Chapter 3

Fixed points for p-contraction in

Menger PGM-spaces

3.1 Introduction

Contraction is one of the basic tools to prove existence and uniqueness of fixed point
theorems in PM-spaces. Sehgal and Bharucha-Reid [101] introduced probabilistic k-
contraction and proved probabilistic version of classical Banach fixed point principle.
After that Ciric [26] generalizes the k-contraction and introduced the concept of -
contraction in PM-space. In spite of the fact that probabilistic ¢-contractions are
natural generalizations of probabilistic k-contractions, the techniques used to prove
the existence and uniqueness of fixed point results for probabilistic k-contractions
are no longer usable for probabilistic ¢-contractions. In 2010, Ciric [26] presented
a fixed point theorem for probabilistic ¢-contractions. Soon after the publication

of Ciric’s paper, Jachymski [53] found a counter example to the key lemma in [26],
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and established a modified version of Ciric’s p-function. Recently, Fang [39] further

weakened the conditions on p-function.

In 2006, Mustafa and Sims [70] introduced the notion of a generalized metric space.
After that many authors obtained several fixed point theorems for mappings satisfy-
ing different contractive conditions in generalized metric spaces (see, [31, 68, 69, 89]).
In 2014, Zhou et al. [116] introduced the concept of a generalized Menger proba-
bilistic metric space. Further, Zhu et al. [117] obtained some fixed point theorems
in PGM-spaces. For some recent results in PGM-spaces, we refer [4, 18, 24, 29, 34,
63, 107].

The purpose of this work is to introduce a new class of ¢-contraction in PGM-
spaces and to establish important fixed point results. We prove the existence and
uniqueness of a fixed point for p-contraction in PGM-spaces. The obtained results

are illustrated by examples.

3.2 Preliminaries

We have already discussed the important definitions in first chapter. Here, we give

an example of Menger PGM-space

Example 3.1 ([116]). Let (X, F,T) be a PM-space. Define a function G : X x X X
X — D* by Gy (t) = min {F, ,(t), F, (), Fy.(t)}, for all z,y,z € X and t > 0.
Then (X,G,T) is a Menger PGM-space.

Example 3.2. Let (X,d) be a metric space. If we define

" d(z,y)+d(y,z)+d(z,z)
)

o)~
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and we choose t-norm as product t-norm defined by
T,(a,b) =ab Y a,bel0,1].

Then (X, G,T,) is a Menger PGM-space. In fact, G, . (0) = 0. Also, sup G, (t) =
1, Gyy (t) is non-decreasing and continuous in t. Therefore, G, . (t)tzz a distribu-
tion function.

By the definition of G, (t), it is obvious that (i) and (iii) in Definition 1.12
hold. Next, we will show that (ii) and (iv) of Definition 1.12 also hold. Since

d(z,y) <d(z,z)+d(z,y), Vx,y,z € X, with y # z, we have that
d(z,y)+d(z,y) <d(z,y)+d(z,2)+d(zy).

Then

L d(z,y)+d(z,y) + d(x,y)+d(y,2)+d(z,x)
(i) =()

Thus, Gypy (t) > Guy. (t), for all x,y,z € X with y # 2z, and t > 0. By the

definition of Gy, (1), we get

t+s d(z,y)+d(y,2)+d(z,2)
1+t+s :

Guy (t+5) = (

Since, ILJ,-t is strictly increasing on [0, 1), we have

1+t+s

B t+ s d(z,a)+d(a,z) 4+ s d(a,y)+d(y,z)+d(z,a)
C\l+t+s 1+t+s

¢ d(z,a)+d(z,a) s d(a,y)+d(y,2)+d(z,a)
>
() ()

+ d(z,a)+d(z,a) s d(a,y)+d(y,2)+d(z,a)
=T _ .
g (Ht) ’(Hs)

t+ s d(z,y)+d(y,2)+d(z,x) t+ s d(z,a)+d(a,y)+d(y,z,)+d(z,a)+d(a,z)
1+t+s -
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This implies that Gy, (t+5) > Tp(Gpaa(t),Gay.:(s)). Thus, (X,G,Tp) is a
Menger PGM-space.

