
Chapter 2

The Relation between Bessel

Wavelet Convolution Product and

Hankel Convolution Product

involving Hankel Transform

2.1 Introduction

The wavelet convolution product and their properties were discussed by Pathak[24,

27] and got the relation between Fourier convolution and wavelet convolution by

exploiting the theory of Fourier transform. Using the Bessel wavelet transform

Pathak, Upadhyay and Pandey[26] formally defined the Bessel wavelet convolution

product and studied their important properties. These concepts are useful to discuss

the relation between Bessel wavelet convolution product and Hankel convolution

product by using the Hankel transform.
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In this chapter, the relation between Bessel wavelet convolution product and

Hankel convolution product is exposed and find certain approximations of the Bessel

wavelet transform.

Pinsky[28] introduced the concept of heuristic treatment of wavelet transform

by exploiting the Fourier transform. From the results of [28], heuristic treatment of

Bessel wavelet transform is investigated and its properties with the help of Hankel

transform and Hankel convolution are studied.

2.2 The Bessel Wavelet Convolution Product

In this section, using the following relation of Bessel wavelet convolution product

Bψ (f ⊗ g) (b, a) = (Bψf)(b, a)(Bψg)(b, a), (2.2.1)

we find the relation between Bessel wavelet convolution product and Hankel convo-

lution product. Further, we obtain boundedness and approximation results of the

Bessel wavelet convolution product.

Theorem 2.2.1. Let f, g ∈ L1
σ(I) ∩ L2

σ(I) and ψ ∈ L2
σ(I). Then the Bessel wavelet

convolution product can be written in the following form:

Eψ[hµ (f ⊗ g)](ω) =

∫ ∞
0

∫ ∞
0

(hµf)(η)(hµg)(ξ)D(ω, ξ, η)(∫ ∞
0

(hµψ)(aη) (hµψ)(aξ)
dσ(a)

a2µ+1

)
dσ(η)dσ(ξ),(2.2.2)

where

Eψ :=

∫ ∞
0

(hµψ)(aω)

a2µ+1
dσ(a). (2.2.3)

Proof. From (1.2.6), we have

hµ [(Bψf)(b, a)] (ω) = (hµψ)(aω) (hµf)(ω).
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Then

hµ [Bψ(f ⊗ g)(b, a)] (ω) = (hµψ)(aω) [hµ(f ⊗ g)](ω),

so that using (2.2.1) and [26, pp.271], we have

(hµψ)(aω) [hµ(f ⊗ g)](ω)

= hµ [(Bψf)(b, a)(Bψg)(b, a)] (ω)

= hµ

[
h−1
µ

{
(hµψ)(a.)(hµf)(.)

}
(b) h−1

µ

{
(hµψ)(a.)(hµg)(.)

}
(b)
]

(ω)

= hµ

[
h−1
µ

{
(hµψ)(a.)(hµf)(.)#(hµψ)(a.)(hµg)(.)

}
(b)
]

(ω)

=
[
(hµψ)(a.)(hµf)(.)#(hµψ)(a.)(hµg)(.)

]
(ω).

If we set Fa = (hµψ)(a.) (hµf)(.) and Ga = (hµψ)(a.)(hµg)(.), then we have

(hµψ)(aω) [hµ(f ⊗ g)](ω)

= (Fa#Ga)(ω)

=

∫ ∞
0

∫ ∞
0

Fa(η)Ga(ξ)D(ω, ξ, η) dσ(η) dσ(ξ)

=

∫ ∞
0

∫ ∞
0

(hµψ)(aη)(hµf)(η)(hµψ)(aξ)(hµg)(ξ)D(ω, ξ, η) dσ(η) dσ(ξ).

Therefore,

∫ ∞
0

(hµψ)(aω)

a2µ+1
[hµ(f ⊗ g)](ω)dσ(a)

=

∫ ∞
0

(∫ ∞
0

∫ ∞
0

(hµψ)(aη) (hµf)(η) (hµψ)(aξ)

(hµg)(ξ)D(ω, ξ, η) dσ(η) dσ(ξ)

)
dσ(a)

a2µ+1
.

Thus, the above expression can be written as

Eψ [hµ(f ⊗ g)](ω) =

∫ ∞
0

∫ ∞
0

(hµf)(η)(hµg)(ξ)D(ω, ξ, η)(∫ ∞
0

(hµψ)(aη) (hµψ)(aξ)
dσ(a)

a2µ+1

)
dσ(η) dσ(ξ).
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Theorem 2.2.2. Let ψ ∈ L2
σ(I) be a basic wavelet and it satisfies the admissibility

condition

Aψ :=

∫ ∞
0

|(hµψ)(aω)|2

a2µ+1
dσ(a). (2.2.4)

Then ∫ ∞
0

|(hµψ)(aω)(hµψ)(aη)|
a2µ+1

dσ(a) ≤ Aψ. (2.2.5)

Proof. We have

∫ ∞
0

|(hµψ)(aω)(hµψ)(aη)|
a2µ+1

dσ(a) =

∫ ∞
0

|(hµψ)(aω)(hµψ)(aη)|
a

2µ+1
2 a

2µ+1
2

dσ(a).

Using the Cauchy-Schwarz inequality (1.1.16), we have

∫ ∞
0

|(hµψ)(aω)(hµψ)(aη)|
a2µ+1

dσ(a)

≤
(∫ ∞

0

|(hµψ)(aω)|2

a2µ+1
dσ(a)

) 1
2
(∫ ∞

0

|(hµψ)(aη)|2

a2µ+1
dσ(a)

) 1
2

.

From (2.2.4), we have

∫ ∞
0

|(hµψ)(aω)(hµψ)(aη)|
a2µ+1

dσ(a) ≤ A
1
2
ψ × A

1
2
ψ = Aψ.

This implies that

∫ ∞
0

|(hµψ)(aω)(hµψ)(aη)|
a2µ+1

dσ(a) ≤ Aψ.

