A robust domain decomposition method for
singularly perturbed parabolic semilinear

reaction-diffusion problems

We consider the following singularly perturbed parabolic semilinear reaction-diffusion

problem

Lu(z,t) = — ey, + f(z,t,u) =0, for (x,t) € Q=0 x (0,7], Q= (0,1),

u(z,0) = ¢(x), for z € Q,
u(0,t) = go(t),u(1,t) = g1 (1), for t € (0,7,
(3.0.1)
where ¢ € (0, 1] is the perturbation parameter. We assume that
folz, t,u) >a >0 forall (z,t,u) € QxR. (3.0.2)

Under suitable compatibility and regularity conditions on the data, problem (3.0.1))
has a unique solution which exhibits boundary layers near x = 0 and x = 1; see
[67, Chapt. 5, Theorem 6.4]. Problems of type have found applications
in diverse areas such as chemical kinetics, nematic liquid crystal cell, and many
others [37.,/68-70].

Following [71], the exact solution can be written as u = v 4+ w, where
||0:0{ullg < C(1 + 72 (e7mV e pemm0ValE)) for 0 < s42r <4, (3.0.3)
and

|1050]lg < C(14£P7972), (3.0.4)
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(e, 0)] < Ce™/2 (exp(—av/afe) + exp(—(1 - 2)V/a/e)) (3.0.5)
for (v,t) €Q, s=0,...,4.

In this chapter, we aim to design and analyze a domain decomposition method of
SWR type for problem . We first decompose the domain into three overlapping
subdomains, then iteratively solve sub-problems posed on each subdomain. These
sub-problems are formed using the central difference and the backward difference on
a uniform mesh in space and time direction, respectively, and the same initial value
of the governing equation, but with suitably designed boundary conditions along the
interfacial boundaries. The sub-problems are solved iteratively until convergence is
achieved. The analysis of uniform convergence is made in two steps, splitting the
contribution to the global error from the iteration and the discretization errors. The
approximations generated by the algorithm are proved to be almost second order
accurate in space and first order accurate in time. More precisely, we show that only
one iteration is necessary for the algorithm to reach the desired accuracy for smaller
values of the perturbation parameter. At the end, some numerical results are given

in support of the theory.

3.1 Domain decomposition method

To construct the algorithm, we discretize the continuous problem on three overlap-

ping subdomains Q, = €2, x (0,T], p = ¢, m,r, where

Q= (0,20.), Q= (0,1 —0.), Q, = (1-20.,1),

and the transition parameter o, is choosen as follows:

1 3
=mind -, 2/SmNY. 31.1
o mm{4 \/;n } ( )

On each subdomain Q, = [a,b] x [0,T], we introduce a mesh Q;V’M = ﬁ;v x wM,

where ﬁ;v ={x; =iAz,i=0,1...,N, Az = (b—a)/N} and @™ = {t; = jAt, j =
0,1...,M, At = T/M} with QM = Q)" N Q,, & =0 NQ, and w™ = @M
(0,T]. Letting N = 2" n > 2, on each subdomain Q;V’M, p = £, m,r, we consider

the following discretization

[%N’MUp]i,j = [0:Upli — el07Upliy + f(@i,ty, Upig) = 0, (3.1.2)
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where .
[512¢Up]i7j = ﬁ(Up;iJrl,j - 2Up;i7j + Up;i—lyj)a
p
and .
[0:Uplij = E(Up;m‘ﬂ = Upsij)-

We now define the algorithmic procedure as follows.
Step 1. Initial Approximation: The algorithm starts with the following initial ap-

proximation

0, O<a; <1,0<t; <T,

u(z;,0), for z; € Q,
U (2, t5) = (3.1.3)
U(O,t]‘), for tj S <O,T},

u(l,t;), for t; € (0,7T).

