
vii 
 

Contents Pages 

Acknowledgement v-vi 

Contents vii-xiii 

List of Figures xiv-xviii 

Preface xix-xxi 

Chapter 1. Introduction 01-38 

§1.1 History of fractional calculus 01 

§1.2  Some definitions of fractional derivative 

 1.2.1  Grunwald-Letnikov fractional derivative  

 1.2.2  Riemann-Liouville fractional integral 

 1.2.3  Riemann-Liouville fractional derivative  

 1.2.4  Caputo fractional derivative 

03 

03 

03 

03 

04 

§1.3  Dynamical system 

 1.3.1  Mathematical definition of dynamical system 

05 

05 

§1.4 Classification of dynamical system 

 1.4.1  Linear system 

 1.4.2  Nonlinear system  

 1.4.3  Autonomous system 

 1.4.4  Discrete time dynamical system 

06 

06 

06 

07 

07 

§1.5  Lyapunov exponent 08 



viii 
 

§1.6 Stability of the systems 

 1.6.1  Lyapunov first method 

 1.6.2  Lyapunov second method (Lyapunov direct method) 

10 

12 

12 

§1.7 Stability of the fractional order systems 12 

§1.8  Definition of chaos 

 1.8.1  

15 

Devaney's definition of chaos 15 

§1.9 Historical background of chaos 17 

§1.10 Synchronization 18 

§1.11 Types of synchronization 

 1.11.1  Synchronization/Complete synchronization 

 1.11.2  Anti-synchronization 

 1.11.3  Phase synchronization 

 1.11.4  Hybrid synchronization 

 1.11.5  Projective synchronization 

 1.11.6  Complex projective synchronization 

 1.11.7  Function projective synchronization 

 1.11.8  Dual synchronization 

 1.11.9  Combination synchronization 

 1.11.10  Dual combination synchronization  

18 

19 

19 

19 

20 

20 

21 

22 

23 

24 

25 

§1.12 Methods for synchronization  

 1.12.1  Active control method 

 1.12.2  Nonlinear control method 

26 

26 

29 



ix 
 

 1.12.3  Backstepping method 31 

§1.13 Numerical approximation method 36 

Chapter 2. Stability analysis, chaos control of fractional order Vallis and 

El-Nino systems and their synchronization  

 

39-68 

§2.1 Introduction 39 

§2.2 Design of controller for fractional order chaotic system using 

nonlinear control method 

 

41 

§2.3 Systems’ descriptions and its stability  

 2.3.1  The fractional-order Vallis system 

 2.3.2  Equilibrium points and stability 

 2.3.3  Control of chaos using nonlinear control method 

 2.3.4  Stabilizing the points 1E , 2E  and 3E  

 2.3.5  Fractional order El-Nino system 

 2.3.6  Equilibrium points and stability 

 2.3.7  Control of chaos using nonlinear control method 

 2.3.8  Stabilizing the points 1P , 2P  and 3P   

  42 

42 

43 

46 

47 

50 

51 

54 

55 

§2.4 Synchronization between fractional order Vallis and El-Nino 

systems using nonlinear control method 

 

57 

§2.5 Numerical simulation and results 67 

§2.6 Conclusion 67 



x 
 

Chapter 3. Phase and anti-phase synchronizations of fractional order 

hyperchaotic systems with uncertainties and external 

disturbances using nonlinear active control method 

 

 

69-88 

§3.1 Introduction 69 

§3.2 Problem formulation 71 

§3.3 Nonlinear active control method to design the controller  72 

§3.4 Systems’ descriptions  

 3.4.1  The fractional order hyperchaotic Lu system 

 3.4.2  The fractional order hyperchaotic 4D Integral order   

           system 

73 

73 

 

74 

§3.5 Phase synchronization between fractional order uncertain 

hyperchaotic Lu and 4D Integral order systems using 

nonlinear active control method 

 

 

75 

§3.6 Anti-phase synchronization between fractional order 

uncertain hyperchaotic Lu and 4D Integral order systems 

using nonlinear active control method 

 

 

83 

§3.7 Numerical simulation and results 87 

§3.8 Conclusion 88 

Chapter 4. Complex projective synchronization of fractional order 

complex dynamical systems using nonlinear control method 

 

89-104 



xi 
 

§4.1 Introduction 89 

§4.2 Nonlinear control method for projective synchronization of 

fractional order complex nonlinear systems 

 

90 

§4.3 Systems’ descriptions  

 4.3.1  Fractional order complex Lorenz system 

 4.3.2  Fractional order complex Lu system 

93 

93 

95 

§4.4 Complex projective synchronization between fractional order 

complex Lorenz and Lu systems 

 

97 

§4.5 Results and discussion 103 

§4.6 Conclusion 103 

Chapter 5. Chaos control and function projective synchronization of 

fractional order systems through backstepping method 

 