Theorem 2.2.3. Let f, g ∈ L1
σ(I) ∩ L2

σ(I). Then the following relation holds

hµ (f ⊗ g) (ω) = A
′

ψ (hµf #hµg) (ω), (2.2.6)

where A
′

ψ =
Dψ
Eψ

with Dψ =
∫∞

0

[(hµψ)(u)]
2

u2µ+1 dσ(u) and Eψ defined in (2.2.3).
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Proof. Firstly, we find the value of

∫ ∞
0

(hµψ)(aη) (hµψ)(aξ)
dσ(a)

a2µ+1

=

∫ ∞
0

(hµψ)(aη) (hµψ)(aξ)
da

a 2µ−
1
2 Γ(µ+ 1

2
)

=
1

2µ−
1
2 Γ(µ+ 1

2
)

∫ ∞
0

(hµψ)(aη)

a1/2
(da)1/2 (hµψ)(aξ)

a1/2
(da)1/2

=
1

2µ−
1
2 Γ(µ+ 1

2
)

∫ ∞
0

(hµψ)(u)

u1/2
(du)1/2 (hµψ)(u)

u1/2
(du)1/2

=

∫ ∞
0

[
(hµψ)(u)

]2

u

du

2µ−
1
2 Γ(µ+ 1

2
)

=

∫ ∞
0

[
(hµψ)(u)

]2

u2µ+1
dσ(u) = Dψ.

Therefore, (2.2.3) becomes

Eψ hµ(f ⊗ g)(ω) = Dψ

∫ ∞
0

∫ ∞
0

(hµf)(η) (hµg)(ξ)D(ω, ξ, η)dσ(η)dσ(ξ).

So that

hµ(f ⊗ g)(ω) =
Dψ

Eψ
(hµf #hµg) (ω)

= A
′

ψ (hµf #hµg) (ω).

Theorem 2.2.4. (i) Assume that f ∈ Lpσ(I), g ∈ Lp
′
σ (I), 1 < p, p′ < ∞ and

ψ ∈ Lqσ(I) ∩ Lq′σ (I) such that 1
p

+ 1
q

= 1, 1
p′

+ 1
q′

= 1.

Then

|Bψ(f ⊗ g)(b, a)| ≤ a−2µ−1 ||f ||p,σ ||g||p′,σ ||ψ||q,σ ||ψ||q′,σ. (2.2.7)

(ii) Assume that f, g ∈ L2
σ(I) and ψ ∈ L2

σ(I) is a Bessel wavelet which satisfies

admissibility condition

Aψ :=

∫ ∞
0

|(hµψ)(aω)|2

a2µ+1
dσ(a),
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then ∣∣∣∣∫ ∞
0

∫ ∞
0

Bψ (f ⊗ g) (b, a)
dσ(a)dσ(b)

a2µ+1

∣∣∣∣ ≤ Aψ ‖f‖2,σ ‖g‖2,σ . (2.2.8)

Proof. (i) Using (2.2.1), we have

|Bψ (f ⊗ g) (b, a)| = |(Bψf)(b, a)(Bψg)(b, a)| .

From (1.2.5) and (1.1.12), we have

|Bψ (f ⊗ g) (b, a)|

=
∣∣(f#ψa)(b)

∣∣ ∣∣(g#ψa)(b)
∣∣

≤ ‖f‖p,σ
∥∥ψ̄a∥∥q,σ ‖g‖p′ ,σ ∥∥ψ̄a∥∥q′ ,σ

= a−4µ−2 ‖f‖p,σ
(
a

2µ+1
q ‖ψ‖q,σ

)
‖g‖p′ ,σ

(
a

2µ+1

q
′ ‖ψ‖q′ ,σ

)
= a−4µ−2a

(2µ+1)( 1
q

+ 1

q
′ ) ‖f‖p,σ ‖ψ‖q,σ ‖g‖p′ ,σ ‖ψ‖q′ ,σ

= a−2µ−1 ‖f‖p,σ ‖ψ‖q,σ ‖g‖p′ ,σ ‖ψ‖q′ ,σ ,

for 1
q

+ 1
q′

= 1.

(ii) Using (2.2.1), we have∣∣∣∣∫ ∞
0

∫ ∞
0

Bψ (f ⊗ g) (b, a)
dσ(a)dσ(b)

a2µ+1

∣∣∣∣
=

∣∣∣∣∫ ∞
0

∫ ∞
0

(Bψf)(b, a)(Bψg)(b, a)
dσ(a)dσ(b)

a2µ+1

∣∣∣∣ .
From (1.2.9) and the Cauchy-Schwarz inequality (1.1.16), the above expression shows

that∣∣∣∣∫ ∞
0

∫ ∞
0

Bψ (f ⊗ g) (b, a)
dσ(a)dσ(b)

a2µ+1

∣∣∣∣ = Aψ

∣∣∣∣∫ ∞
0

f(x)g(x)dσ(x)

∣∣∣∣
≤ Aψ

∫ ∞
0

|f(x)g(x)| dσ(x)

≤ Aψ||f ||2,σ ||g||2,σ.
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Theorem 2.2.5. Let hµf ∈ Lpσ(I) and hµg ∈ Lqσ(I), then we have the following

inequality

(i)

‖hµ (f ⊗ g)‖r,σ ≤ A
′

ψ ‖hµf‖p,σ ‖hµg‖q,σ ,

where 1
r

= 1
p

+ 1
q
− 1.

(ii) For p = 1 and q = 2, we have the following relation

‖hµ (f ⊗ g)‖2,σ ≤ A
′

ψ ‖f‖1,σ ‖g‖2,σ . (2.2.9)

Proof. (i) From (2.2.6), we have

‖hµ (f ⊗ g)‖r,σ = A
′

ψ ‖hµf #hµg‖r,σ .

Using (1.1.13),we have

‖hµ (f ⊗ g)‖r,σ ≤ A
′

ψ ‖hµf‖p,σ ‖hµg‖q,σ .

(ii) We have

‖hµ (f ⊗ g)‖2,σ = A
′

ψ ‖hµf #hµg‖2,σ .

If we put p = 1 and q = 2, then

‖hµ (f ⊗ g)‖2,σ ≤ A
′

ψ ‖hµf‖1,σ ‖hµg‖2,σ

≤ A
′

ψ ‖f‖1,σ ‖g‖2,σ .

Theorem 2.2.6. Let kn(w) = (hµgn)(w) for n ∈ N and φ(w) = (hµf)(w) satisfy

the following conditions :

(i) kn(w) ≥ 0, 0 < w <∞,

(ii)
∫∞

0
kn(w) dσ(w) = 1, w = 0, 1, 2, 3, ....,

(iii) lim
n→∞

∫ ∞
δ

kn(w) dσ(w) = 0, for each δ > 0,
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(iv) φ(w) ∈ L∞σ (I),

(v) φ is continuous at w0.