\

Step 2. For each k > 1, the algorithm constructs k' approximation U;[,k}, p=4~L m,r,

by solving following problems

[ (M, =0 for (w;,1;) € Q)™
Uy (2:,0) = () for z; € Q)
\ UM(0, ) = go(t;), UM (20, 1;) = T, UF1(20,,t;) for t; € wM,

( [,%N’MU[T]C]]Z'J =0 for ({L‘i, tj) € QiV’M,
U (24,0) = () for z; € O,

| UH(1 = 200, 1) = T, URI(L = 200, 1), UM (L, 1)) = g (1) for 1 € ™,

( [gnjj’MUwz]]i,j =0 for (z;,t;) € QYM,
Ub (4, 0) = (1) for z; € Qb

\ U?@(Ueatj) = lﬁjng](Usatj)aU%(l - Usatj) - ﬁ]ULk](l - 0-57tj) for tj € wM’

where symbol ﬁjU[k] denotes the piecewise linear interpolant at time level ¢; on
Q"= (@ \B) U T, U (@) \ ).
Step 3. The solution to problem (3.0.1) can now be obtained by combining the

solutions obtained in Step 2 in the following way
k —N,M , =
Ui ty), (20,t) € Q7 \ Qp,
UM (i, ) = ¢ Ul (i), (winty) € Q" (3.14)

UM ty), (zat) € Q" \ Q.
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Step 4. Termination: Stop the iterative process if condition
U — UF=H ]| gvar < tol (3.1.5)

is true; otherwise return to Step 2 and continue the iterative process until the toler-

ance criterion is not satisfied.

3.2 Error Analysis

In this section, we seperately analyze the contribution to the global error from dis-

cretization error and iteration error. The analysis is based on the following auxiliary

problems
[%N’Mﬁg]i,j =0 for (l‘i,t]’) € Qé\[’M,
Ug(a:,0) = u(z;,0) for x; € ﬁév,

[Njg((),tj) = u(0,t;), U, (20, t;) =u(20.,t;) fort; € wM

[Z”N’Mﬁr]i,j =0 for (l’i,tj) S QT],V’M7
U, (z;,0) = u(z;,0) for x; € ﬁiv,
U, (1 —20.,t;) = u(l — 20.,t;), Up(1,¢;) = u(1,t;) fort; € wM

[LNMT,, )i =0 for (z;,t;) € QMM
Upn(:,0) = u(z:,0) for z; € Qm,
Up(02,t;) = u(o,t,), Up(1 — 00, t5) = u(l — 0o, t;) for t; € wM

where XPN M is as defined in previous section, and u is the exact solution of ‘)

Next we define

ﬁf(xiutj)7 (Ii7tj> € QéV’M \Qm’

Uz ;) = { Uplanty), (zit;) € Qo (3.2.1)
Ur(@ity), (20,t;) € Q)" \ Qe

We use the following notation in our analysis.

£, = maX{maXI(Uz Un) (02, )|, max |(U, —ﬁm)(l—ae,tj)|},

tjewM tjc€wM

Eop, = max{max[(Ug U,) (20, 15)], maX\(ﬁT—ﬁm)(1—20€,tj)]},

tjewM ticwM

L max{ggg;@|<Ue—7sz“f-”><2aa,tj>r, mag\gl(ﬁr—ﬁjU[’“_”)(l—QUE,tj)l},

n = max{||Ug k”QNZW\Qm, ||Um ||QNM, ||UT ||QN]\[ Q }
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Lemma 3.2.1. Let u be the exact solution of problem and 6p, p=4L{m,r,
be the solutions of the auxiliary problems defined in this section. Then
||u—U ||—NM<C(At—|—N 2In®N), p=~L,m,7. (3.2.2)
Proof. For (z;,t;) € Q)™ the error function 7 (x;, t;) = u(x;, t;) — Ug(ai, t ;) satisfies
[6eme)is — el02ndiy + (f (@it 1) — F(@irty, Ugay)) = (8 — Op)uls; + e[(0% — 62l
(3.2.3)
with

Ne(z;,0) =0 for x; € ﬁév,
ne(0,t;) =0, ne(20.,t;) =0 for ¢, e wM

The error equation (|3 can be written in the alternative form

[D%]\LMTM]LJ = [515772]1',]' [5:1:772 i,J </ fu T, t]? Ufz] + 3(112] Uéz]))d3> Nesi,j

= [(6: — O)uli; + £[(92 — 02)ulsy,
or LM 00 g = [0emeig — [02n6)ig + [aemeliy = [(¢ — O)ulsj + £[(02 — 62)ul.y,

where ag; ; = fol Julzi, b, fjg;i’j +5s(u;,; — ﬁg;i’j))d& Now using Taylor expansions and
(3.0.3) with hy < Cy/eN"'In N, we get

hi [|0zuC.,1;)]

1
‘[%N’Mﬁe]i,j < St —ti-) |07 u(a:, )|

< C(At+ N%In*N).