105-118 

§5.1 Introduction 105 

§5.2 System’s description and its stability 

 5.2.1  Fractional order T-system 

 5.2.2  Equilibrium points and stability 

 5.2.3  Control of chaos 

 5.2.4  Stabilizing the point 1E  

 5.2.5  Stabilizing the points 2E  and 3E  

106 

106 

109 

110 

111 

111 

§5.3 Function projective synchronization between fractional order  



xii 
 

non identical T-system and Lorenz system 112 

§5.4 Numerical simulation and results 117 

§5.5 Conclusion 118 

Chapter 6. Combination synchronization of fractional order n-chaotic 

systems using active backstepping design 

 

119-138 

§6.1 Introduction 119 

§6.2 The scheme of combination synchronization of fractional 

order n-chaotic systems 

 

121 

§6.3 Systems’ descriptions 

 6.3.1  Fractional order Newton-Leipnik systems 

 6.3.2  Fractional order Liu system 

 6.3.3  Fractional order Lotka-Voltra system 

 6.3.4  Fractional order Chen system 

123 

123 

123 

124 

124 

§6.4 Synchronization of fractional order Newton-Leipnik, Lotka-

Voltra and Liu systems 

 

125 

§6.5 Synchronization of fractional order Newton-Leipnik, Liu, 

Lotka-Voltra systems and Chen system 

 

131 

§6.6 Numerical simulation and results 137 

§6.7 Conclusion 138 

Chapter 7. Dual function projective synchronization of fractional order  



xiii 
 

complex chaotic systems 139-156 

§7.1 Introduction 139 

§7.2 Problem statement 141 

§7.3 Systems’ descriptions 

 7.3.1  The fractional order complex T system 

 7.3.2  The fractional order complex Lu system 

144 

144 

147 

§7.4 Dual function projective synchronization of fractional order 

complex T system and Lu system using active control method 

 

147 

§7.5 Numerical simulation and results 154 

§7.6 Conclusion 155 

Bibliography 157-167 

List of Publications 

 



xix 
 

PREFACE 
Chapter 1 deals with the basics of dynamical systems, classification of dynamical 

systems, history of fractional calculus, Definitions of Riemann-Liouville and Caputo 

derivatives, Chaos theory, Synchronization, types of synchronization, Definition of 

Lyapunove exponent, Stability theory of fractional order systems and three 

synchronization methods viz., Active control method, Nonlinear control method and 

Backstepping method which have used in this thesis. Each topic plays an important role 

during preparation of chapters of this thesis.  

In chapter 2, the stability analysis and chaos control of the fractional order Vallis and 

El-Nino systems have been studied. The chaos control of these systems is studied using 

nonlinear control method with the help of a new lemma for Caputo derivative and 

Lyapunov stability theory. The synchronization between the systems for different 

fractional order cases and numerical simulation through graphical plots for different 

particular cases clearly exhibit that the method is easy to implement and reliable for 

synchronization of fractional order chaotic systems. The comparison of time of 

synchronization when the systems pair approaches from standard order to fractional 

order is the key feature of this chapter. 

In chapter 3, the phase and anti-phase synchronizations between fractional order 

hyperchaotic Lu and 4D integral order systems with parametric uncertainties and 

disturbances are studied using nonlinear active control method. A new lemma is used to 

design the controller. Numerical simulations are presented to demonstrate the 

effectiveness of the method to synchronize and anti-synchronize the fractional order 

hyperchaotic systems. The striking feature of this chapter is the comparison of time of 



xx 
 

synchronization and anti-synchronization with and without the presence of uncertainties 

and external disturbances through graphical presentations for different particular cases. 

The chapter 4 addresses the complex projective synchronization between fractional 

order Lorenz and Lu complex systems using nonlinear control method. During complex 

projective synchronization, controllers are designed on the basis of Lyapunov stability 

theory using a new lemma. The numerical and graphical results show that the nonlinear 

control method is easy to implement and reliable to achieve complex projective 

synchronization of fractional order complex chaotic systems.   

The chapter 5 is related to the chaos control and the function projective synchronization 

of fractional order T-system and Lorenz chaotic system using backstepping method. 

Based on the stability theory, the condition for local stability of nonlinear three-

dimensional commensurate fractional order system has been discussed. Feedback 

control method is used to control the chaos in the considered fractional order T-system. 

Numerical simulations of function projective synchronization between fractional order 

T system and Lorenz system is carried out using MATLAB and the results are depicted 

through graphs. 

In chapter 6, a scheme using active backstepping design method to achieve combination 

synchronization of fractional order n-chaotic systems is proposed. In this proposed 

scheme the controllers are designed with the help of a new lemma and Lyapunav 

function in a systematic way. Synchronization between fractional order three and four 

systems have been shown as examples of synchronization of n-chaotic systems. 

Numerical simulation and graphical results clearly exhibit that the method of this new 

procedure is easy to implement and reliable for synchronization of fractional order 

chaotic systems.  
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In chapter 7, the dual function projective synchronization among various fractional 

order complex chaotic systems is investigated using active control technique. Two 

master systems and two response (salve) systems with control functions are taken for 

dual function projective synchronization. The control functions are designed with the 

help of active control technique. The fractional order complex T and complex Lu 

systems are taken to illustrate synchronization process. Numerical simulation and 

graphical results are presented to demonstrate the effectiveness of the method. 