Then

lim
n→∞

|hµ(f ⊗ gn)(w0)| ≤ A
′

ψ(hµf)(w0), (2.2.10)

where A
′

ψ defined in Theorem 2.2.3.

Proof. From (2.2.6), we have

hµ(f ⊗ gn)(w0) = A
′

ψ (hµf #hµgn) (w0)

= A
′

ψ (φ# kn) (w0). (2.2.11)

Let

I = (φ# kn) (w0)− φ(w0)

=

∫ ∞
0

∫ ∞
0

[φ(w)− φ(w0)] kn(x)D(w0, w, x)dσ(w)dσ(x).

Since φ is continuous at w0, for a given ε > 0 we can choose δ > 0 so small that

|φ(w)− φ(w0)| < ε for |w − w0| < δ.

Let I1 =
∫∞
δ

∫∞
0

[φ(w)− φ(w0)] kn(x)D(w0, w, x)dσ(w)dσ(x)

and

I2 =
∫ δ

0

∫∞
0

[φ(w)− φ(w0)] kn(x)D(w0, w, x)dσ(w)dσ(x).

Then

|I1| ≤
∫ ∞
δ

∫ ∞
0

|φ(w)− φ(w0)| kn(x)D(w0, w, x)dσ(w)dσ(x)

≤ 2 ‖φ‖∞
∫ ∞
δ

(∫ ∞
0

D(w0, w, x)dσ(w)

)
kn(x)dσ(x)

= 2 ‖φ‖∞
∫ ∞
δ

kn(x)dσ(x).
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Taking n→∞ in the last expression and using (iii), we get lim
n→∞

I1 = 0.

Now, we have

|I2| =
∫ δ

0

∫ ∞
0

|φ(w)− φ(w0)| kn(x)D(w0, w, x)dσ(w)dσ(x).

Using the view of [12, Theorem 2(c)], we get

|I2| ≤ ε

∫ δ

0

∫ ∞
0

kn(x)D(w0, w, x)dσ(w)dσ(x)

= ε

∫ δ

0

(∫ ∞
0

D(w0, w, x)dσ(w)

)
kn(x)dσ(x)

≤ ε

∫ ∞
0

kn(x)dσ(x) ≤ ε.

Therefore, lim
n→∞

|I| ≤ ε. Since ε is arbitrary, we have lim
n→∞

I = 0.

From (2.2.11), we have

lim
n→∞

hµ(f ⊗ gn)(w0) = lim
n→∞

A
′

ψ(φ#kn)(w0)

= A
′

ψ φ(w0) = A
′

ψ(hµf)(w0).

Theorem 2.2.7. Let f ∈ L1
σ(I), φ(w) = (hµf)(w) and kn(w) be same as in Theorem

2.2.6, satisfies all the three properties of Theorem 2.2.6. Then

lim
n→∞

∥∥∥∥∥ 1

A
′
ψ

hµ(f ⊗ gn)− (hµf)

∥∥∥∥∥
1,σ

= 0. (2.2.12)

Proof. From (2.2.6), we have

lim
n→∞

∥∥∥∥∥ 1

C
′
ψ

hµ(f ⊗ gn)− (hµf)

∥∥∥∥∥
1,σ

= lim
n→∞

‖(hµf#hµgn)− (hµf)‖1,σ

≤ lim
n→∞

‖(φ#kn)− φ‖1,σ .
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Since f ∈ L1
σ(I), (hµf)(w) ∈ L1

σ(I). Therefore, using Theorem 2.2.6, we have

lim
n→∞

∥∥∥∥∥ 1

C
′
ψ

hµ(f ⊗ gn)− (hµf)

∥∥∥∥∥
1,σ

= 0.

2.3 Heuristic Treatment of the Bessel Wavelet

Transform

In this section, we study the properties of heuristic treatment of the Bessel wavelet

transform (1.2.4).

Theorem 2.3.1. Let (Bψf)(b, a) be the Bessel wavelet transform and (B∗ψf)(b, a) be

the adjoint Bessel wavelet operator on a function f ∈ L2
σ(I) with respect to wavelet

ψ ∈ L2
σ(I). Then

f =

∫ ∞
0

B∗ψ Bψ f
dσ(a)

a2µ+1
, (2.3.1)

where f(t) = jµ(ξt) and normalization of admissibility condition

∫ ∞
0

|(hµψ)(ν)|2

ν2µ+1
dσ(ν) = 1. (2.3.2)

Proof. Putting f(t) = jµ(ξt) in (1.2.4), we get

(Bψf)(b, a) = a−2µ−1

∫ ∞
0

jµ(ξt) ψ̄

(
t

a
,
b

a

)
dσ(t)

= a−2µ−1

∫ ∞
0

(∫ ∞
0

ψ̄(z)D

(
t

a
,
b

a
, z

)
dσ(z)

)
jµ(ξt)dσ(t)

= a−2µ−1

∫ ∞
0

(∫ ∞
0

jµ(ξt)D

(
t

a
,
b

a
, z

)
dσ(t)

)
ψ̄(z) dσ(z).
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Substituting t
a

= u, we obtain

(Bψf)(b, a) = a−2µ−1

∫ ∞
0

(∫ ∞
0

jµ(uaξ)D

(
u,
b

a
, z

)
a2µ+1dσ(u)

)
ψ̄(z)dσ(z).

From (1.1.5), we have

(Bψf)(b, a) =

∫ ∞
0

jµ(bξ)jµ(zaξ)ψ̄(z) dσ(z)

= jµ(bξ)

∫ ∞
0

jµ(zaξ)ψ̄(z) dσ(z)

= jµ(bξ) (hµψ)(aξ).

Now, we define the adjoint operator

B∗ψ Bψf(t) = a−2µ−1

∫ ∞
0

(Bψf)(b, a)ψ

(
t

a
,
b

a

)
dσ(b)

= a−2µ−1(hµψ)(aξ)

∫ ∞
0

jµ(bξ)

(∫ ∞
0

ψ(z) D

(
t

a
,
b

a
, z

)
dσ(z)

)
dσ(b)

= a−2µ−1(hµψ)(aξ)

∫ ∞
0

(∫ ∞
0

D

(
t

a
,
b

a
, z

)
jµ(bξ)dσ(b)

)
ψ(z) dσ(z).