Definition 3.1 ([4]). Let (X,G,T) be a Menger PGM-space with a continuous ¢-
norm 7. A mapping f : X — X is said to be a ¢-contraction in Menger PGM-spaces

if there exists a function ¢ € ® such that
Ga fyp2 (0 (t)) > Gy . (t), for all z,y,2 € X and t > 0. (3.1)

Definition 3.2 ([46]). A t-norm 7 is said to be of H-type if the family {77},en of
its iterates defined for each t € (0,1) by T°(¢t) = 1, T™(t) = T(¢t,T™ *(t)) for all

m € N is equicontinuous at t = 1.

Definition 3.3. In second chapter, we have defined the class ® of functions ¢ as
follows: ® contains all functions ¢ : RT — R* such that for each ¢ > 0 there exists
r >t with ¢ (r) <t

An example of this type of function is given as: Let ¢ : RT — R* defined by
(

0 ift=0
p() =4 if &<t<zs

kt if t > 1,where 0 < k < 1.

3.3 Main Results

Lemma 3.4. Suppose that the sequence {G (tm)} 1S non-decreasing in

Tn, Tn+1,Tn+l

both the variablesm andn, i.e., Gy, 21 zniy (tm) = Gap s anzn (tm) and G ooy gy (Bg1) >

G onpranis (tm) for each m,n € N. Then

lim (lz'm (G (tm)> = lim (lz’m G onirnin (tm)> )

n—oo \m—oo m—0o0 \n—0o0

Proof. The proof follows the similar way as that of Lemma 2.3. n
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Lemma 3.5. Let (X,G,T) be a Menger PGM-space with a t-norm T'. Let {x,} be a
sequence in (X, G,T). If there exists a function ¢ € ® such that Gy, 41 2., (P (£)) >
Ganranan (), for alln € N and t > 0, then lim Gy, 4,1 2ps, (1) =1

n—o0

Proof. Let ty > 0 be arbitrary. Since ¢ € ®, there exists t; > to such that ¢ (t1) <

to. Now, since G, (p(t)) > Gup ywnwn (1), by the monotonic increasing

Tn+1,Tn+1

property of distribution function, we have

Gwn,:fcn+1,rn+1 (tl) > Gmn,rn+1,wn+1 (tO)
Z Giﬂn,fﬂn+1,$n+1 ((p (t1>>
Z Gmnfl,mn,mn (t1>

Z GCCnfl,CUn,CCn (t[)) :

Thus, the sequence {G (to)} is monotonically increasing in n and being

Tn,Tn+1,Tn+1

bounded above, it is convergent. Let lim Gy, 4. 2., (to) = I. We shall show that
n—oo

| = 1. On contrary, suppose | < 1. Then lim Gy, 2, ... (t1) = 1 (by the above

n—oo

inequality). By squeeze lemma,
Uim Gy, gt anes (8) =1 <1,V € [to, t1].
n—oo

Let t = sup A, where

A= {t i Gy (1) = z} . (3.2)

If ¢ is finite then there exists a monotonically increasing sequence {t,,} such that for

allm e N, limGy, 4,1 00ss (tm) =L and t,, — € as m — oco. Since Gy, o1 2y 19
n— oo

left continuous,

G33n717n+171'n+1 (E) = TZL@ZOG%,%H,%H (tm) .
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Therefore, by using Lemma 3.4 and lim G (tm) = [, we have
n—oo

