Chapter 4

Fixed points for (p-1)-weak
contractions in fuzzy and Menger

spaces

4.1 Introduction

In metric fixed point theory, there are several generalizations of the Banach con-
traction theorem. Omne such generalization from large existing literature in this
line of research is weak contraction principal which establishes a new contraction
in between Banach contraction and the non-expansive mapping. Alber et al. [1]
first introduced the weak contraction in Hilbert spaces after that, it was adopted
to metric space by Rhoades [87]. Following the similar ideas of such weak contrac-
tion, several results were established, not all of which are generalization of Banach
contraction theorem. Actually, they contribute a much larger class of contraction

known as weak contraction in metric fixed point theory. To establish existence and
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uniqueness of fixed point theorem in Menger PM-spaces, contraction is one of the
basic tools. Sehgal and Bharucha-Reid [101] introduced probabilistic k-contraction
and proved probabilistic version of classical Banach fixed point principle. Efforts
have been made over the years to generalize and extend the k-contraction, which
let to the concepts of ¢-contraction, weak-contraction and generalized weak con-
traction etc. in Menger and fuzzy metric spaces. Few references from the large
exiting literature are [4, 32, 39, 87]. In other spaces, which are generalizations of
usual metric spaces, such ideas and results are also addressed by several authors
(see [5, 6, 7, 11, 30, 54, 64, 66, 81, 84, 93, 115]). Motivated by the recent results in
[25, 32, 92], in the present work we prove a fixed point theorem for weak contraction
mappings in fuzzy metric spaces, and another theorem is proved in Menger space.
The results in this chapter are established in fuzzy metric spaces in the sense of
George and Veeramani.

The following lemmas are required to prove our results.

Lemma 4.1. [92] If T is a continuous t-norm, and {a,}, {b,} and {c,} are se-
quences such that a,, — a, ¢, — ¢ asn — oo, then km T(ay, T (bg,cx)) = T(a, T(km bk, ¢))
—00 —00

and lim T'(ay, T (bg, cx)) = T'(a, T'( im by, ¢)).

k—00 k—00
Lemma 4.2. [92] Let {f(k,.) : (0,00) — (0,1),k = 0,1,2,...} be a sequence of
functions such that f(k,.) is continuous and monotone increasing for each k > 0.
Then k@f{k, t) is a left continuous function in t and lim f(k,t) is a right contin-

k—o0

uous function in t.

4.2 A theorem in Menger spaces

Theorem 4.3. Let (X, F,T) be a complete PM-space such that "T" is an arbitrary

continuous t-norm and let f : X — X be a self mapping satisfying the following
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condition:

V(Fra,py (1) < (Fry(t) — p(Fry (1)), (4.1)
where ¥, p : (0,1] — [0,00) are two functions such that:

(i) ¢ is monotone decreasing and continuous function with 1(s) = 0 if and only if

s =1,

(i) ¢ is lower semi-continuous function with ¢(s) =0 if and only if s = 1.

Then f has a unique fixed point in X.

Proof. Let xg € X. We define a sequence {z,,} C X such that z,,; = fx,, for each
n > 0. If there exists a positive integer k£ such that z, = xp,, then zj is a fixed

point of f. Hence, we shall assume that z,, # 2,41, for all n > 0. Now, from (4.1)

w(mean (t)) = ¢(fon_1,fxn (t» < 7vb(Fﬂﬁn—l,ﬂﬁn (t)) - @(Fxn—lyxn (t)) (4'2)

Since 1 is monotone decreasing, we have

Fxn—l yTn (t> S Fxnywn-&-l (t) N

Therefore, {F, ()} is a monotone increasing sequence of non-negative real num-

nyLn+1

bers. Hence, there exists r > 0 such that
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Taking the limit as n — oo in (4.2), we obtain

P(r) <9(r) —o(r),

which is a contradiction unless » = 1.

Hence,

lim F,

Tn,,Tn+1
n—o00 et

(t) = 1. (4.3)

Next, we show that {z,} is a Cauchy sequence. If not so, there exist A, € > 0 with
A € (0,1) such that for each integer k, there are two integers [(k) and m(k) such

that

m(k) > 1(k) > k,

Erytmany (€) <1 — A and
Fxl(k):xm(k)—l(e) >1-A

Now, by triangle inequality, for any s with § > s > 0 and for all £ > 0, we have

1—A

v

Fxl(k)7$m(k) (6)

v

T(Fxl(k)vxl(k)+1 (S)’ T(Fxl(k)Jrlvwm(k)Jrl (E - 23)7 me(k)Jrlvxm(k) (S)))

(4.4)