Putting b
a

= v, we get

B∗ψ Bψf(t)

= a−2µ−1(hµψ)(aξ)

∫ ∞
0

(∫ ∞
0

D

(
t

a
, v, z

)
jµ(vaξ)a2µ+1dσ(v)

)
ψ(z) dσ(z)

= (hµψ)(aξ)

∫ ∞
0

jµ(tξ) jµ(zaξ)ψ(z)dσ(z)

= (hµψ)(aξ) (hµψ)(aξ) jµ(tξ)

= |(hµψ)(aξ)|2 jµ(tξ).

Hence ∫ ∞
0

B∗ψ Bψ f(t)
dσ(a)

a2µ+1
= jµ(tξ)

∫ ∞
0

|(hµψ)(aξ)|2

a2µ+1
dσ(a).
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Therefore, from the above expression, we get

f(t) = jµ(tξ) =

∫∞
0
B∗ψ Bψ f(t) dσ(a)

a2µ+1∫∞
0

|(hµψ)(aξ)|2
a2µ+1 dσ(a)

=

∫∞
0
B∗ψ Bψ f(t) dσ(a)

a2µ+1∫∞
0

|(hµψ)(ν)|2
ν2µ+1 dσ(ν)

.

From (2.3.2), we can write the following representation

f(t) =

∫ ∞
0

B∗ψ Bψ f(t)
dσ(a)

a2µ+1
,

for f(t) = jµ(tξ).

Theorem 2.3.2. Suppose that ψ ∈ L2
σ(I) is a continuum Bessel wavelet with

Aψ :=

∫ ∞
0

ω−2µ−1 |(hµψ)(ω)|2 dσ(ω) = 1. (2.3.3)

Then, for f ∈ L2
σ(I) following inversion formula holds

f(x) = lim
ε→0,A,B→∞

∫
ε<a<A,b<B

(Bψf)(b, a)ψb,a(x)
dσ(a)dσ(b)

a2µ+1
, (2.3.4)

where S(ε, A,B)f =
∫
ε<a<A,b<B

(Bψf)(b, a)ψb,a(x)dσ(a)dσ(b)
a2µ+1 .

Proof. Let the integral in (2.3.4) belongs in L2
σ(R2

+,
dσ(a)dσ(b)
a2µ+1 ).

Now, we have

‖f − S(ε, A,B)f‖2,σ = sup
||g||2,σ=1

|〈f − S(ε, A,B)f, g〉| .

Applying Fubini’s theorem, we have

〈S(ε, A,B)f, g〉 =

∫
R+

ḡ(x)

(∫
ε<a<A,b<B

(Bψf)(b, a)ψb,a(x)
dσ(a)dσ(b)

a2µ+1

)
dσ(x)

=

∫
ε<a<A,b<B

(Bψf)(b, a)

(∫
R+

ḡ(x)ψb,a(x)dσ(x)

)
dσ(a)dσ(b)

a2µ+1
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=

∫
ε<a<A,b<B

(Bψf)(b, a) (Bψg)(b, a)
dσ(a)dσ(b)

a2µ+1
.

Thus, by Parseval’s formula of the Hankel transform (1.1.14) and the Cauchy-

Schwarz inequality (1.1.16), we have

|〈f − S(ε, A,B)f, g〉|

= |〈f, g〉 − 〈S(ε, A,B)f, g〉|

=

∣∣∣∣ ∫
R2
+

(Bψf)(b, a)Bψg(b, a)
dσ(a)dσ(b)

a2µ+1

−
∫

(ε<a<A,b<B)

(Bψf)(b, a)Bψg(b, a)
dσ(a)dσ(b)

a2µ+1

∣∣∣∣
=

∣∣∣∣ ∫
(ε<a<A,b<B)c

(Bψf)(b, a)Bψg(b, a)
dσ(a)dσ(b)

a2µ+1

∣∣∣∣
≤

(∫
(ε<a<A,b<B)c

|(Bψf)(b, a)|2 dσ(a)dσ(b)

a2µ+1

)1/2
(∫

R2
+

|(Bψg)(b, a)|2 dσ(a)dσ(b)

a2µ+1

)1/2

=

(∫
(ε<a<A,b<B)c

|(Bψf)(b, a)|2 dσ(a)dσ(b)

a2µ+1

)1/2

Aψ ‖ g‖2,σ .

When ε → 0 and A,B → ∞, the region of integration decreases to the empty set,

hence the last integral tends to zero by the dominated convergence theorem.

This gives that

‖S(ε, A,B)f − f‖2,σ → 0.

Theorem 2.3.3. Suppose that ψ ∈ L2
σ(I) is a continuum Bessel wavelet which

satisfies (2.3.3) and

Cψ,µ,s :=

∫ ∞
0

|(hµψ)(ξ)|2

ξ1+2µ+2s
dσ(ξ) <∞,

for some s > 0.

Then ∫ ∞
0

∫ ∞
0

|(Bψf)(b, a)|2

a2µ+2s+1
dσ(a)dσ(b) = Cψ,µ,s ‖f‖2

2,s , (2.3.5)
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where ‖f‖2,s =
∫∞

0
ξ2s|(hµf)(ξ)|2dσ(ξ) is the Sobolev norm [28, p.290].

Proof. From (1.16), we have

∫ ∞
0

[(Bψf)(b, a)(Bψg)(b, a)]dσ(b)

=

∫ ∞
0

h−1
µ {(hµf)(u) (hµψ)(au)}(b)h−1

µ {(hµg)(u)(hµψ)(au)}(b)dσ(b).

Now, using Parseval’s formula of the Hankel transform(1.1.14), the above expression

becomes

∫ ∞
0

∫ ∞
0

(Bψf)(b, a)(Bψg)(b, a)

a2µ+2s+1
dσ(a)dσ(b)

=

∫ ∞
0

∫ ∞
0

(hµf)(u)(hµψ)(au)(hµg)(u)(hµψ)(au)

a2µ+2s+1
dσ(a)dσ(u)

=

∫ ∞
0

∫ ∞
0

(hµf)(u)(hµg)(u)
|(hµψ)(au)|2

a2µ+2s+1
dσ(a)dσ(u).