[t]-_l,t]-] [zi—1,%i41]

So, applying the discrete maximum principle for D%N’M to the mesh functions C'(At+
N~21n* N) £ n,, it holds

||U—Ug||7NM<O(At+N 21112]\/7)
In the same way, we get
lu—U, [lgvar < C(At+ N™ 2In? N).

Next, we obtain estimate for |ju — U,, || QM- Defining 1,,.; ; = W;j — Uy j, We have

the following error equation

[fr],y’MUm]i,j = [5tnm]i,j - 5[5277m]i7j + [amnm]i’j
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= [(6 = D)uls; + €[ (87 — 6 )uly, (3.2.4)

where a,,; j = fol fu(mi,tj,ﬁm;i7j+s(ui7j—ﬁm;i,j))ds. Since o, = min {}1, 2\/5 In N},
we consider two cases: 2\/5 InN > 1/4 and 2\/§ InN < 1/4. First consider
2y/EInN > 1/4. Then ¢! < Cln®* N and h,, = 1/(2N). So, using Taylor ex-

pansions and (3.0.3)) it follows, from ({3.2.4)), that
LM | < C(At+ N">In* N) for (w;,t;) € Q).

In the case when 2\/5 In N < 1/4, the estimate on the first term of the right-hand
side of equation (3 is obtained using Taylor expansion and (3.0.3). That is, for
(zi,t;) € QNM] H( — d¢)uj; ;| < CAt. For the second term, use the decomposition

of u = v 4+ w and Taylor expansions to get
e |02 — o2)uliy| < e|[(02 - ”]+5| (82 — 62wl
< Cen?, ||a4 Dl o+ Ce[[20(1)
<CN?+C Hexp —93\/%) + exp(—(1 — z)\/a/e
< ON“2 4 Qe o=Vole 4 o (1-(-oa)y/ale)
< ON2 4 277Vl

[i—1,2441]

[xiflvxiJrl]

=CN2,

where we have used - - ) and h,, < CN~!'. Hence, for (z;,t;) € QMM we
have

2N (0= Uiy < C(AL+ N2 N).

So, applying the discrete maximum principle for £ to the mesh functions C(At+
N~21n% N) £ n,,, it follows that

|| U ||—NM<C(At+N 21n N)

Consider the following discrete problems

0:Zplij — €l03Zplig + [apZy)iy =0, for (wi,t5) € QPM,
Zp(a,t;) =z, Zp(b,tj) =21, for t; € wM
Zp(xi7 O) =0, for z; € ﬁ;v,
(3.2.5)
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0% )i — el03F i + [ap™i; =0, for (z,t;) € QYVM,

¢;(a7tj) =1, w;(b7 t]) =0, w;(avtj) =0, ID;(Z% t]) =1, for tj € wh
N i _ i N i i —N
5o 0) — 5 a0) - 55, o, <
(3.2.6)

where ¢;, 1 = 1,2, satisfy @1 = A1 + Ag, @2 = A1 — Ay with

2 2
0. |« _ 5[0 | Oe |&
Al—”(ﬁﬁ)’&—z(w eN“(N e)’

and a,(x;,t;) > o >0, for (z;,t;) € Q;VvM

discrete maximum principle that 0 < @D;t(xi, tj) <1, (x;,t) € Q;V’M

, p=4{,m,r. It is easy to verify using the

Lemma 3.2.2. Suppose that Z,(z;,t;) and @/} (wi,t;) are the solutions to the discrete

problems and respectively. Then
_ —N,M
|Zp(5, t5)] < |20l (23, 85) + |21 |00y (6, t5),  (@4,15) € Q,
Proof. Suppose that W, solves

0:Wpliy — el02Wolis + [aWyli; =0, (zi,t5) € Q)Y

W, (a,t;) = |z, (b t;) = |z, for t; € wM,
(3.2.7)
Wy(01,0) = ool L5 1 fl 2% for 2 € )

Then W, can be written as
- ~N,M
Whij = wp;i,j|20’ + ¢;i,j|21|, YIS Qp

This can be verified by direct substitution. Using the discrete maximum principle,
it follows that
—N,M
Zpsij] < Wi, T € Qp

This completes the proof. n

In the next theorem we show that, when o, = 2\/5 In NV, only one iteration is required

for the algorithm to converge.

Theorem 3.2.3. Let u be solution of problem and UM be the first iterate
generated by the algorithm. If o. = 2\/§ln N, then

[Ju = UW[|grvae < C(AL+ N2 10* N).

