order of (By f)(b,a).

]

Theorem 7.3.2. Let (B, f)(b,a) be the wavelet transform of f € H;(I) defined by
(7.3.1). Then, for large k, we have

where N >k + p+ &

(By.f)(b, a)

O(a_%bQN),

O(a*"),

O ((1+ a?)ka® V)

a—0

19) (a*%(l + a2)kb2N) 7

a — o0

b—0

b — oo,
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Proof. From the boundedness property of generalized functions [33, p.111] there

exists a constant C' > 0 and a non-negative integer k£ depending on f such that

N|=

(hu¢) (aw)

= Csw|(1 +w2)’fb1/2§k: <’;) (au—l%)k_s (W™, (bw))

=0 (w_1%>s <w—u—%(hu—¢)(aw)> ‘

k
k
(1 + w2)k’ b2k’—25+#+1/2 Z (S) (bw)*(N‘kas)JpA»kis(bw)

50(w1%> s (w#f%(h”w(aw» ‘

Let |(bw)=# =) o(bw)| < M, M > 0. Then we have

SO0 (i) (o more)

s=0 r=0
ka 2s+p+1/2

- eSS () b () ()

2s—2r4+pu+1/2 b2k—25+p,+1/2

k
|(Byf)(b,a)] < Csup|(1+ w?)k <w1%) w’“’%(bw)lﬂJﬂ(bw)w’“’

= (C'sup

(Buf) (b a)l < CMsup

a
k k
= C Z Z <S) (T) 727‘5 (CL))) a23—27‘+ﬂ+1/2 b2k—25+p,+1/2
s=0 r=0
k k
_ C/ZZ k Q252 Hu+1/2 p2k—2s+p1+1/2
- s=0 r=0 §

= C Z( ) T (a? 4 0)Fait b

= C'(14a )"+ b*)rartz e,
Since a*t2 bt < (a2 + b2)H e,

(Byf)(b,a)| < C'(1+a2)"(a? + b2)F+0a,
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Choosing N > k + u + %, we have
(Buf)(b,a)] < C'(1+a?)"(a® +0%)". (7.3.3)

From (7.3.3), we get the result. O

Theorem 7.3.3. Letvy € H,(I) and f € 7-[;(]) be a distribution of compact support
m I. Then

(Buf)(b,a) = () (), (42) 2, (0) ™3 () () )
18 a smooth function on I X I and satisfies
(Byf)(b,a) = O(a*(1 4+ b)N), a — 0. (7.3.4)

Proof. Let ¢ € H,(I). Then from [38, Theorem 5.4-1|, h,yp € H,(I) and as a
function of w, (bw)/2J,(bw)(h,)(w) € E(I). Let f € H,(I), then h,f € H,(I)
is of compact support K C I. Now, we take A € D(I) such that A(w) = 1 in a
neighbourhood of K.

Therefore,

(Buf)(b.a) = {(huf)(w), (bw) 2T (bw)w™ 3 () () )
= () (@), M) () 2, (o)™ 3 ) ) )

By Theorem 7.3.1, (By f)(b, ) is infinitely differentiable with respect to the variables
b and a.

Using the boundedness property [33, p.111], we have

(Buf)b.a)l = [ ((huf) (@) Aw)(b) 2, (b)) ()

DL { M) () /2, (b 3 ) (as) }|

< (C'maxsup
T weK
T

= Cb?maxsup Z (;) ’D:,_n/\(w){ ‘DZ {w‘“JM(bw)(h“—d))(aw)H

'
weK n—0
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weK

S (1) |z v ot (o)

s=0

= C'bY?max sup Z ( ) |DL " AMw))|

wEK

2?: (?%) (1w o0 | D () (a)) |

S
s=0

= Cb/? maxsupZ( > | DL Aw)|

Assume that

D2 () (aw)] = O(wh),  w — 0, Vs € Ny, (7.3.5)

