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Appendix B

Formulation for Dynamic Explicit Finite

Element Analysis

The explicit dynamics procedure performs a large number of small time increments

efficiently. An explicit central-difference time integration rule is used in Abaqus;

each increment is relatively inexpensive (in comparison to the direct-integration

dynamic analysis) because there is no solution for a set of simultaneous equations.

The explicit central-difference operator satisfies the dynamic equilibrium equations

at the beginning of the increment, t; the accelerations calculated at time t are used

to advance the velocity solution to time t+ ∆t
2
and the displacement solution to time

t+ ∆t.

The explicit dynamics analysis procedure is based upon the implementation of an

explicit integration rule together with the use of diagonal (”lumped”) element mass

matrices. The equations of motion for the body are integrated using the explicit

central-difference integration rule

u̇N(i+ 1
2) = u̇N(i− 1

2) +
∆t(i+1) + ∆ti

2
üN(i) (B.1)

uN(i+1) = uN(i) + ∆t(i+1)u̇
N

(i+ 1
2) (B.2)

where uN is a degree of freedom (a displacement or rotation component) and

the subscript i refers to the increment number in an explicit dynamics step. The

central-difference integration operator is explicit in the sense that the kinematic

state is advanced using known values of u̇N(i−1/2) and üN(i) from the previous incre-

ment. The explicit integration rule is quite simple but by itself does not provide

the computational efficiency associated with the explicit dynamics procedure. The

key to the computational efficiency of the explicit procedure is the use of diagonal

element mass matrices because the accelerations at the beginning of the increment
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are computed by

üN(i) =
(
MNJ

)−1 (
P J

(i) − IJ(i)
)

(B.3)

where MNJ is the mass matrix, P J is the applied load vector, and IJ is the

internal force vector. A lumped mass matrix is used because its inverse is simple to

compute and because the vector multiplication of the mass inverse by the inertial

force requires only n operations, where n is the number of degrees of freedom in the

model. The explicit procedure requires no iterations and no tangent stiffness matrix.

The internal force vector, IJ , is assembled from contributions from the individual

elements such that a global stiffness matrix need not be formed.

The explicit procedure integrates through time by using many small time incre-

ments. The central-difference operator is conditionally stable, and the stability limit

for the operator (with no damping) is given in terms of the highest frequency of the

system as

∆t ≤ 2

ωmax

(B.4)

With damping, the stable time increment is given by

∆t ≤ 2

ωmax

(√
1 + ξ2

max − ξmax

)
(B.5)

where ξmax is the fraction of critical damping in the mode with the highest

frequency. For explicit analysis, introducing damping to the solution reduces the

stable time increment. In Abaqus/Explicit software, a small amount of damping is

introduced in the form of bulk viscosity to control high frequency oscillations.
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