For t > 0, we define the function

Ti(k)+1Tm(k)+1 (t)
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Taking limit supremum as k& — oo on both the sides of (4.4), using (4.3), the

continuity of T and Lemma 4.1, we get that

1—-A

v

T(LT(HM Fryy) 40,0000 (€ — 25),1))
= T(1 i Foy 040 (€ = 29))
(e — 2s)

= kh_{gosz(k)H,wm(k)H

= hl(E — 28)

By an application of Lemma 4.2, h; is left continuous. Taking limit as s — 0 in the
above ineqaulity, we obtain,

]’Ll(E) = EF

k00 $l(k)+1 (k)41

() <1—A\ (4.5)
Next, for all t > 0, we define the function

ho(t) = lim F,
k—o0

l(k)+lvxm(k)+1 (t) .

In the similar process, we can prove that

ha(e) = lim F, (€)>1— A (4.6)

1(k)+1Tm(k)+1 —

Combining (4.5) and (4.6), we get

lim F, () <1—-A< limF,
k—o0

k00 Ti(k)+1>Tm(k)+1 l(k)+l7xm(k)+1(6)'

This implies that

lim F,

koo Ti(k)+1>Tm (k)41

(t)=1- A (4.7)
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Again, by (4.5)
() <1—A\ (4.8)

Jim Foy ey

For t > 0, we define the function

ha(t) = Lm Fy w0 ()

k—o0
Now for s > 0,

F

Ti(k)Tm(k

(€+2s) > T(F

(k) >TL(k)+1

(8)7 T(le(k)+17an(k)+1 (6)’ Fxm(k)+17$m(k) (8)))

Taking limit infimum as & — oo on both the sides, we have
h—m Fxl(k)»xm(k) (6 + 23) 2 T<17 T( h—m sz(k)+1,9€m(k)+1 (6)7 1)) =1-A
k—o00 k—o0

Thus, hy(e +2s) > 1 — A.

Taking limit as s — 0, we obtain

hS(E) = kh_m FIz(k)Jm(k)(E) >1-A (4'9)

—00

Combining (4.8) and (4.9), we obtain
B Fly 0 (8) = 1= A, (4.10)

Now,

¢(Fxl(k)+1 7mm(k)+1 (6)) S ¢(Fxl(k)vzm(k) (E)) - S0<'F1$l(k)733'rn(k:) (6))

Taking limit as k — oo, and using (4.7) and (4.10) we obtain

(1 —A) <Y1 —A) —p(l = A), which is a contradiction.
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Thus, {x,} is a Cauchy sequence. Since X is complete, there exists p € X such that

T, — p asn — co. Now,

1/}(F$n+1,fp(t)) = ¢(fon7fp(t))

fcn,p(t)) - QD(Fxn,p(t))-

IA
=
&

Taking limit as n — oo, we get

O(Eppp(t)) < O(Fp (1)) — (Fp (1)) = 0,

which implies that ¢(F}, r,(t)) = 1, that is,

Fppp(t) =1orp= fp.

We next establish that fixed point is unique. Let p and ¢ be two fixed points of f.
Putting x = p and y = ¢ in (4.1), we get

(Fpp.pa(t)) < ©(Fpg(t)) — o(Fpg(t))

or, P(Fpg(t)) < O(Fpq(t) — o(Fpq(t)

or,  p(Fpe(t)) <0,

or, equivalently, ¢(F,,(t)) = 1, that is, p = q. O

The following example is in support of Theorem 4.3.

Example 4.1. Let X = [0, 1]. Define a function F : X x X — DT by

1, ift<0

et ift>0.
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for all x,y € X. Then (X, F,T) is a complete Menger probabilistic metric space,

where "T" is product t-norm. Let 1, ¢ : (0,1] — [0,00) be defined by

P(s)=-—1, ¢(s)=-— %, Vs € (0, 1]. (4.11)

Then ¥ and ¢ satisfy all the conditions of Theorem 4.3. Let the mapping f : X — X
be defined by f(z) = %2, for all x € X.
Now, we shall show that f satisfy (4.1).

With the choices of ¢ and ¢ as in (4.11), the inequality (4.1) takes the form

1 1 < 1 1 1 n 1
Ff:mfy(t) N Fﬂc,y(t) Fl’ay(t) vay(t)’
that s,
Ff:v,fy(t) > \/ Fx,y(t)-
Now,
_ fz—fyl
Fropy(t) = e 7
|22 —y2|
= e 4

Hence, all the conditions of Theorem (4.3) are satisfied.