Tn, Tn+1,Tn+1

lim Gxnyxn+171'n+l (ﬂ = lim ( lim Gxn,wn+1,xn+1 (tm)>

n—oo n—oo \m—oo

= lim <lim (C (tm)) =1

m—0o0 \Nn—00

Therefore, lim G,,, t) = . Then proceeding as above, there exists ¢; such
n—oo

Tn+1,Tn+1 (

that lim G (t1) = L and ¢; > t, which is a contradiction to (3.2). Thus,
n—oo

Tn, Tn+1,Tn+1

for all t > t,

Ui G, gy s () = 1. (3.3)

n—o0

Since Gy, (1) — 1 as t — oo, there exists s > ty such that G, 4., ., (5) > [, for

given k£ € N. Now, since {Gxn’ (to)} is monotonically increasing in n and as

Tn41,Tn+1

to > 0 is arbitrary, we get that {G (t)} is monotonically increasing in n

Tn, Tn+1,Tn+1

for all ¢ > 0. Thus, the sequence {G,,, (s)} is monotonically increasing in

Tn+1,Tn+1
n and we have G, 4, 2.1 (8) > [. But this is a contradiction as [ < 1. Therefore,

Uim Gy, gy ons (£) = 1, for all £ > ty. Since ¢y > 0 is arbitrary, we conclude that
n—oo

lim Gy ziy oy (1) = 1, for all £ > 0. O
n—oo

Lemma 3.6. Let (X,G,T) be a Menger PGM-space with a t-norm T of H-type.

Let {x,} be a sequence in (X,G,T). If there exists a function p € ® such that
Gxn,xn-!—l:xn-&-l (QD (t)) Z Gzn—lyxnyxn (t) ) (34)
for alln € N and t > 0 then {x,} is a Cauchy sequence in X.

Proof. Let B > 0 be arbitrary.

Since ¢ € @, then for each t; with 0 < ¢; < [ there exists r; > t; such that

o(ry) < ti.



Chapter 3. Fized points for p-contraction in Menger... 41

Now, if p(r1) < t1, then we take t = ¢; and r = r;.
If p(r1) = t1, then choose t as min{ry, 3} >t > t; and r = ry.
Then in each case we have § >t > ¢(r) and r > t.

Let n > 1. Then for each t chosen in this way, we prove by induction that for any

k€N,

G$n7xn+k7mn+k (t) > T+ (Garn,:r:n+1,ccn+1 (t - SO(T))) . (3-5>

For k = 1, from (3.5) we have Gy, 41100, (t) > T° (mexn%xnﬂ (t—gp(r))) =

G$n7In+17$n+l (t—(r)).

Therefore, (3.5) holds for k£ = 1. Assume that (3.5) holds for some k. Now, since T’

is monotone, from (iv) of Definition 1.12 and (3.4) we have

Gxnyxn+k+1:xn+k+1 (t) = Gzn,$n+k+17$n+k+1 (t - SO(T) + (p(?”))

Z T (G$7L7xn+17xn+l (t - 90(7")) ) Gl‘n+17$n+k+lvxn+k+1 (SO(T)))

Z T (G$n7$n+1ywn+1 (t - gp(r>) ) Gxnyxn+k:$n+k (T))

Z T (G$n7xn+17xn+l (t - 90(7")) ) Gxn,xn+k,$n+k (t))
=T* (Gxnywn+17xn+1 (t - @(r))) )

which completes the induction steps. Hence, (3.5) holds for all £ € N and for any ¢ <
S. To prove {z,} is a Cauchy sequence, we need to prove that li{ﬂ Gy oz, () = 1,
m,n,l—o00

for all £ > 0. To this end, we first prove that lim G, 4, ... (t) =1, for all £ > 0.

m,n— 00

Now, let 0 < & < 1. Since {T"(t)} is equicontinuous at ¢t = 1 and 7™(1) = 1, so there

exists 0 > 0 such that

T"(s) >1—¢,foral s e (1 -4, 1] and n > 1. (3.6)
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From Lemma 3.5, it follows that lim G, 4., .., (t — ©(r)) = 1. Hence, there exists
n—oo
no € N such that G, 4,1 0.0 (t — (1)) > 1 =6, for all n > ngy. Therefore, by (3.5)

and (3.6), we have Gy, 4,420, (t) > 1 — ¢, for all & > 0. Hence,

lim Gu, 4 (B) =1, (3.7)

n,M—00

for any 0 < ¢t < 8. Now, by (iv) in Definition 1.12, we have, for all ¢t < 3,

t t
> — _
Gwnyfﬂm,xl (t) - T (Gwnyfﬂmyfﬂm (2> ) Giﬂm»zm»zl <2> )
t t
T <G$n7$m@m (5) 7Gﬂ7la$ma$m <§>) '