Proof. Introducing the mesh function 77[ ](ZBZ, tj) = (U, — U )(xz, ;), we write the
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error equation of 7,

001 iy = €02 o + lag ' iy = 0. (wirty) € QM (3.2.8)
with
77!;1]( x;,0) =0, for z; € ﬁév,
{ 10 (0,45) = 0, ng" (200, 17)] < €W, for t; € W (3.2.9)
where aE” = fo ful xz,t],UEl] (Ug;m — U%J))ds. Now, using Lemma |3.2.2 it

follows that, for (z;,t;) € Qg ;

|77£1](37z’,75j)| < 5[1}@5;(351'7753‘),

where 1, solves (3.2.6) and has the following form

(Mt A2) = (M — Ao)’
¢;(xi7tj) - (/\1 n )\Q)N _ (/\1 _ /\2)N

Thus, for (x;,t;) € Qév’M\Qm, we have

‘77[1]@7' t;) < 1] (A1 + /\2>N/2 — (A1 — /\2)N/2
v (AL +22)N — (A — AN

5[1] 5[1]
— < .
()\1 —+ )\2)N/2 + (/\1 - /\2>N/2 - ()\1 + )\Q)N/2

Further, for o. = 24/eIn N/ /a, it follows that

0. |« N mN\ Y 0. |«
(1 < —) :(1+2—) <4N2, N>1 as)\QZQ(ﬁ —),
15

TN N

where the arguments in [4, Lemma 5.1] are used to prove the last inequality. Thus

we have |nl(z;,t;)] < 4€WN-2 for (z;,t;) € QéVM\Qm Hence

|0, — UM lgarg, < 4eMIN—2, (3.2.10)

Likewise
U, — UH||fNM §4§“]N*2. (3.2.11)
= (U, —

To estimate [|U,, — ull H —~~m, we consider the mesh function nln](xl,t )
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U[l])(azz, t;), which solves
Bl — el02n,, + [alnl],; =0, (zi,t;) € QY (3.2.12)

where am” = fo fulzi, ty, Um” (Umm Um”))ds Note that 777[,1] (x;,0) =0forz; €
ﬁg, and the following inequalities are fulfilled

Y (0, t)| = [(Upn — T, UMY (00, 25)] < [(Upn — Uo) (0, t5)| + (U — UMY (o2, 1))

<&+ 4N for t; € WM

and (1= o t)] = (U — T, UM (1 =0, 1)
< (Ui = U)(1 = 0es )| + (U, = UM)(1 = 00, 1))
< & +4INT2 for t; € WM

as (0e,t;) € QéVM and (1 — o0.,t;) € Q{VM Thus, an application of Lemma [3.2.2

leads to the estimate
1T — UL[[qrar < &, +4€M N2, (3.2.13)

Hence
< ¢, +4elIN=2, (3.2.14)

Note that ¢ < C. Furthermore, since (o.,t;) € QéV’M and (1 —o.,t;) € Q,{VM
follows, from Lemma 3.2.1] that &, < C(At+ N~2In* N).

Using the triangle inequality, we write
I = UM gar < [l = Tllgrar + [T = U] s

Hence, using (3.2.14)) and Lemma we have the proof. O

In the next theorem, we establish uniform convergence of the iterates generated
by the algorithm to the exact solution of problem (3.0.1)) for o. = 1/4.

Theorem 3.2.4. Let u be the exact solution of and U be the k™ iterate
generated by the algorithm. If o. = 1/4, then

lu = UM[jgvar < C27% 4 C (AL + N2 10 N). (3.2.15)

Proof. Consider the two mesh functions ¢ (z;,t;) = 5[1 + 77[1] (xi,tj), where ng}
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satisfies (3.2.8 - Then, it follows from that we satisfy the inequalities
wét(l'l,()) 2 0, fOI' €T; € ﬁév,
Vi (0,t;) = 0,7 (20.,t;) >0, fort; € wM

The discrete maximum principle on QéV’M then yields
i (wis )| < o€ for (wi, 1) € Qp
20,

This implies

~ (1]
[|U, — UE}HQJZ\/,M\Q < %, as x; < o.. (3.2.16)
Analogously, for all (z;,t;) € QiVM\Qm,
¢l
U, — [”HfNM < (3.2.17)

We are left to find the estimate for |[U,, ~ul] ||QN v With (3.2.12)), we have )}y (x;,0) =
0, for z; € QZ Using the estimates (I3.2.16I)—(I3.2.17I) we get