Then

T weK n

n=0 s=0

Bl < ¢ 0 masn >3 (1) (1) 05w
)

|75 (bw) ™ “Jﬁn s (bw)| aktow

IN

C” m?XZZ( )(Z) p— 8+M+1/2aM+S

- mf“Z( ) ( ( )bn | ) B2 g

C
C" max(1 + a + b)" b2 HHaH
C
C

IN

max(1 + a + b) T/ 2gH
(

IN

x(1+a+b)Na", where N >r+pu+1/2. (7.3.6)
From (7.3.6), we get the required result. [

The initial value theorem for the distributional Bessel wavelet transform is given

below:

Theorem 7.3.4. Let h,f € H;(]) Then it can be decomposed into h,f = h,fi +

hyfs, where h, fi is an ordinary function and h,fs € &' (I) is of order k. Now, we
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take the real numbers p and n such that % +2N <n <24 p, where N > k+ pu+ %
Now, we again assume that w'~"(h, ) (w) € L'(I) and w‘“_%(hufl)(w) € L'(4,00)
Vo > 0. Then (Byf)(b,a) is the distributional Bessel wavelet transform of f which

is defined by (7.5.1) can be written in the following form

lim a2 "(Byf)(b,a) = H(n) im w2 (h,, f)(w). (7.3.7)

a—00 w—0

Proof. From Theorems 7.3.1 and 7.3.2 ,

=

(B fo) (b,a) = ( (i fo) (@), (b) /2 T ()™ ) () )

is an infinitely differentiable function on I x I and (By fa)(b,a) = O(a*V),a — oo.

Hence, there exists a constant A > 0 such that
a2 (Byfo)(b,a)| < Aa®Nt21 50, as a — .
Also, since the support of h, fs € €'(I) is a compact support of I,

lim w2 (hu)(w) = 0.

w—0

Thus theorem follows by an application of Theorem 7.2.1 with (h, f)(w) replaced by
(A fr) (). O

Final value theorem for the distributional Bessel wavelet transform is the following:

Theorem 7.3.5. Let 3 < n < p+ 2. Assume that h,f € H;L(I) can be de-
composed into h,f = h,fi + h,fa, where h,fi is an ordinary function satisfying
w2 (b, f1) (W) € LY0, X) VX > 0 and hyfy € & (I). If (Byf)(b,a) is the distri-
butional Bessel wavelet transform of f, then

lim a2 ~(Byf)(b,a) = H(n) lim (bw)"/J, (bw) w2 (R, f) (): (7.3.8)

w—00
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Proof. From Theorems 7.3.1 and 7.3.3,

11—

(Buf2)(b,0) = (B fo) (@), (b) /2, (o)™ () o))

is a smooth function on I x I and (Byf2)(b,a) < Aa*(1+ b)", for a — 0, A being
a large constant.

Since%—n—l—,u>0,

a2 |(Byf)(b,a)| < Aa" "1+ )N -0 asa — 0.

The final result follows with the help of Theorem 7.2.2 with h,, f replaced by h, f1. [

7.4 An Application

We apply the preceding theorems to the Bessel wavelet transform defined by function
W(z) = xt+2e7*” with o > 0, Re pu > —1. The Hankel transform of ¢ is (hu)(w) =

1
wht3

We_(%a) and (h,¥)(w) = O(w*™), w — 0.

M

Assuming a = 1, we have

Ho) = [ ) e

oo uti 2
w" 2wt _
= / e~ T W dw
0

2u+1

2
9=n-1p <%> L < pt2 (7.4.1)

and

Bf)0.0) = [ 0200 S e ) )

attz

= G | e

(aw)?

= (hf)(w). (7.4.2)
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(aw)?

Therefore, by a modification of Theorem 7.2.1 for n < p+2 and e™ 7 (h,f)(w) €

LY(5,00), we have

lim a®2"(Byf)(b,a) = 27""'T (“_TM) lim % (B f) (). (7.4.3)

a— 00

(aw)?

By Theorem 7.2.2, n < p+2and e+ (h,f)(w) € L*(0, X), we have

iy 0205 () = 270 (252 i ()2 000 ) ).
(7.4.4)
Since in the present case kernel (h,1)(w) is exponentially decreasing, hence condi-
tions of validity of initial and final value theorems are relaxed. Results corresponding

to Theorem 7.3.4 and Theorem 7.3.5 can be obtained using results (7.4.3) and (7.4.4).