Taking limit m,n,l — oo in this inequality and using the continuity of T, we get

t t
m}i{l_l)OOGl’nammaxl <t> — T (m}%gloogmnaxmaxm <2) ’ ml’}goonlymmamm (2) ) (3 8)

From (3.7), for all ¢t < 3, we have

. t
n}il;l}oonnvl’mwzm (5) - ]‘7

t
li Gac Tm,T e
lm"}r—I}oo brbmtm (2)

Using these two limits in inequality (3.8), we get

Hm Gy (£) > T(1,1) =1.

m,n,l—o00

That is, lim Gy, 4,4 (t) =1, for all 0 < ¢ < f. Since, 8 > 0 is arbitrary, we have

m,n,l—oo

lim Gy, 4,0 (1) =1, forall t > 0.

m,n,l—oo

Hence {z,} is a Cauchy sequence. O
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Lemma 3.7. Let (X, G,T) be a Menger PGM-space and x,y € X. If there exists a

function ¢ € ® such that

Gryy (0 () = Guyy (1), (3.9)
for allt >0, then x = y.

Proof. In order to show x = y, we only need to prove that G,,, (t) = 1, for all
t > 0. On contrary, we suppose that 3 ¢, € R* such that G, (to) < 1. Now, since
@ € @, 3ty > ty such that ¢ (t1) < ;. Then (3.9) and the monotonicity of G,
give

Gy (to) > Gy (p(t1)) > Gryy (t1) > Geyy (to) - (3.10)

If case of strict inequality in (3.10) we have a contradiction. So, we assume that
equality holds. Then the set A = {s: Gy, (5) = Gyyy (to): s > to} is non-empty
by the above inequality. Let § =supA be finite. Then there exists a monotonically
increasing sequence {s,} with s, € A, for all n € N, such that s,, — 5. Since Gy,

is left continuous, it follows that

Gayy (5) = lim Gayy (50) = Gryy (to)-

n—oo

This implies that 5 € A. Then again treating § in the same way as ty, we obtain
either G4, (5) > G, (5), which is a contradiction, or there exists s; > § such that

Gayy (51) = Guyy (5) = Guyy (to) , which is again a contradiction with § = sup A.

Hence 5 is not finite, i.e., lim Gy, (sn) = Guyy (5) = Guyy (to) < 1, which is also a
n—00

contradiction as § is not finite. Therefore, G, , (t) =1, forallt > 0,ie, 2 =y. O

Theorem 3.8. Let (X, G, T) be a complete Menger space with a t-norm T of H-type.
If f + X — X is a probabilistic p-contraction, i.e., Gy yfy (9 (1)) > Gpyy (1), V

x,y € X andt > 0, where ¢ € @, then f has a unique fized point x € X.
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Proof. We define the sequence {x,} as follows: Let xy € X and z, = fx,_1, for all

n € N. So, by the given contraction condition,

G$n7$n+11$n+1 (SO (t)) = Gfa:nfhfac",fxn ((IO <t>>

Z Gxnflvl'n,xn (t)

for all n € N and ¢t > 0. Then by Lemma 3.6, we conclude that {z,} is a Cauchy
sequence in (X, G, T), and since X is complete, we have that z, — = € X. Since

@ € &, for each t > 0, there exists r > ¢ such that ¢ (r) < t. Now

Gty fr.fo (1) 2 Giay popz (9 (1))
2 G"Eﬂ,l‘,l’ (/r)

Z G.’En,{l‘,$ (t) .