Thus, 0 is the unique fixed point of f.
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4.3 A theorem in fuzzy metric spaces

Theorem 4.4. Let (X, M,T) be a complete fuzzy metric space with an arbitrary
continuus t-norm "T" and let f : X — X be a self mapping satisfying the following

condition:

P(M(fz, fy,1)) < p(min(M(z,y,t), M(z, fz,t), M(y, fy,1)))

—p(min(M(z,y,t), M(y, fy.t))), (4.12)

where ¥, p : (0,1] — [0,00) are two functions such that:

(i) ¢ is continuous and monotone decreasing function with ¥ (t) = 0 if and only if

t=1,

(ii) ¢ is lower semi continuous function with ¢(t) = 0 if and only if t = 1.
Then f has a unique fixed point.

Proof. Let o € X. We define the sequence {z,} as z,41 = fx,, for each n > 0. If
there exists a positive integer k such that xy = zp,1, then z; is a fixed point of f.

Hence, we shall assume that x, # x,.1, for all n > 0. Now, from (4.12)

V(M (Zpi1, Tng2, 1)) = VM (fon, fTni,t))
< Yp(min{ M (z,, Tpi1,t), M (2, oo, t), M (i1, Tpio, t)})

—p(min{ M (z,, Tpi1,t), M(Tpi1, Tnia t)}). (4.13)

Suppose that M (x,, x,.1,t) > M (241, Tpio,t), for some positive integer n. Then

from (4.13), we have
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¢(M(£Un+1, $n+2,7f)) < ¢(M($n+1, Tn+2, t)) - gp(M(aan, Tni2, t))>
that iSa @(M(xn-‘rhxn-f-%t)) S 07
which implies that M (z41, Tpi2,t) = 1.

This gives that z,.1 = 2,42, which is a contradiction.

Therefore, M (zp41, Tni2,t) < M(xy, xpe1,t) for all n > 0, and {M(x,, x,41,t)} is
a monotone increasing sequence of non-negative real numbers. Hence, there exists
r > 0 such that lim M (z,, zp41,t) =7

n—oo
In view of the above facts, from (4.13), we have
V(M (xpi1, Tnto,t)) <YM (2, Tpia,t)) — @(M(Ty, Tng1, t)), for all n > 0.
Taking the limit as n — oo in the above inequality and using the continuities of ¢

and ¥ we have ¥(r) < ¢(r) — ¢(r), which is a contradiction unless = 1. Hence

M(zp, xpy1,t) = 1 as n — oo. (4.14)

Next, we claim that {z,} is a Cauchy sequence. If not so, there exist A, € > 0 with
A € (0,1) such that for each integer k, there exists integers [(k) and m(k) such that

m(k) > l(k) > k and

M(l‘l(k), T (k) 6) <1-—X\, forall k>0. (4.15)

By choosing m(k) to be the smallest integer exceeding (k) for which (4.15) holds,

then for all £ > 0, we have

M(ZL’l(k), Tm(k)—1, E) >1—\
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Now, by triangle inequality, for any s with 0 < s < £, for all £ > 0, we have

1-X > M(wl(k), Tm(k), €)
> T(M(2iwy, Ty 41, 8), T(M (T1(k) 41, Ty 11, € = 28), M Tk 41, Tm(r) > 8)))-

(4.16)

For ¢t > 0, we define the function h;(t) = lim M (SL‘l(k)_H, Ty (k)+15 t) )

n—oo

Taking limit supremum as k — oo on both the sides of (4.16), using (4.14), the

continuity property of T and Lemma 4.1, we conclude that

1-Xx > T(1,T(k@M(xl(k)H,xm(km,e—25),1))

= k@oM(xl(’“)“’ Ty(k)4+1, € — 25)

= hi(e —2s).

By an application of Lemma 4.2, h; is left continuous.

Letting limit as s — 0 in the above inequality, we obtain

hi(e) = Bm M (xyhy11, Ty 11, €) < 1 — A (4.17)

k—o00
Next, for all ¢ > 0, we define the function

ho(t) = lim M ($1(k)+17$m(k)+1,t) .

k—o00

In above a process, we can prove that

hg(e) = h_mM (xl(k)+1,xm(k)+1,e) > 1— A (4.18)

k—o0

Combining (4.17) and (4.18), we get
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Lim M (i) 41, Tmgey+1:€) < 1 — X < Hm M ()11, Tnr)+1 €)-
k—o0 k—oo

This implies that

lim M(a:l(k)ﬂ, xm(k)H, t) =1-A (4.19)

n—o0

Now by (4.17),

E M(xl(k), .Qjm(k), 6) S 1=\

k—00

For t > 0, we define the function

hs(t) = Hm M (i), Tomr), €)- (4.20)

k—00
Now for s > 0,

M (i), To(rys €425) > T (M (218), Tigiy+155), T(M(Zye)y+1, Ty +15 €)s M (Tim()+15 Tim(r), 5)))-
Taking limit infimum as £ — oo on both the sides, we have

kh—%loM(xl(k)’ Tp(k), € + 25) > T(1, T(kli_)_n;M(ml(k)H, Tmk)+1,€), 1)) =1 = A

Thus,
hs(e +2s) > 1— A\ (4.21)