If we take f = g, then we obtain

∫ ∞
0

∫ ∞
0

|(Bψf)(b, a)|2

a2µ+2s+1
dσ(a)dσ(b) =

∫ ∞
0

∫ ∞
0

|(hµf)(u)|2 |(hµψ)(au)|2

a2µ+2s+1
dσ(a)dσ(u).

Putting au = ξ, we get

∫ ∞
0

∫ ∞
0

|(Bψf)(b, a)|2

a2µ+2s+1
dσ(a)dσ(b)

=

∫ ∞
0

|(hµf)(u)|2
(∫ ∞

0

|(hµψ)(ξ)|2

ξ2µ+2s+1
dσ(ξ)

)
u2sdσ(u)

= Aψ,µ,s

∫ ∞
0

|(hµf)(u)|2 u2sdσ(u)

= Aψ,µ,s ||f ||22,s.



Chapter 3

The Bessel Wavelet Convolution

involving Hankel Transform

3.1 Introduction

In recent years, many properties of the wavelet convolution are studied by exploiting

the theory of Fourier transform. The wavelet convolution product is an important

tool to explore the various characterizations of the wavelet transform which is ex-

tensively given in the book [24]. This theory helps to define the wavelet convolution

associated with the wavelet transform [27].

In [26], the properties of Bessel wavelet convolution product is studied and its

certain estimates are obtained by using the theory of Bessel wavelet transform. In

this chapter, our main focus is to expose the Bessel wavelet convolution associated

with the Bessel wavelet transform.

In the present chapter, we discuss the various properties of the Bessel wavelet

convolution by taking the Bessel wavelet transform and the Hankel transform tools.

The boundedness on generalized Sobolev space Bµ
p,k(I), 1 ≤ p <∞, associated with

the normalized Bessel wavelet transform is obtained.
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3.2 The Bessel Wavelet Convolution

In this section, using the Hirschmanian theory of Hankel transform[12] various results

of the Bessel wavelet convolution are obtained.

Theorem 3.2.1. If (hµψ)(aω)(hµf)(ω) ∈ L1
σ(I) and (hµψ)(aω)(hµg)(ω) ∈ L1

σ(I),

(hµψ)(aω) 6= 0 for a ∈ I and (Bψf)(b, a) = (Bψg)(b, a)∀(b, a) ∈ I × I. Then f = g

a.e.

Proof. Given that

(Bψf)(b, a) = (Bψg)(b, a) ∀(b, a) ∈ I × I. (3.2.1)

Then from (1.2.6), we have

h−1
µ

[
(hµψ)(a·)(hµf)(·)

]
(b) = h−1

µ

[
(hµψ)(a·)(hµg)(·)

]
(b). (3.2.2)

From [11, Corollary 2.9], we get

(hµψ)(aω)(hµf)(ω) = (hµψ)(aω)(hµg)(ω) a.e.

Since (hµψ)(aω) 6= 0, then we get

(hµf)(ω) = (hµg)(ω).

Again from [11, Corollary 2.9], we get

f = g a.e.

Theorem 3.2.2. Let f, g ∈ L1
σ(I) and ψ ∈ L1

σ(I), then

Bψ(f ⊗ g)(b, a) = (Bψf)(b, a)(Bψg)(b, a) (3.2.3)
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holds.

Proof. In view of [26, p.271], we have

(hµψ)(aω)hµ [(f ⊗ g)] (ω) =
[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω). (3.2.4)

Multiplying both sides of the above equation by jµ(bω) and integrating over I, we

get

∫ ∞
0

jµ(bω)(hµψ)(aω)hµ [(f ⊗ g)] (ω)dσ(ω)

=

∫ ∞
0

jµ(bω)
[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)dσ(ω)

=

∫ ∞
0

jµ(bω)

[ ∫ ∞
0

∫ ∞
0

(hµψ)(az)(hµf)(z).(hµψ)(ay)(hµg)(y)

D(ω, y, z)dσ(y)dσ(z)

]
dσ(ω)

=

∫ ∞
0

∫ ∞
0

(∫ ∞
0

jµ(bω)D(ω, y, z)dσ(ω)

)
(hµψ)(az)(hµf)(z)

(hµψ)(ay)(hµg)(y)dσ(y)dσ(z).

From (1.1.5), we have

∫ ∞
0

jµ(bω)(hµψ)(aω)hµ [(f ⊗ g)] (ω)dσ(ω)

=

∫ ∞
0

∫ ∞
0

jµ(yb)jµ(zb)(hµψ)(az)(hµf)(z)(hµψ)(ay)(hµg)(y)dσ(y)dσ(z)

=

∫ ∞
0

jµ(zb)(hµψ)(az)(hµf)(z)dσ(z)

∫ ∞
0

jµ(yb)(hµψ)(ay)(hµg)(y)dσ(y)

= h−1
µ

[
(hµψ)(a·)(hµf)(·)

]
(b) h−1

µ

[
(hµψ)(a·)(hµg)(·)

]
(b).

From (1.2.6), we get

Bψ(f ⊗ g)(b, a) = (Bψf)(b, a) (Bψg)(b, a).
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Lemma 3.2.3. Let ψ ∈ L1
σ(I). Then

∫ ∞
0

D(z, u, at)ψ(t)dσ(t) = ψu,a(z). (3.2.5)

Proof. We have

∫ ∞
0

D(z, u, at)ψ(t)dσ(t) =

∫ ∞
0

{∫ ∞
0

jµ(zω)jµ(uω)jµ(atω)dσ(ω)

}
ψ(t)dσ(t).

Putting aω = s, we get the following expression

∫ ∞
0

D(z, u, at)ψ(t)dσ(t) =
1

a2µ+1

∫ ∞
0

{∫ ∞
0

jµ

(zs
a

)
jµ

(us
a

)
jµ(ts) dσ(s)

}
ψ(t)dσ(t)

=
1

a2µ+1

∫ ∞
0

D
(z
a
,
u

a
, t
)
ψ(t)dσ(t)

= ψu,a(z).