8 (0o, t)] = (U — T, UM (00, t)] < (U — Ug)(ow, t)] + (U — UM (00, 1)

¢l
< §U€+7 fOI‘tj ECUM

and (1= o t)] = |(Un = T, UM)(1 = 0o, t))]
< JUn = U1 = o, 1) + (U = U (1 = 0c, ;)]
1]
< fga—i—g— for t; € w™

2

(05, ) € Qé M and (1—0.,t;) € QiVM Applying the discrete maximum principle

on Qm , we get

¢
v <&, + 2 (3.2.18)

I
1T — Ul -

Now, we have to find a bound on ¢ to estimate nl2. For o. = 1/4, (20.,¢;), (1 —
20.,t;) € QZM Thus

(U = T, UM) 20w, )] < [(Ur = Un) 20, 1)+ [(Un — UM) (200, 1))
(1]
< oo + & + % for t; € wM
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(U, = T, UM (1 = 200,85)] = |(Uyr = Up) (1 = 200, 85)] + [(Up = UM)(1 = 200, ;)]
(1]

< 5206—1—5%—1—% ortjEwM.

Therefore £ < &, +&,. + 5[2—1] for t; € wM, and so

1]
max{! €2} < 2+ 55 A= 16

Repetition of the previous arguments leads to

] k] g
max{n", § }S/\s+7-

It is now easy to see that
gl < ox, 4 27 =Dl

Hence
nl < o), 4+ 27kl (3.2.19)

Note that (M < C. Also, since (20, 1), (1 — 20.,t;) € QZ’M, and (o.,t;) € QéVM
and (1—o.,t;) € Q,J,V’M, it follows, from Lemma [3.2.1} that \. < C(At+ N—21n* N).
Finally, combining ({3.2.19)) and Lemma [3.2.1} as in the previous theorem, we get the

required result. [

3.3 Numerical Experiments

In this section, we provide the numerical results for two test problems to support
the findings of the previous section. In our experiments, we choose tol = N=21n? N.
Further, we denote the final computed solution by UMA¢,

Example 3.3.1. Consider the following singularly perturbed parabolic semilinear

reaction-diffusion problem

u(x,t) — eugy(z,t) = exp(—1) — exp(—u), (x,t) € Q:=Q x (0,1],
u(z,t) =0, (z,t) € [0,1] x {0}, (3.3.1)
u(0,t) =0, u(l,t) =0, t € (0,1].

As the exact solution of problem (3.3.1]) is unknown, we use the double mesh
principle to estimate the maximum pointwise errors EN-4¢ = ||[UN-A _[J2N.A/4) |@N,M,
where U?NAY4 denote the numerical approximation at grid point (x;,t;) on mesh

having time step At/4 and 2N spatial mesh intervals in each subdomain.



A robust domain decomposition method for singularly perturbed parabolic
42 semilinear reaction-diffusion problems

Table 3.1: Errors EXV'2! and EVY At and convergence rates p™VAt for Example m

£ N =2° N =26 N =27 N =28 N =2°

At =1/4 At = 1/4? At =1/43 At = 1/4* At =1/4°
1071 2.15E-02 6.38E-03 1.67E-03 4.24E-04 1.06E-04
1072 2.08E-02 5.74E-03 1.48E-03 3.72E-04 9.30E-05
1072 2.13E-02 5.98E-03 1.54E-03 3.88E-04 9.72E-05
107*  2.13E-02 6.02E-03 1.58E-03 4.10E-04 1.06E-04
107°  2.13E-02 6.02E-03 1.58E-03 4.10E-04 1.06E-04
1076 2.13E-02 6.02E-03 1.58E-03 4.10E-04 1.06E-04
1077 2.13E-02 6.02E-03 1.58E-03 4.10E-04 1.06E-04
1078 2.13E-02 6.02E-03 1.58E-03 4.10E-04 1.06E-04
EVAL 2 13E-02 6.02E-03 1.58E-03 4.10E-04 1.06E-04
plVAt 1.82 1.93 1.95 1.95

Table 3.2: Number of iterations required by the algorithm to converge for Example m

€ N=2° N =2° N =27 N =28 N =2
At=1/4 At =1/4 At =1/43 At =1/4* At =1/4°

1071 > 5 6 6 7
1072 3 4 4 5 6
1073 1 1 1 1 1
1074 1 1 1 1 1
107° 1 1 1 1 1
10-¢ 1 1 1 1 1
1077 1 1 1 1 1
1078 1 1 1 1 1