Taking limit as s — 0, we get hg(e) > 1 —A. Combining (4.20) and (4.21), we obtain

lim M(l’l(k), T (k) 6) = 1.

n—oo

Now,

V(M (T 115 Ty 1, €)) < p(min{ M (zy), Ty €)s M (Zigiys Tigky+1, €), M (T, Tm(i)+15€) })

—p(min{ M (zi(k), Tmr), €), M (Tm(ry, Tm(ry+1, €) })-
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Taking limit as £ — oo, we get
(1 —X) <Y1 =) —p(l —A), which is a contradiction.

Thus, {x,} is a Cauchy sequence. Since X is complete, there exists p € X such that

T, — p asn — 0o. Now,

(M (2ni1, [, 1) = Y(M(fn, [p1))
S @/J(min{M(:En,p,t),M(Im$n+1;t)aM(pafpat)})

—go(min{M(xn,p, t)? M(p, fpv t)})

Taking limit as n — oo, we get

b(M(p, fp,1)) < &(M(p, fp,t)) — o(M(p, fp,1)),

which implies that (M (p, fp,t)) = 0, that is,

M(p, fp,t) =1 or p= fp.

We next establish that fixed point is unique. Let p and ¢ be two fixed points of f.
Putting x = p and y = ¢ in (4.12),

O(M(fp, fq,t)) < P(min{M(p,q,t), M(p, fp,t), M(q, fq,t)})—p(min{M(p, q,t), M(q, fq,t)})
or, Y(M(p,q,t)) < ¢(min{M(p,q,t), M(p,p,t), M(q,q,t)})—p(min{M(p,q,t), M(q,q,1)})
or, (M(p.q,t)) <(M(p.q,t)) — e(M(p,q,t))

or, @(M(p,q,t)) <0

or, equivalently, M(p,q,t) = 1, that is, p = ¢. O

The following example is in support of Theorem 4.4.
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Example 4.2. Let X = [0, 1] and define M : X x X x (0,00] — [0,1] by

|lz—yl

M(z,y,t)=e 7 |

forallz,y € X and t > 0. Then (X, M,T) is a complete fuzzy metric space, where

"T" is a product t-norm. Let 1, : (0,1] — [0,00) be defined by 1(s) =1 —1 and

o(s) =1 — L. Then ¢ and ¢ satisfy all the conditions of Theorem (4.4). Let the

S

s

mapping f: X — X be defined by fr =3, for all x € X.

Now, we will show that

V(M (fr, fy,t)) <P(M(z,y)) — o(N(z,y)), (4.22)

where M (z,y) = min{ M (z,y,t), M(x, fz,t), M(y, fy,t)}
and N(z,y) = min{M (z,y,t), M(y, fy,t)}.

Now,
.
r—y 0<y<3
{‘ ‘x y} 5 5<y<cz
max g [T — - ==
y7272 y
5 r<y<2r
Yy—x 2r<y<1
\
and

Case (1): When 0 <y < § or2x <y < 1, then

G(M(fz, fy,t) =d(e =) == -1
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and

lz—y| _lz—yl E=1

V(M(z,y)) — ¢(N(z,y)) = v(e” ) =eEl— 1
Obuviously, in this case, (4.22) is satisfied.

Case (2): When £ <y < %2 then

V(M (fz, fy,t) = =) =cx —1

and

x _z—y y

(M(z,y)) — o(N(z,y)) = (e %) —ple” 7 ) =er —l—et e,

In this case, 5 > x —y and exponetial function is an increasing function. Therefore,

e <evx —e i +ea and hence (4.22) is satisfied.

Case (3): When 22 <y < x, then

V(M (fz, fy,t)) = (e @) =€ —1

and

T Y T

(M (z,y)) = o(N(z,y)) = (e %) —p(e %) = e — 1 — % + eir.

Since, in this case, *5¥ < ¥ and § > %, (4.22) is satisfied.

Case (4): © <y < 2z, then

V(M (fz, fy,t) =d(e 5 ) =e'z —1
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and

Y(M(z,y)) — ¢(N(z,y)) = @/J(e_%) _ 80(6_%) _E_1

Since, in this case, § > y — x, (4.22) is satisfied. Hence, all the conditions of

Theorem (4.4) are satisfied. Thus, 0 is the unique fixed point of f.

kR koK okokokok kook >k
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