Theorem 3.2.4. Let f, g ∈ L1
σ(I) and assume that

Dψ(x, y, z) =
1

Aψ

∫ ∞
0

∫ ∞
0

ψb,a(x)ψb,a(y)ψb,a(z)
dσ(a)dσ(b)

a2µ+1
, (3.2.6)

where Aψ =
∫∞

0

|(hµψ)(aω)|2
a2µ+1 dσ(a). Then the Bessel wavelet convolution will be in the

following form :

(f ⊗ g) (z) =

∫ ∞
0

∫ ∞
0

Dψ(x, y, z) f(x) g(y) dσ(x)dσ(y). (3.2.7)

Proof. Since

Dψ(x, y, z) =
1

Aψ

∫ ∞
0

∫ ∞
0

ψb,a(x)ψb,a(y)ψb,a(z)
dσ(a)dσ(b)

a2µ+1
,

from the inversion formula of Bessel wavelet transform, we have

Dψ(x, y, z) = B−1
ψ

[
ψb,a(x)ψb,a(y)

]
(z).
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The above expression implies that

∫ ∞
0

Dψ(x, y, z)ψb,a(z)dσ(z) = ψb,a(x)ψb,a(y). (3.2.8)

Multiplying both sides of (3.2.4) by (hµψ)(aω)

a2µ+1 and integrating 0 to∞ with respect to

a, we get

∫ ∞
0

|(hµψ)(aω)|2

a2µ+1
dσ(a) hµ (f ⊗ g) (ω)

=

∫ ∞
0

(hµψ)(aω)
dσ(a)

a2µ+1

[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)

Aψ hµ (f ⊗ g) (ω)

=

∫ ∞
0

(hµψ)(aω)
dσ(a)

a2µ+1

[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω).

From the inversion formula of Hankel transform, we get

Aψ (f ⊗ g) (z)

= h−1
µ

[∫ ∞
0

(hµψ)(aω)
dσ(a)

a2µ+1[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)
]

(z)

=

∫ ∞
0

jµ(zω)

[∫ ∞
0

(hµψ)(aω)
dσ(a)

a2µ+1[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)
]
dσ(ω)

=

∫ ∞
0

jµ(zω)dσ(ω)

∫ ∞
0

(∫ ∞
0

jµ(aωt)ψ(t)dσ(t)

)
dσ(a)

a2µ+1[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)

=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

dσ(ω)

(∫ ∞
0

jµ(zω)jµ(aωt)ψ(t)dσ(t)

)
[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)

=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

dσ(ω)

∫ ∞
0

(∫ ∞
0

D(z, at, u)jµ(uω)dσ(u)

)
ψ(t)dσ(t)[

(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)
]

(ω)
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=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

dσ(ω)

∫ ∞
0

jµ(uω)

(∫ ∞
0

D(z, at, u)ψ(t)dσ(t)

)
dσ(u)[

(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)
]

(ω).

Using Lemma 3.2.3, we have

Aψ (f ⊗ g) (z)

=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

dσ(ω)

∫ ∞
0

jµ(uω)ψu,a(z)dσ(u)[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)

=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

ψu,a(z)dσ(u)

∫ ∞
0

jµ(uω)[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(ω)dσ(ω)

=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

ψu,a(z)dσ(u) h−1
µ

[
(hµψ)(a·)(hµf)(·)#(hµψ)(a·)(hµg)(·)

]
(u)

=

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

ψu,a(z)dσ(u) h−1
µ

[
(hµψ)(a·)(hµf)(·)

]
(u)

h−1
µ

[
(hµψ)(a·)(hµg)(·)

]
(u).

From (1.2.6), we can write

Aψ (f ⊗ g) (z) =

∫ ∞
0

dσ(a)

a2µ+1

∫ ∞
0

ψu,a(z)dσ(u) (Bψf) (u, a) (Bψg) (u, a)

=

∫ ∞
0

∫ ∞
0

ψu,a(z)
dσ(a)dσ(u)

a2µ+1

{∫ ∞
0

f(x)ψu,a(x)dσ(x)

}
{∫ ∞

0

g(y)ψu,a(y)dσ(y)

}
=

∫ ∞
0

∫ ∞
0

f(x)g(y)dσ(x)dσ(y)∫ ∞
0

∫ ∞
0

ψu,a(x) ψu,a(y) ψu,a(z)
dσ(a)dσ(u)

a2µ+1
.
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From (3.2.6), we get

(f ⊗ g) (z) =

∫ ∞
0

∫ ∞
0

Dψ(x, y, z) f(x) g(y) dσ(x)dσ(y).

Lemma 3.2.5. If ψ ∈ L2
σ(I), then

(hµψb,a)(ω) = jµ(bω)(hµψ)(aω). (3.2.9)

Proof. We have

(hµψb,a)(ω) =

∫ ∞
0

jµ(ωt)ψb,a(t)dσ(t)

=

∫ ∞
0

jµ(ωt)a−2µ−1

∫ ∞
0

ψ(z)D

(
t

a
,
b

a
, z

)
dσ(z)dσ(t).

Putting t
a

= x, we get

(hµψb,a)(ω) =

∫ ∞
0

jµ(ωax)

∫ ∞
0

ψ(z)D

(
x,
b

a
, z

)
dσ(z)dσ(x)

=

∫ ∞
0

ψ(z)

(∫ ∞
0

jµ(ωax)D

(
x,
b

a
, z

)
dσ(x)

)
dσ(z)

=

∫ ∞
0

ψ(z) jµ(bω) jµ(zaω)dσ(z)

= jµ(bω)

∫ ∞
0

ψ(z) jµ(zaω)dσ(z)

= jµ(bω)(hµψ)(aω).

Theorem 3.2.6. If f ∈ L2
σ(I), then f can be reconstructed by the formula

f(t) =
1

Aψ

∫ ∞
0

∫ ∞
0

(Bψf)(b, a)ψb,a(t)
dσ(a)dσ(b)

a2µ+1
, (3.2.10)

where ψ ∈ L2
σ(I) be a basic wavelet satisfies admissibility condition Aψ.
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Proof. If f ∈ L2
σ(I), then we have

1

Aψ

∫ ∞
0

∫ ∞
0

(Bψf)(b, a)ψb,a(t)
dσ(a)dσ(b)

a2µ+1

=
1

Aψ

∫ ∞
0

(∫ ∞
0

(Bψf)(b, a)ψb,a(t)dσ(b)

)
dσ(a)

a2µ+1
.