Taking limit n — oo in this inequality and keeping in mind that x,, — x for each
t >0, we get

hIIl Gfmn,fz,fm (t) =1. (311)

n—oo

Now, using (iv) of Definition 1.12 and the continuity of T, we get

t t
G:c,fx,fx (t) Z T (Gx,xn+1,a:n+1 (5) 7G:cn+1,f:c,fx (5))
t t
() ()

Taking limit n — oo in this inequality, (3.11) and the continuity of 7" give
G poge (1) > T (1,1) = 1.

This implies that G g, 7, (t) = 1, for all £ > 0. Hence fx = x which proves that =
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is a fixed point of f. To show the uniqueness of fixed point of f, we suppose that y

is another fixed point of f then by condition 3.1, we have

Goyy (0 () = Gragyry (@ (t) > Guyy (t), for all t > 0. Then by Lemma 3.7, we

get x = y. O

Corollary 3.9. Let (X,G,T) be a complete Menger PGM-space with a t-norm T of
H-type. Let fo, fi : X — X be two mappings such that G s,z foy. foy (¢ (£)) = Gayy (1)
and Gz iy fy (0 (1) > Gayy (t) hold for all z,y € X and t > 0, where ¢ € O. If

fofi = fifo then there exists a unique common fized point of fo and f;.

Proof. Let f = fof1. Since ¢ € &, for each ¢ > 0, there exists » > t such that

e(r) <t

Grapyty (2 (1) = Glposeofw.(fofyy (# (1)
= G po(ha)folfim.folriy) (2 (1))
> Grio iy iy (1)
> Giafiyny (9 (1))
> Goyy (r)

Z Gl‘)yvy (t) °

This implies that f is a probabilistic ¢-contraction. Then by the Theorem 3.8,
we conclude that f has a unique fixed point z in X. Since fyfi = fifo, we have
[ (foz) = fofi (foz) = fo(fifoz) = foz and [ (fiz) = fifo (f1z) = fi (fof12) = fiz.
This gives that fyz and f;2z are also fixed points of f. By the uniqueness of fixed
point of f , we have fyz = fiz = z, i.e., z is a common fixed point of fy and f;. It

is clear that z is a unique common fixed point of fy and f;. O
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Theorem 3.10. Let (X,G,T) be a complete Menger PGM-space with a t-norm T

of H-type. Let f: X — X be a mapping satisfying

(Gafafa(t) + Gy .y (t) + G g2 52 (1)) (3.12)

Wl =

Giafyf= (0 (1) >

for all z,y,z € X, where ¢ € ®. Then, for any xy € X the sequence {f™ (xo)}

converges to a unique fixed point of f.

Proof. Take an arbitrary point xy € X. Construct a sequence {z,} by z,41 =
f"(xp) for all n > 0. Since ¢ € @, for each t > 0 there exists r > ¢ such that

¢ (r) <t. Then

Y

Grn,rn+1,mn+1 (t> Tn,Tnt1,Tnt1 (90 (1))

Wik wl—wi~

frn—1,fTn,fTn (SO (T>>

v
)

Tn—1,fTn—1,fTn—1 (t) + 2G1‘n7f$n7f$n (T))

v

Tn—1,fTn—1,fTn—1 (t) + 2Gxnyfxn,fxn (t))

—~ o~
Q

Q

Tn—1,Tn,Tn (t) + 2G$n7$n+17$n+1 (t)) .