We now calculate the uniform error for various values of N and At, by EVAt =

max Eév At and corresponding rates of convergence are calculated by
€

pN,At — lOg2 (EN,At/EQN,At/éL) )

The errors ENAt ENAL and rates of uniform convergence p™4! that are com-
puted for different values of ¢, N, At are presented in Table From it, one
can observe the monotonically decreasing behavior of the maximum pointwise er-
rors as IV increases, At decreases and e remains the same, which confirm that the
method is convergent. Further, the last two rows of the table show that the method
is parameter-uniform. Table displays the iteration counts that are needed for
the algorithm to converge. From it, one can see that only one iteration is necessary
to achieve prescribed accuracy for the method when the perturbation parameter is

small.

Example 3.3.2. Consider the following singularly perturbed parabolic semilinear
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reaction-diffusion problem

W(z,t) — elge(,t) + exp(u(z, t)) = f(x,t) (z,t) € Q :=Q x (0,1],
u(z,t) = o(x) 0<z<l, (3.3.2)
u(0,t) = go(t), u(1,t) = g1(¢) 0<t<1,

where f, ¢, go and g; are calculated from the exact solution

“a/VE y —(1-a)/\E
u(z,t) = (1—e™) (e : _:_66—1/\/5 - cosQ(mc))

Table 3.3: Errors EN2! and ENA!, and convergence rates pNA for Example m

£ N =32 N = 64 N =128 N =256 N =512
At =1/4 At =1/42 At =1/43 At =1/44 At =1/4°
107! 6.79E-03 1.87E-03 4.78E-04 1.20E-04 3.01E-05
1072 1.97E-02 5.27E-03 1.34E-03 3.37E-04 8.44E-05
1072 4.11E-02 1.10E-02 2.80E-03 7.02E-04 1.76 E-04
107 4.90E-02 1.30E-02 3.31E-03 8.32E-04 2.08E-04
107°  5.08E-02 1.35E-02 3.43E-03 8.61E-04 2.15E-04
107 5.10E-02 1.36E-02 3.45E-03 8.66E-04 2.17E-04
1077 5.10E-02 1.36E-02 3.45E-03 8.67E-04 2.17E-04
1078 5.10E-02 1.36E-02 3.45E-03 8.67E-04 2.17E-04
ENAt 5 10E-02 1.36E-02 3.45E-03 8.67E-04 2.17E-04
plAt 1.91 1.98 1.99 2.00

Table 3.4: Number of iterations required by the algorithm to converge for Example

£ N =32 N = 64 N =128 N = 256 N =512
At =1/4 At =1/42 At =1/43 At =1/44 At =1/4°

107! 3 4 4 4 5
1072 1 1 2 2 2
1073 1 1 1 1 1
1074 1 1 1 1 1
107° 1 1 1 1 1
10°¢ 1 1 1 1 1
1077 1 1 1 1 1
1078 1 1 1 1 1

For problem (3.3.2)), we determine the maximum pointwise errors by EMAt =

[[u — UV ’At”QN,M, where u and UM2! denotes the exact and numerical solutions,

EN,At EN,At
€

respectively. The errors
a similar way as earlier. In Table calculated errors ENAL ENAL and rates
of convergence pVA! are shown. Table reveals that the method is parameter-
uniform. Table[3.4]displays the number of iterations that are needed for the algorithm

, , and rates of convergence are computed in
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Figure 3.1: Numerical solutions of Example [3.3.1 and [3.3.2| for ¢ = 1076 with
N = 32, M = 64 are depicted in the left and right figures, respectively.

to converge. From it, we observe that the convergence to the desired accuracy is
achieved in only one iteration for smaller values of the perturbation parameter.

To visualize the boundary layer appearance, we have given the surface plots of the
numerical solutions of problems (3.3.1)) and (3.3.2) for ¢ = 1076 with N =32, M =

64, in Fig. B

3.4 Conclusions

In this chapter, we have considered the numerical solution of singularly perturbed
semilinear parabolic reaction-diffusion problems. For the numerical approximation
of the problem, we designed a domain decomposition method of Schwarz waveform
relaxation type. The construction of the method is based on decomposing problem
domain into three overlapping subdomains and employing the backward Euler scheme
in the time direction and the central difference scheme in the spatial direction. The
method is shown to be capable of producing uniformly convergent results of first
order in time and almost second order in space. Numerical experiments are carried

out to demonstrate the effectiveness and robustness of the method.