Using Parseval’s formula of the Hankel transform (1.1.14), we get

1

Aψ

∫ ∞
0

∫ ∞
0

(Bψf)(b, a)ψb,a(t)
dσ(a)dσ(b)

a2µ+1

=
1

Aψ

∫ ∞
0

(∫ ∞
0

hµ[(Bψf)(b, a)](ω)(hµψb,a)(ω)dσ(ω)

)
dσ(a)

a2µ+1
.

From (1.2.6) and Lemma 3.2.5, we have

1

Aψ

∫ ∞
0

∫ ∞
0

(Bψf)(b, a)ψb,a(t)
dσ(a)dσ(b)

a2µ+1

=
1

Aψ

∫ ∞
0

(∫ ∞
0

(hµψ)(aω)(hµf)(ω)jµ(bω)(hµψ)(aω)dσ(ω)

)
dσ(a)

a2µ+1

=
1

Aψ

∫ ∞
0

(∫ ∞
0

|(hµψ)(aω)|2

a2µ+1
dσ(a)

)
(hµf)(ω)jµ(bω)dσ(ω)

=
1

Aψ

∫ ∞
0

Aψ (hµf)(ω)jµ(bω)dσ(ω)

= h−1
µ [(hµf)](b)

= f(t).

Theorem 3.2.7. If f ∈ L2
σ(I), then the following Calderón’s reproducing identity

holds:

f(t) =
1

Aψ

∫ ∞
0

(
f#ψa#ψa

) dσ(a)

a2µ+1
, (3.2.11)

for a Bessel wavelet ψ ∈ L2
σ(I).
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Proof. From (3.2.10), we have

f(t) =
1

Aψ

∫ ∞
0

∫ ∞
0

(Bψf)(b, a)ψb,a(t)
dσ(a)dσ(b)

a2µ+1

=
1

Aψ

∫ ∞
0

(∫ ∞
0

(Bψf)(b, a)ψb,a(t)dσ(b)

)
dσ(a)

a2µ+1
.

Using Parseval’s formula of the Hankel transform (1.1.14), we get

f(t) =
1

Aψ

∫ ∞
0

(∫ ∞
0

hµ[(Bψf)(b, a)](ω)(hµψb,a)(ω)dσ(ω)

)
dσ(a)

a2µ+1
.

From (1.2.6) and Lemma 3.2.5, we have

f(t) =
1

Aψ

∫ ∞
0

(∫ ∞
0

(hµψ)(aω)(hµf)(ω)jµ(bω)(hµψ)(aω)dσ(ω)

)
dσ(a)

a2µ+1
.

Using (1.1.10), we get the following expression

f(t) =
1

Aψ

∫ ∞
0

(∫ ∞
0

jµ(bω)hµ(f#ψa)(ω)(hµψ)(aω)dσ(ω)

)
dσ(a)

a2µ+1

=
1

Aψ

∫ ∞
0

(∫ ∞
0

jµ(bω)hµ(f#ψa#ψa)(ω)dσ(ω)

)
dσ(a)

a2µ+1

=
1

Aψ

∫ ∞
0

(f#ψa#ψa)(t)
dσ(a)

a2µ+1
.

Theorem 3.2.8. Let f ∈ L2
σ(I) and ψ ∈ L2

σ(I) satisfying admissibility condition

Aψ =
∫∞

0

|(hµψ)(aω)|2
a2µ+1 dσ(a), then the following reproducing identity holds:

f(t) =
1

Aψ

∫ ∞
0

∫ ∞
0

(
f ⊗ ψb,a ⊗ ψb,a

)
(t)

dσ(a) dσ(b)

a2µ+1
. (3.2.12)
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Proof. Assume that φ is an orthonormal wavelet in L2
σ(I). Taking the Bessel wavelet

transform of right hand side of (3.2.12) with respect to φ, we have

Bφ

[
1

Aψ

∫ ∞
0

∫ ∞
0

(
f ⊗ ψb,a ⊗ ψb,a

)
(t)

dσ(a) dσ(b)

a2µ+1

]
(b
′
, a
′
)

=
1

Aψ

∫ ∞
0

∫ ∞
0

Bφ

{(
f ⊗ ψb,a ⊗ ψb,a

)
(t)
}

(b
′
, a
′
)
dσ(a) dσ(b)

a2µ+1

= (Bφf) (b
′
, a
′
)

1

Aψ

∫ ∞
0

∫ ∞
0

(
Bφψb,a

)
(b
′
, a
′
) (Bφψb,a) (b

′
, a
′
)
dσ(a) dσ(b)

a2µ+1

= (Bφf) (b
′
, a
′
)

1

Aψ

∫ ∞
0

∫ ∞
0

[∫ ∞
0

ψb,a(t)φb′ ,a′ (t)dσ(t)

]
[∫ ∞

0

ψb,a(x)φb′ ,a′ (x)dσ(x)

]
dσ(a) dσ(b)

a2µ+1

= (Bφf) (b
′
, a
′
)

∫ ∞
0

1

Aψ

(∫ ∞
0

∫ ∞
0

[(
Bψφb′ ,a′

)
(b, a)ψb,a(x)

] dσ(a) dσ(b)

a2µ+1

)
φb′ ,a′ (x)dσ(x)

= (Bφf) (b
′
, a
′
)

∫ ∞
0

φb′ ,a′ (x) φb′ ,a′ (x)dσ(x)

= (Bφf) (b
′
, a
′
)

∫ ∞
0

[
φb′ ,a′ (x)

]2
dσ(x)

= (Bφf) (b
′
, a
′
) ( by orthogonality of φ).

1

Aψ

∫ ∞
0

∫ ∞
0

(
f ⊗ ψb,a ⊗ ψb,a

)
(t)

dσ(a) dσ(b)

a2µ+1
= B−1

φ

[
(Bφf) (b

′
, a
′
)
]

(t)

= f(t).
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3.3 Generalized Sobolev Space

Let ψ ∈ L2
σ(I) be an analysing Bessel wavelet which satisfies (1.2.8).

The integral

(Lψf) (b, a) =
1√
Aψ

(Bψf) (b, a) =
1√
Aψ
〈f, ψb,a〉

=
1√
Aψ

∫ ∞
0

f(t)ψb,a(t)dσ(t),

defines an element of L2
(
I × I, dσ(a)dσ(b)

a2µ+1

)
.