That is, for all ¢ > 0,

Gxn7$n+17-1'n+1 (t) Z Gmnflyxn@’n (t) . (313)
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Now, we prove that f is a ¢-contraction in Menger PGM-space. For this, we have

Gxnyxn-ﬁ-lyxn-!—l (SO (t)) - Gfxn—17f$nyf50n (SO (t))

(Gxn_l,f:tn—hfwn—l (t) + 2Grn,fmn,f:rn (t))

v

QA Wi W= Wl Wl Wl W= Wl =W

Gwnfl,wn,wn (t) + 2G$n7f1'nvf$n (t))

—~

v

Gmn—lyxnywn (t) + ZGfxn—lvfwnvfxn (90 (T)))

2
Gzn—lymn’xn (t> + o (Gxn—lyfxn—lyfwn—l(r) + 2Gxn7fxnyfxn (T)))

3
4

~~

v

2
3 Gxn,anrl,fEnJrl (T)>
2
3

v

Grnfl,mn»xn (t> +

3
4
Gl'nflyrnyl'n (t) + g

Gmnflyxnyxn (t) + _Gl‘nfl,zn,l‘n (r) _'_
Gxn,xn+1,xn+1 (t))
(t

Gl‘nflyznyl'n (t) + Gﬂ?n,$n+lyzn+1 ))

Gl’nflyxnﬂ/’n (t)>

W] ot

ot

Wl = Wl b~

v

Gl'nfl »Ln,Tn (t) +

w

N T N N N N

Tn—1,Ln,Tn (t) .

Here, first and third inequalities are due to (3.12), second and fourth are due to the
monotonic increasing property of distribution function while the last one is due to
(3.13). Therefore, f is p-contraction, and Lemma 3.6 shows that {z,} is a Cauchy
sequence. Since X is complete Menger PGM-space, there exists a point x € X
such that x,, — z as n — oo. Now, since ¢ (1) < t and Gy, fs 2 1S monotonically

increasing, from (3.12) we have

szn,f:c,fx<t) > Gfxn,fa:,fx(w (7")) > % (Gﬂﬁn,fﬂ«“n,fﬂﬂn (T) + 2Gx,fx,fx<7n)) .

Taking limit as n — oo in this inequality, we get

G:I:,fz,fx(t> 2 % (Gx,x,x(r) + 2Gz,fx,fa:(r)) 2 % (Gx,x,x(t) + 2Gw,fx,fx(t)) ;
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which gives Gy f4.2(t) > Gu..(t) = 1, for all t > 0. Thus, we have proved that
fr = x. To show the uniqueness of the fixed point of f, we suppose that y is another

fixed point of f. Then, for all t > 0

Gx,y,y (t) > G:c,y,y (90 (7”))
= G py.py (9 (1))
1
(Gapope (1) +2Gy 1y 1y (1))

(G fa,pe (t) +2Gy 1y 1y (1))

AV AV
=Wl Wl

Here, first and third inequality is due to the monotonic increasing property of dis-
tribution function and the second one is due to (3.12). This shows that x = y.

Therefore, f has a unique fixed point. O

Example 3.3. Let X = [0,00) and T'(a,b) = min{a, b}, for all a,b € X. Define a

Then

function G : X x X x X x [0,00) = [0,00) by Gy (t) =

t
t+(Je—y|+y—z|+]z—=|) "

(X,G,T) is a complete Menger PGM-space. Define f : X — X by f(z) = §, for

each x € X and ¢ : [0,00) — [0,00) by

(

0 ift=0
PO =& if & <t<p

kt if t > 1, where i§k<1.

\

Obuviously, p € ®. Now, we want to show that f is @-contraction.
.1 1
Case 1: w St< et

Since 4"%1 > t, we have 4% > L ie, po(t) >

PN

Case 2: t > 1

Since k > 1, we have kt > £, i.e., o(t) > L.
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t : : t :
Thus, we have ¢(t) > 7 for each t > 0. Now, since the function —= is strictly

t+1
increasing on [0,00), we have
G _ p (1)
petnt= ) = Gy e T+ Ly~ 21+ 172~ Fa)
v (1)

p)+ 7z —yl+ly—2l+|z— =)
t
4

v

itale—yltly—=zl+lz—=)
B t

t+(Jz =yl +ly =zl + |2 — )
= Gy (1),

Therefore, from the Theorem 3.8 f has unique fixed point. In fact, the fixed point is
xz=0.

Kokokokokoskook ok kkok