The Hankel transform of Lψ is given as

hµ [(Lψf)(b, a)] (ω) =
1√
Aψ

(hµψ)(aω) (hµf) (ω). (3.3.1)

The operator Lψ is also called a normalized form of the Bessel wavelet operator Bψ

and

Lψ : L2(I, dσ(t))→ L2

(
I × I, dσ(a)dσ(b)

a2µ+1

)
,

is an isometry [21, p.245].

In this section, we are exploiting the results of [24] and study the normalized Bessel

wavelet transform Lψf , which is defined on L2
σ(I, dσ(t)) to generalized Sobolev space

Bµ
p,k(I) and the space of its image set is denoted by W µ

p,k. The boundedness and other

properties of Lψf are given on Bµ
p,k(I) space.

Definition 3.3.1. The Zemanian space Hµ(I), I = (0,∞) is the set of all infinitely

differentiable functions φ on (0,∞) such that

γµm,k(φ) = sup
x∈(0,∞)

∣∣∣∣∣xm
(
x−1 d

dx

)k
x−µ−

1
2φ(x)

∣∣∣∣∣ <∞, (3.3.2)

for all m, k ∈ N0. Then f ∈ H ′µ(I) is defined by the following way:

〈f, φ〉 =

∫ ∞
0

f(x)φ(x)dσ(x), φ ∈ Hµ(I). (3.3.3)
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Definition 3.3.2. Let k(ξ) be an arbitrary weight function. The generalized Sobolev

space Bµ
p,k(I), 1 ≤ p < ∞ is defined to be the space of all ultra-distributions f ∈

H
′
µ(I), I = (0,∞) such that

‖f‖p,k =

(∫ ∞
0

|k(ξ) (hµf) (ξ)|p dσ(ξ)

)1/p

<∞ (3.3.4)

and

‖f‖∞,k = ess sup k(ξ) |(hµf)(ξ)| . (3.3.5)

Definition 3.3.3. Define the space W µ
p,k of all measurable functions f on I×I such

that

‖f(b, a)‖Wµ
p,k

=

(∫
I

‖f(b, a)‖pp,k
dσ(a)

a2µ+1

)1/p

<∞, (3.3.6)

1 ≤ p <∞, a ∈ (0,∞).

Theorem 3.3.4. Assume that analysing wavelet ψ satisfies the following admissi-

bility condition:

Aψ,p =

∫ ∞
0

|(hµψ) (ξ)|p

ξ2µ+1
dσ(ξ) <∞. (3.3.7)

Let (Lψf) (b, a) be the normalized Bessel wavelet transform of the function f ∈

Bµ
p,k(I), with respect to the analysing wavelet ψ satisfying (3.3.7). Then

‖(Lψf) (b, a)‖Wµ
p,k

= Cp ‖f‖p,k , (3.3.8)

where Cp = (Aψ)−p/2Aψ,p.

Proof. Let f ∈ Hµ(I).

Then

‖(Lψf) (b, a)‖p
Wµ
p,k

=

∫ ∞
0

‖(Lψf) (b, a)‖pk,p
dσ(a)

a2µ+1

=

∫ ∞
0

(∫ ∞
0

|k(ξ)|p |hµ [(Lψf) (b, a)] (ξ)|p dσ(ξ)

)
dσ(a)

a2µ+1
.



Chapter 3. The Bessel Wavelet Convolution involving Hankel Transform 37

From (3.3.1), we have

‖(Lψf) (b, a)‖p
Wµ
p,k

=

∫ ∞
0

(∫ ∞
0

|k(ξ)|p 1

A
p/2
ψ

|(hµψ) (aξ)|p |(hµf) (ξ)|p dσ(ξ)

)
dσ(a)

a2µ+1

=
1

A
p/2
ψ

∫ ∞
0

(∫ ∞
0

|k(ξ)|p |(hµf) (ξ)|p dσ(ξ)

)
|(hµψ) (aξ)|p dσ(a)

a2µ+1

=
1

A
p/2
ψ

∫ ∞
0

‖f‖pp,k |(hµψ) (aξ)|p dσ(a)

a2µ+1
.

Putting aξ = u, we have

‖(Lψf) (b, a)‖p
Wµ
k,p

=
1

A
p/2
ψ

∫ ∞
0

|(hµψ) (u)|p

u2µ+1
dσ(u) ‖f‖pp,k

=
1

A
p/2
ψ

Aψ,p ‖f‖pp,k

= Cp ‖f‖pp,k .

Since Hµ(I) is dense in Bµ
p,k(I), the above result can be extended to all f ∈ Bµ

p,k(I).

Theorem 3.3.5. Let f ∈ Bµ
p,k(I) and ψ ∈ L1

σ(I) with
∫∞

0
ψ(t)dσ(t) = 1.

Then (Bψf) (., a)→ f(.) in Bµ
p,k(I) as a→ 0.

Proof. From (3.3.4), we have

‖f#ψa − f‖pp,k =

∫ ∞
0

|hµ (f#ψa − f) (ξ)|p |k(ξ)|p dσ(ξ)

=

∫ ∞
0

|hµ (f#ψa) (ξ)− (hµf) (ξ)|p |k(ξ)|p dσ(ξ)

=

∫ ∞
0

|(hµf) (ξ) (hµψ) (aξ)− (hµf) (ξ)|p |k(ξ)|p dσ(ξ)

=

∫ ∞
0

|(hµf) (ξ)k(ξ)|p |(hµψ) (aξ)− 1|p dσ(ξ)

=

∫ ∞
0

|I(a, ξ)|p dσ(ξ),
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where I(a, ξ) = (hµf) (ξ) k(ξ) [(hµψ) (aξ)− 1] .

Under our assumption
∫∞

0
ψ(t)dσ(t) = 1, we have lim

a→0
|I(a, ξ)| = 0 a.e.

Set M = sup
ξ∈I
|(hµψ) (aξ)− 1|, which is independent of a.

Then

|I(a, ξ)| ≤M |(hµf) (ξ) k(ξ)| .

Now, applying the dominated convergence theorem, we have

(Bψf) (., a) = (f#ψa)(., a)→ f(.) in Bµ
p,k(I) as a→ 0.


